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Summary
In our thesis we consider:

e pseudo-differential operators generated by the Dunkl operator;

e inverse source problem for Dunkl-heat equation with the Caputo fractional
derivative;

e inverse source problem for Dunkl-pseudo-parabolic equation with the Caputo
fractional derivative;

e inverse source problem for Dunkl-heat equation with the bi-ordinal Hilfer
fractional derivative.

In the first chapter, we collect some basic results in the Dunkl analysis and frac-
tional analysis. We define the Dunkl operator D, and the Dunkl Laplacian D? on
the suitable spaces and consider properties of the Dunkl operator. We define the
Dunkl kernel E,(z,y) as a unique solution of the initial value problem generated by
the Dunkl operator. Then we obtain series and Poisson integral representations of
the Dunkl kernel. We prove that the Dunkl kernel E,(z,y) does not have zeros for
all z,y € R. Then we define Dunkl and inverse Dunkl transforms on L'(R, du,,) and
study their properties. After we define the Dunkl transform on tempered distributi-
ons S’(R) and prove that it is a continuous linear transformation on S’'(R). Also, we
give Taylor series generated by the Dunkl operator, as a part of Dunkl analysis.

In the second chapter, we consider pseudo-differential operators generated by the
Dunkl operator. Some boundedness results for these operators were already known
in the literature. We define amplitude, adjoint and transpose operators and prove
that pseudo-differential, amplitude, adjoint and transpose operators are linear trans-
formations on the Schwartz spaces. We also define pseudo-differential operators on
tempered distributions S’(R) and prove that it is a continuous linear transformation
on §'(R). Then we study properties of the distributional and convolution kernels of
the pseudo-differential operators. In particular, we prove Schur’s lemma. We obtain
some boundedness results on spaces L(R,dpu,) for the pseudo-differential operators
and composition of the pseudo-differential operators, under certain assumptions.

In the last chapter, we study inverse source problems for Dunkl-heat and Dunkl-
pseudo-parabolic equations with Caputo and bi-ordinal Hilfer fractional differential
operators. For this inverse source problems, we prove well-posedness results in the
sense of Hadamard. First, we consider direct problems and establish the unique exis-
tence of a generalized solution. Then we consider inverse source problems and define
pair of solutions in suitable spaces. We use classical Fourier method. After we esta-
blish stability results, which means that the solution of the inverse source problems
continuously depends on given data. Additionally, we consider some examples to give
an illustration of our analysis.



Samenvatting
In onze thesis beschouwen we:

e pseudo-differentiaaloperatoren gegenereerd door de Dunkl-operator;

e inverse bronprobleem voor de Dunkl-warmtevergelijking met de Caputo frac-
tionele afgeleide;

e inverse bron probleem voor Dunkl-pseudo-parabolische vergelijking met de
Caputo fractionele afgeleide;

e inverse bron probleem voor Dunkl-warmtevergelijking met de bi-ordinale Hil-
fer fractionele afgeleide.

In het eerste hoofdstuk verzamelen we enkele basisresultaten in de Dunkl analyse
en fractionele analyse. We definiéren de Dunkl operator D, en de Dunkl Laplaciaan
D? op de geschikte ruimtes en beschouwen eigenschappen van de Dunkl operator.
We definiéren de Dunkl kern E,(z,y) als een unieke oplossing van het beginwaarde-
probleem gegenereerd door de Dunkl operator. Dan krijgen we reeksen en Poisson
integraalrepresentaties van de Dunkl kern. We bewijzen dat de Dunkl kern E,(x,y)
geen nulpunten heeft voor alle x, y € R. Dan definiéren we de Dunkl en inverse Dunkl
transformaties op L'(R, dp,) en bestuderen hun eigenschappen. Daarna definiéren
we de Dunkl transformatie op getemperde distributies S'(R) en bewijzen dat het een
continue lineaire transformatie is op §’'(R). Ook geven we Taylor-reeksen gegenereerd
door de Dunkl operator, als onderdeel van Dunkl analyse.

In het tweede hoofdstuk beschouwen we pseudo-differentiaaloperatoren die door
de Dunkl operator worden gegenereerd. Sommige resultaten van deze operatoren
waren al bekend in de literatuur. We definiéren amplitude-, toegevoegde en getrans-
poneerde operatoren en bewijzen dat pseudo-differentiéle, amplitude-, toegevoegde
en getransponeerde operatoren lineaire transformaties zijn op de Schwartz-ruimtes.
We definiéren ook pseudo-differentiaaloperatoren op getemperde distributies S’(R)
en bewijzen dat het een continue lineaire transformatie is op S'(R). Vervolgens
bestuderen we de eigenschappen van de distributie- en convolutie-kernen van de
pseudo-differentiaaloperatoren. In het bijzonder bewijzen we Schur’s lemma. We
verkrijgen enkele begrensdheidsresultaten op de ruimten L(R, du,) voor de pseudo-
differentiaaloperatoren en samenstelling van de pseudo-differentiaaloperatoren, onder
bepaalde veronderstellingen.

In het laatste hoofdstuk bestuderen we inverse bronproblemen voor Dunkl-warmte-
en Dunkl-pseudo-parabolische vergelijkingen met Caputo en bi-ordinale Hilfer frac-
tionele differentiaaloperatoren. Voor deze inverse bronproblemen bewijzen we wel-
gesteldheidsresultaten in de zin van Hadamard. Ten eerste beschouwen we directe
problemen en stellen we het unieke bestaan van een veralgemeende oplossing vast.
Dan beschouwen we inverse bronproblemen en definiéren we een paar oplossingen in
geschikte ruimtes. We gebruiken de klassieke Fourier methode. Daarna verkrijgen we
stabiliteitsresultaten, wat betekent dat de oplossing van de inverse bronproblemen
continu afhankelijk is van de gegevens. Daarnaast beschouwen we enkele voorbeelden
om een illustratie te geven van onze analyse.



List of symbols

. N:={0,1,2,...} is the set of natural numbers;

Zt :=1{1,2,3,...} is the set of all positive integers;
R is the set of all real numbers;

R™ is the set of all positive real numbers.

C is the set of all complex numbers;

K denotes R or C;

S™(R x R) denotes S7(R x R);

C¥% denotes (}) = k!(:ik)!.
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1. INTRODUCTION

The thesis deals with the Dunkl analysis. The Dunkl analysis starts from C.F.
Dunkl’s works [28, 29, 30, 31, 32]. The Dunkl operators are differential-difference
operators associated with some finite reflection groups. The motivation for this sub-
ject is that the Dunkl operators play an important role in the study of special func-
tions with reflection symmetries. In Dunkl analysis, we are interested in studying
pseudo-differential operators generated by the Dunkl operators on the real line and
the application of Dunkl analysis in the theory of inverse source problems. The mo-
tivation for studying pseudo-differential operators generated by the Dunkl operators
is to provide a necessary tool for studying partial differential equations generated by
the Dunkl operators. We focus on studying pseudo-differential operators generated
by the Dunkl operators on the real line because it was originally built on the real
line, and we aim to extend it.

We start our thesis with an outline of the general concepts (Chapter 2): the Dunkl
operator, the Dunkl kernel, the Dunkl transform, and the Dunkl convolution. More-
over, some fundamental definitions from function analysis and fractional calculus are
also presented here.

Chapter 3 of our thesis is dedicated to the pseudo-differential operators generated
by the Dunkl operators on the real line, and we work with Dunkl analysis on the real
line. This analysis was firstly introduced by A. Dachraoui in 2001 [24]. In [24] author,
after carefully revising the Harmonic analysis associated with the Dunkl operators,
defined two class of symbols SJ* and S™, m € R, (definitions are given below) with
S™m C Si* and proved that pseudo-differential operator 7, is continuous operator
from S(R) into itself for a € Si*, where S(R) is usual Schwartz space. Two class of
symbols SJ* and S™ and the operator T, are defined via following definitions [21].

Definition 1.1. Let m € R. The function a : R x C — C is called a symbol in the
class Sy, if it satisfies

e For fixed z in R, the function A — a(x,\) is smooth function on R;
e For fixed A in R, the function x +— a(x, \) is smooth function on R;
e For all k,n € N, there exists C,,,», > 0, such that

o o
oxk O\
forall z € R and A € R.

m—n

a(z, )\)' < Chrnm(L+ NPT

Definition 1.2. Let m € R. The function a : R x C — C is called a symbol in the
class S™, if it satisfies

e For fixed z in R, the function A — a(x,\) is smooth function on R;
e For fixed A in R, the function x +— a(x, \) is smooth function on R;
e For all k,¢,n € N, there exists Cj ¢,,,m > 0, such that

8k an 2 m—n
@a)\na($a )‘) S Ck,é,n,m(]- + |/\| ) 2

for all z € R and \ € R.

(1 + |=*)
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Definition 1.3. Let a € Si* and o« > —1/2. The pseudo-differential operator asso-
ciated with a symbol «a is defined on S(R) by

T,(0) = [ Eala Nalo N[ AN dia),
R
where F, is the Dunkl kernel defined by

Ea(, ) = jo(z\) + iﬁmm

Jo is the normalized Bessel function of the first kind, F,[f] is the Dunkl transform
given by

_ /REQ(_:U, N f(2)dpalz),

and
|\ 20+ "
dpa(A) = T a1
I' is a Gamma function.
Also in [21], author introduced Sobolev type spaces WSP(R,du,), s € R, p €

[1,4+00], (next deﬁmtlon) and proved that the operator T, Wlth symbol a € 5™, i

continuous from Wy’ YR, dpa) into WO°(R, dy,), and from W, 2 P(R, dug) into WOP
p=>1

Definition 1.4. The space W2P(R,du,), s € R, p € [1,400], is defined as the closure
of a space of C*°-functions on R with compact support, with respect to the norms

fllwer = 11+ X)2Fa[flllpas i p € [L+00),

and
£z = sup(1+ X PIZLAN i p =+
€

where

£ = ([ )P dua(o)) '

We proved that the pseudo-differential operator T, is a continuous linear operator
on S(R) for a € ST5(R x R) and f € S(R), where S7'5(R x R) is a classical symbol
class defined by the following definition.

Definition 1.5 (Symbol classes S);(R x R)). Let m € R and 0 < p,§ < 1. If
a=a(z,\)isin C*(R x R) and
008, A)] < Coel(L -+ A
for all n,k € N and all z, A € R. Then we will say that a € S75(R x R).
After, same continuity results follows for amplitude, adjoint and transpose ope-
rators defined on S(R). Definitions of these operators can be found in Section 3.1.

Additionally, we obtained some boundedness results of pseudo-differential operators
generated by the Dunkl operators under certain assumptions listed below.



Definition 1.6. Let us define the space L(R,du,), as following
LR, dus) :={f € L'(R,du,) : Fulf] € L'(R,dua)}

with a norm

£l = 1Falfll1as

where L'(R, dy,,) is a space of (Lebesgue) measurable functions on R with the norm
Il

Assumption 1.7. We assume the symbol a € S)'5(R x R) is defined as:

alx, \) = /R Eul, €)V (€, Nlpia(©),

where V (&, \) is a complex valued measurable function on R x R, such that
V(M) < K(8),
for all &, € R and K € LY(R,du,) is a continuous function.

Theorem 1.8. Let f € S(R). Then the pseudo-differential operator T, is a bounded
linear operator under Assumption 1.7 on L(R, du,), i.e.

ITaflle < 4IK][1allfllz

Corollary 1.9. Let T, and T, are pseudo-differential operators with symbols a and
b, respectively. Then under Assumption 1.7 their composition is a pseudo differential
operator T, o Ty, which is continuous linear map on S(R).

Corollary 1.10. Let f € S(R). Then under Assumption 1.7 the composition of
pseudo-differential operator T, and Ty is a bounded linear operator on L(R,du,), i.e.

16

| Ta(Tof)]z < 2 (e + 1)

Kollol Kolloll f1l2-
(a+1>ll ol Bsllall £l

Assumption 1.11. We assume the symbol a € S7'5(R x R) is defined by

alz, \) = /R B, )V (€, \dpal€),

satisfies

afz, \) = / Eula, V(6 Va(N)dpia(€) = Va() / Eule, )V (€)dpa ©),

where Vi € LY (R, duy) is a continuous function.

Theorem 1.12. Let f € S(R). Then the pseudo-differential operator T, with symbol
a(x, ), which satisfies Assumption 1.11, has a representation

Tof(x) = 22T (o + 1), (Vi %o VaTalf]) (@)
and satisfies following inequality

ITafllz < 27T (o + DIVilalVaFal fll1a-
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Assumption 1.13. We assume the symbol a € S7';(R x R) is defined by

a(r,k)=='/£flxaa£)VT£,A)dua(€%

satisfies

alz, \) = / B, V() Va(N)dpia(€) = Va(N) / Eule, )V (€)dpia©),

where Vi € LY(R, duy) is a continuous function and V() = A is a constant. So we
have

afz, X) = A / Bl Vi (€)dpia©).

Theorem 1.14. Let f € S(R). Then the composition of the pseudo-differential
operators T, and T, with symbols a and b, which satisfy Assumption 1.13, has a
representation

To(Tof)(x) = (27T +1)° A F Vi ko (Wi %0 B Fal/])](2)
and satisfies following inequality
ITu(Tof)ll < 16 (21T (e + 1)) ABI[Va [0l Wi 1l 1]

In classical harmonic analysis for many different classes of symbols were studied
boundedness properties of the pseudo-differential operators. As well, many results
were obtained and extended to the pseudo-differential operators associated with the
Dunkl operator. In [I], L? and LP-boundedness of the pseudo-differential operator
T, associated with the Dunkl operator was studied by the authors C. Abdelkeffi, B.
Amri, and M. Sifi for class of symbols S%O, or simply S°, which contains symbols
with property

|8§8’;a(x,)\)} < Crn(I+ AT
for all k,n € N and 2, A\ € R. Also, in [I] was obtained a singular integral repre-
sentation of the operator T, proved that the kernel of the operator T, satisfies the
condition of the singular integral theorem and defined kernel of the adjoint operator
T to the operator T,. The main results of the work [1] are as follows.

Proposition 1.15. Assume that a € S°. Then there exists a continuous function k,
on R x R* such that

e, < e wzeR 240
for all N € N, N > 2(a+ 1) and we have

T.f(z) = / Ko(z, ) F(4)dpaly),

for all f € S(R), such that the complement of supp(f) is nonempty and |z| ¢ supp(f),
where

K, (z,y) :Aka(x,—z)dux,_y(z)

given on {(z,y) € R? : |z| # |y|}. Here Cy is a constant which depends only on N
and measures dv,, are defined in Theorem 2.54.
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Proposition 1.16. Let a € S° and T} be the adjoint operator of T,. Then we obtain
T390 = [ Ki(w. 2)g(e)duia(o)
R

where K (y,x) = K,(x,y), for all g € S(R), such that the complement of supp(g) is
nonempty and y € R, |y| ¢ supp(g).

Proposition 1.17. Suppose that a € S°. Then T, can be extended to a bounded
operator on L*(R, dp,).

Theorem 1.18. Let a € S°. Then T, can be extended to a bounded operator on
LP(R,duy), where 1 < p < 400.

Another work in this direction is [5] by B. Amri, S. Mustapha, and M. Sifi. In [5],
authors have extended L?-theorem of Calderén-Vaillancourt to the pseudo-differential
operator T, associated with the Dunkl operator, on the real line.

Theorem 1.19 (Calderén-Vaillancourt). Assume that 0 < p <1 anda € Sy ,, which
is a € C®(R x R) and satisfies

|05 0% a(z, )| < Cop(1+ AP

for alln,k € N and all z, A\ € R. Then T, can be extended to a bounded operator on
L3R, duy,).

Also, in [5] was obtained LP-boundedness of the operator T, with symbols in 57 ;,
0 <0 < 1. We say that a symbol a belongs to the class S?,(s’ 0<d<lifac
C*®(R x R) and satisfies

!858§a(x, /\)| < Cpp(14 [N Hok
for all n, k € N and all x, A\ € R.

Theorem 1.20. Let a € S75, 0 < 0 < 1. Then T, can be extended to a bounded
operator from LP(R,dpu,) into itself, for all 1 < p < +ooc.

In thesis, we obtained following kernel theorems:
Theorem 1.21 (Kernel of a pseudo-differential operator). Leta € ST(RxR).
Then K (z,y) is C* on {(x,y) € R?: |z| # |y|}, and

CNa
Kz, y)| < 7%
|| = |yl

for all N € N and |z| # |y|.

Theorem 1.22 (Convolution kernel of a pseudo-differential operator). As-
sume that a € S)'s(R x R). Then convolution kernel

Kz, 2) = / Bz (1 + A2)a(, Ndjia (M)

of the pseudo-differential operator T, satisfies

C’ns
|8;k(:p,z)|§‘z|;l, r,z€R, and z#0

form+ds+2(a+1) < l+pn.
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In [I], authors have obtained this Theorem (Proposition 1.15) for the class of
symbols S°, with m =0, p = 1, § = 0, in which case we have

o)

|2

|k(x, 2)| < z,z€R, and z#0

for 2(ac + 1) < £+ n. So, in Theorem 1.22 we are simplifying the condition
2a+1) <N, NeN

and generalizing Proposition 1.15.

Chapter 4 of our thesis is dedicated to several types of inverse source problems
generated by the Dunkl operator on the real line. The Cauchy problem for the heat
equation associated with the Dunkl operator

D2 u(t,x) —u(t,z) =0
u(0,t) = g(z)

was considered by M. Rosler [76] (originally work was done in R™) on a domain
(0,00) x R with initial data g € C,(R), where partial derivatives and the usual expo-
nential kernel are replaced by the Dunkl operators and the generalized exponential
kernel of the Dunkl transform. Here the Dunkl Laplacian D, , is defined by

D1(0) = g o) + 2 p(0) = (a4 ) L2 TE)

for every a > —%. Then nonhomogeneous problem

ut(tﬂx) - Di@u(t,aj) = f(t7.ilj)
u(0,1) = g(x)

was considered by H. Mejjaoli [56, 57] (also originally work was done in R™) on a do-
main (0,00) x R when g belongs to homogeneous and nonhomogeneous Dunkl-Besov
spaces.

Here we considered inverse source problems for heat, and pseudo-parabolic equati-
ons with Caputo fractional derivatives, and heat equation with the bi-ordinal Hilfer
fractional derivative, generated by the Dunkl operator.

In Section 4.1, we study direct and inverse source problems for heat equation
generated by the Dunkl operator. First, we consider the Cauchy problem

{Dgttu(t,x) — D2 ju(t,z) + mu(t,z) = f(t,z), (t,x)€ Qr,

u(0,2) = g(x), x€R, (1.1)

where Qr := {(t,z) : 0 <t <T < oo,z € R}, 0 < v <1, m,T are given positive
numbers, ¢ is suitable given function and Dg+’t is the left-sided Caputo fractional
derivative (Definition 2.68).

A generalised solution of the Cauchy problem (1.1) is the function

ue C7([0,T], L*(R, dpa)) N C([0, T], Ha(R, dpta))

satisfying the above equation.
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Theorem 1.23. Let g € Ho(R,dpy), f € C7([0,T], L*(R,du,)). Then there exists
a unique generalised solution of the Cauchy problem (1.1). Moreover, it is given by
the expression

ult, z) = / / 9(0) B (—(m + A2)17) Bu(r, \)Ea(—y, \)
X d,ua(y)d,ua()‘>

w [ = e (3= )

X Eo (2, \) Eo(—y, \)dTdpia (y)dpia (M),
where E, is the Dunkl kernel and E, 1 and E, , are Mittag-Leffler functions.
Then we studied following inverse source problem
Dy, qult,x) — D u(t, ) + mu(t,z) = f(x), (t,2) € Qr,
u(0,2) = ¢(x), z€R, (1.2)
U(T’ :L‘) = ¢(I)7 r € R,

where ¢(x) and ¥ (z) are given suitable functions. Our aim is to find pair of functions
(u, f).

A generalised solution of Inverse source problem (1.2) is a pair of functions (u, f),
where

u € ([0, 7], L*(R, dpia)) N C([0, T], Ha(R, dpia))

and f € L*(R,dpa).
Theorem 1.24. Let ¢, ¢ € Ho(R,dps). Then a generalised solution of Inverse
source problem (1.2) exists and is unique. Moreover, it can be written by the expres-
510NS

t)= [ [ (o + - o e T

(1= By (4 X08) ) Bl DB i)

and
_ 1 V(W) — d(Y)Ey 1 (—(m + N)T7)
f(x)—/R/R(m—kA ) T=E,, (~(m+ X))

X Ea(xa A)Ea(_ya )‘)d:ua(y)d:ua<>‘)a
where . 1 is the classical Mittag-Leffler function.
In Section 4.2, we study direct and inverse source problems for pseudo-parabolic
equation generated by the Dunkl operator, as generalizations of previous problems,

given in Section 4.1. First, we considered the Cauchy problem for the the time-
fractional pseudo-parabolic equation

Dg+,t (u(t, T) — aDiyxu(t,a:)) — Di’zu(t, r) +mu(t,r) = f(t,x), (t,x) € Qr
u(0,2) =g(z), = €R,
(1.3)
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where a,m > 0, 0 <y <1 and g is a given suitable function.
The following theorem shows that the Cauchy problem (1.3) has a unique genera-
lised solution in the space C7([0,T], L*(R, dus)) N C([0, T], Ha(R, diia)).

Theorem 1.25. a) Let 0 < v < 1. Assume that f € CY([0,T], L*(R,du,)) and
g € Ho(R,dpu,). Then a generalised solution of the Cauchy problem (1.3) exists, is
unique, and given by the expression

)= [ [ (P55 s Bl VE )
X dpio(y)dpia(A)

! y—1 m+ A y f(Ta y)
+/R/R/o(t_7) EW(_Hav(t_T))HaAz
X Eo(z, \)Eo(=y, Ndrdpa(y)dpa(A), (1.4)

where K, and E, ., are the Mittag-Leffler functions.
b) Let v = 1. Assume that f € C([0,T], L*(R,du,)) and g € Ho(R, dpiy). Then the
Cauchy problem (1.3) has a unique generalised solution, which is given by Expression

(1.4)

Then we studied inverse source problem for the time-fractional pseudo-parabolic
equation is
Dg+,t (U(ta JZ) - aDi,:cu(t’ LE)) - wau(t, "E) + mu(t, :L‘) = f(fL’), (t, ‘T) € QT
u(0,z) = ¢(x), x€R,

uw(T,x) =¢(x), zeR,

(1.5)
where ¢ and v are given suitable functions, and

. — Dy, if 0<y<l,
0t ] g, if ~v=1.
We assume that 0 < v < 1. Then generalized solution of Inverse source problem
(1.5) is the pair of functions (u, f), where f € L*(R, du,) and
u € C7([0,T), L*(R, dua)) N C([0, T), Ha(R, dpty)).

Theorem 1.26. We assume that 1, € Ho(R, po). Then a generalized solution of
Inverse source problem (1.5) exists, is unique, and can be written by the expressions

f(x) = /R/R(m + ,\Z)w(y) —OWE, G%TW) Eo(z,\)Eo(—y, \)

1 - E%l (_ITTAAZTW)

X dpa(y)dpia(N)

and
wa=/ | _— <_mﬂ>w< ) Eul, ) Ea(—3, )
u t,CL’ = 2 Yy o\, o\ 7Y,
rRJR1—E\ (_ﬁsz'y)
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X dita(y)dpta(N)

// 71 1+a>\2t )( E'y,l ( 1+a/\2T'Y> ¢(y)Ea($,>\)Ea(—y, )\)

m+A2 TA/)
X dpio(y)dpa(A).

1+a)\?
We complete our thesis with inverse source problem for heat equation with the
bi-ordinal Hilfer fractional derivative generated by the Dunkl operator (Section 4.3).
First, we consider direct problem.

Definition 1.27. We will call the function u a regular solution if it satisfies regularity
conditions

(-, x) € C[0,T], and D(()Z:Q’Q u(-,x), D2 ju(-,z) € C(0,T),

and the equation (1.6) for all (¢,z) € Qr, where 1 := v, + (1 — 72) and D, 71 )8 g
the bi-ordinal Hilfer fractional derivative (Definition 2.71).

Let 0 < v1,7%2 <1,s€[0,1], a >0 and a > —1/2. Our aim is to find a regular
solution u of the problem

D((ff’fz)su(t,:r) = aDgwu(t,x) + f(t,x), (t,x) € Qr (16)
limy 04 Iy, "u(t, ) = £(x), z €R, '

where the functions f and ¢ are given functions, and I&f’ is a left-hand sided
Riemann-Liouville fractional integrals (Definition 2.66). The following theorem de-
monstrates the unique solvability of the direct problem.

Theorem 1.28. We assume that f € C([0,T),H) and Ig+7tf(t, A) is finite for every
fized N € R, £ € H, and 6 > 1/2. Then Problem (1.6) has a unique regular solu-

tion t'""u € C([0,T],H) and D(()lly’f)su € C([0,T], L*(R, du,)). Moreover it has a
eTpression

u(t,z) = 177! /R S Es (—aX2t5) B (2, Ndpta(M)

+ /R { /0 (t =) By [—ar2(t — 7)°] (7, \)d7| Eol, \dpa(N),

where § := 3 + s(y1 — 72).

Then we consider inverse source problem. Let 0 < 71,72 <1, s € [0,1], @ > 0 and
a > —1/2. Our aim is to find a solution pair (u, f) of the inverse source problem

DM u(t, w) = aD? ult, x) + p(t) f(x), ©€R, (t,7) € Qr
limy o4 Iy, "u(t,2) = é(x), = €R, (1.7)
u(T,z) = (z), = €R,

where the functions p, ¢ and ¢ are given functions. For this problem we have the
following result.
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Theorem 1.29. Let ¢, ¢ € H. We assume that p € C[0,T] and

C* = /0 (T — )" ' Bss [-aX(T — 7)°] p(r)dr

is a finite well defined nonzero number for every T > 0 and A € R, and § > 1/2. Then
Problem (1.7) has a unique solution pair (u, f), where u is a regular solution, which

are f € L*(R,duy) and t'""u € C([0,T],H) with D(()Z:’T)Su € C([0,T], LA(R, du.,)),
and expressed by

u(t,z) = 17! /R &A)Eam(—avté)@(x, Ndpia(\)

e AT By, (—aX2T?)
o [ HAEE

X (/ (t — 1) 'Ess [—aX’(t — 7)°] p(T)dT) Eo(x, N)dpa(N)

0

and
1

F@) = g [ (B0 = G Boy(~aX*T")) Bulir \ia V).
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2. PRELIMINARY RESULTS

In this chapter, we introduce some of the key concepts and techniques of function
analysis, fractional calculus, and rational Dunkl theory, which are used in further
chapters. These topics include linear operators, function spaces, and convergence in
function spaces. We also discuss some of the fundamental theorems in function ana-
lysis, such as Lebesgue’s dominated convergence theorem and two types of Schwartz
kernel theorem. We briefly provide the necessary definitions of fractional differen-
tial operators, such as Riemann-Liouville, Caputo, and bi-ordinal Hilfer fractional
operators. Additionally, we cover major topics in rational Dunkl theory: the Dunkl
operator, the Dunkl kernel, the Dunkl transform, the Dunkl convolution, and gene-
ralized Taylor formula. Some of results in Dunkl analysis is proven by ourselves, so
they might be new.

2.1. Background from elementary function analysis. Let X and Y be vector
spaces over the same scalar field K (here K denotes R or C). A mapping A which
assigns to each element z of a set D(A) C X a unique element y € Y is called an
operator. The set D(A) on which A acts is called the domain of A.

Definition 2.1. Let X and Y be vector spaces over the same scalar field K. A
function A C X x Y is said to be a linear operator (or a linear mapping) if

e D(A) is a subspace of X
and

o Alax + By) = aA(x) + BA(y) for every scalars «, f € K and every vectors
x,y € X.
We often write Az, rather than A(z). A linear mapping F' : X — K is called a
linear functional and f : K — K is called a function (real or complex valued).

Definition 2.2. A nonnegative function x — p(x) on a vector space X is called a
seminorm if it satisfies the following conditions:

e p(Az) = |A|p(z) for all z € X and all X € K;
e p(x+y) <px)+ply) forall z,y € X.

Definition 2.3. A seminorm on a vector space X is called a norm if
forall z€ X, p(x)=0 implies z=0.

Definition 2.4 (Space C2°(2)). For an open set 2 C R, the space C*(Q2) of
smooth compactly supported functions is defined as the space of smooth func-
tions ¢ : @ — K with compact support. Here the support of ¢ is defined as the
closure of the set where ¢ is non-zero, i.e., by

supp p = {z € 1 : p(x) # 0}
Example 2.5. The function

() = {exp(ﬁ)’ for |z <1,

0, for |z| > 1,

with supp ¥ = {x € R : |z| < 1} belongs to ¢ € C°(R).
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Definition 2.6 (Convergence in C°(2)). We say that ¢, — ¢ in C2°(Q) if ¢, ¢ €
C(Q), if there is a compact set K C 2 such that suppyy C K for all k, and if

I o~ (@)

o — 0

sup
e

for all n € N.

Definition 2.7 (Distributions D’(2)). The space D'(2) is the space of conti-
nuous linear functionals on C2°(2). This means that u € D’(12) if it is a functional
u: CX(Q) — K such that:
e v is linear, i.e., u(a¢p + fv) = au(p) + Pu(y) for all o, f € K and all ¢, €
C(Q);
e v is continuous, i.e., u(¢;) — u(¢) in K whenever ¢; — ¢ in C2°(€2).

Definition 2.8 (Schwartz space S(R)). The Schwartz space S(R) is the topo-
logical vector space of functions f : R — K such that f € C*°(R) and

xk%f(x) —0 as |z| — o

for all n, k € N. The seminorms on the space S(R) are defined by

# % fa)

— (2.1)

Pk (f) = sup
x€ER

for all n,k € N and f € S(R).

We say that the function belongs to the Schwartz space S(R) if f € C*°(R) and
Pni(f) < 400. The requirement

d?’L
pnk(f) = sup $kﬂf($) < 400 (2.2)
z€eR x
can be replaced by the condition
dr Cim
— < —— 0 2.
d:c”f(x) S e or some Cj, >0, (2.3)

for all n,k € N and x € R. Let inequality (2.3) hold for all n,k € N and = € R.
Then we obtain

d" d" d"™
2t f(@) (@) pAC))

which leads (2.2). On the other hand, if (2.2) holds, then Newton’s Binomial Theorem
gives (2.3).

= |z|* < (1+ |z|)* < Cim,

Example 2.9. The function f(z) = exp(—2z?) belongs to S(R). More generally, if p
is any polynomial, then g(z) = p(z) exp(—x?) belongs to S(R).
Example 2.10. The function

1
f(x):m

does not belongs to S(R) for any k& € N since 2% f(z) does not decay to zero as
|z| — oo.
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Definition 2.11 (Convergence in S(R)). We will say that f; — f in S(R) as
j— o0, if {f;} CSR), feSR)and if

pn,k(fj_f)_>0 as j—>OO,
for all n, k € N, where seminorms p,, ;, are defined by the formula (2.1).

Definition 2.12. A linear operator
A:SR) — S(R)
is continuous if f; — f in S(R) implies Af; — Af in S(R).
Let us give here very useful theorem, formulated as following:
Theorem 2.13 (Lebesgue’s dominated convergence theorem). [72, Theorem
1.1.4, p. 222] Let {fr}>, be a sequence of measurable functions on R such that

fr — [ pointwise almost everywhere on R as k — co. Suppose there is an integrable
function g € LY(R) such that |f.| < g for all k. Then f is integrable and

/ f(x)dz = lim [ fi(z)dx
R k—o0 R

Proposition 2.14. [72, Lemma 1.3.32, p. 240] The space C*(R) is sequentially
dense in S(R), i.e., for every ¢ € S(R) there exists a sequence v, € C°(R) such
that o — ¢ in S(R) as k — oo.

Definition 2.15 (Tempered distributions S’(R)). We define the space of tem-
pered distributions §’(R) as the space of all continuous linear functionals on S(R).
This means that v € S’(R) if it is a functional u : S(R) — K such that:

e v is linear, i.e., u(agp + fv) = au(d) + Pu(y) for all o, f € K and all ¢, €
S(R);
e u is continuous, i.e., u(¢;) — u(¢) in K whenever ¢; — ¢ in S(R).

We can also define the convergence in the space §’'(R) of tempered distributions.
Let uj,u € S'(R). We will say that u; — u in S'(R) as j — oo if u;(¢) = u(¢) in
K as j — oo, for all ¢ € S(R). Functions in S(R) are called the test functions for
tempered distributions in S’(R). Another notation for u(y) will be (u, ¢).

Example 2.16. The function I : S(R) — R defined by the Riemann integral

/ ol
is a tempered distribution.

Proposition 2.17 (Continuous inclusion §’'(R) C D'(R)). [72, Exercise 1.4.6,
p. 242] The inclusion S'(R) C D'(R) is continuous, i.e. ur — u in S'(R) implies
ur, — u in D'(R).

The following Theorems proved in H. Gask’s work [36] published in 1960.

Theorem 2.18 (Schwartz kernel theorem I). For any separately continuous
bilinear functional A on S(R) x S(R) there exists precisely one distribution K in

S'(R x R) such that
A(f,9) = (K, fg)

for all (f,g) in S(R) x S(R).
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Theorem 2.19 (Schwartz kernel theorem II). For any separately continuous
bilinear functional A on C2°(R) x CX(R) there exists precisely one distribution K in
D'(R x R) such that

A(f,9) = (K, fg)
for all (f,g) in C*(R) x CX(R).

Now, let us provide some necessary information about Gamma function and
Bessel functions.

The Gamma function is a special function, which is defined for all complex
numbers except the non-positive integers. For complex numbers z such that Re(z) >
0 the gamma function I' is given by

['(z) = / e "2* ldr.
0
We have for the Gamma function the following recurrence relation:
I'(z+1)==zI(z). (2.4)

We can show (2.4) by Integration by parts:
['(2) :/ e "z ldr
0
0o % !
:/ e " <—> dx
0 z
o0 o0 $Z
=e " — +/ e "—dx
Z o 0 z

1 o0
= - / e “xfdx
zJo

1
— 2Tz +1).
. (z+1)

z
—T

From (2.4) we obtain an interesting formula

I'n+2z+1)
I'(z+1)

The Gamma function is the generalisation of the factorial to complex numbers. In-
deed,

=n+z2)(n—14+2) ...-(1+2). (2.5)

I'n+1)=n!, neN.
Example 2.20. I'(1) = 1 and I'(1/2) = /7.

Example 2.21. T (n+ 3) = @)l /7 for all n € Z*.

4mn!
The Bessel functions are canonical solutions y of Bessel’s differential equation

Py dy
22@+za+(22 —a®)y=0
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for an arbitrary o € C. Solutions of the Bessel’s differential equation can be found
by applying the Frobenius method, which have the series expression given by

- —-1)" 2\ 2nta
Jal2) =D n!F(T(l +)a +1) (5) (2:6)

n=0

and are called the Bessel functions of the first kind.
The following theorem will be useful for us:

Theorem 2.22. ([99, Theorem 7.5, p. 39]) Between two consecutive positive zeros
of the Bessel function J,(x\), a > 0 there is one and only one root of the Bessel
function Joi1(xX), and vice versa.

There are another type of Bessel functions of the first kind, which are called the
normalized Bessel function of the first kind and are denoted by j,(z). The functions
Jo(z) have the following series representation

jal2) =Ta+ 1)) — (=1)" (g)% . (2.7)

(n+a+1)

n=0
If z=x\, where z € R, A € C, then the functions j,(xzA) has the following properties

([93, p. 9]):

e For all A € C, the function z — j,(zA) is an even C*-function on R;
e For all x € R, the function A — j,(z ) is an even entire function on C.

2.2. The Dunkl analysis. In this subsection, we provide basic definitions and facts
from Dunkl analysis. Some results, such as Lemma 2.39, are proven by ourselves, as
we are uncertain whether such a lemma already exists (though it seems likely, as it
is basic).

Definition 2.23. ([74, Examples 2.2, p.99]) The Dunkl operator is the differential-
difference operator

D, : C*(R) — C(R)
defined by

Daf(x) = () + (a + %) M (2.8)

for every a > —% and the Dunkl Laplacian
D2 : C*(R) — C(R)
is defined by

d? 200+1 d (

D2 f(w) = 5 f @)+ == f(a) -

for every a > —%. Here we understand D? as a composition of the operators D,, and
D,, i.e. D? = D,D,,.

1\ f(x) = f(-2)
ot 5) e

Remark 2.24. From the Mean Value Theorem we readily see that

x r—(—x)
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for some —x < ¢ < x. This gives

dx 9 = f'(z) + 2a+1)f'(c) (2.9)

for some —x < ¢ < x and
sup | Do f(x)] < 2(a+ 1) sup | f'()] .

zeR z€R

Daf(x) = = f(x) + (a ; 1) 1) = f-2)

Also the expression (2.9) gives a following result

L fa)

2.1
o < 400 (2.10)

sup |2* D2 f (z)]| < 2(c+ 1) sup
rzeR zeR

for f € S(R).

Remark 2.25. In general, the Dunkl operator is defined for every o € C, but in this

thesis we are interested only real a > —%.

The Dunkl operator D, is not only well defined from C'(R) to C(R), we can
consider as a domain of D, more important spaces, as C"(R) with m > 1, C*°(R),
C*(R) and S(R).

Lemma 2.26. ([71, Lemma 2.2, p.6]) If f € C™(R) with m > 1, then D,f €
C™HR).

Lemma 2.27. ([0, Proposition 3.4, p.28|) The Dunkl operators map the following
function spaces into themselves:

C*(R),C*(R) and S(R).

Proposition 2.28. [17, Proposition 2.1, p. 103] Let a > —1. For A € C, the
following differential equation with initial condition:
D.f(x) =i f(z), f(0)=1, z€R (2.11)
has a unique solution E,(xz,\) given by
) ooxA
Eo(z,\) = jo(x)) + zm]a+1(xA), (2.12)

where j, is called the normalized Bessel function of first kind.

Bewijs. Let f be a solution of the problem (2.11). We can write
f(z) =u(z) +v(x), zeR,
where
f(x) + f(=x) f@) = f(=2)
2 2 '
Then after putting f to the equation (2.11) we obtain an equivalent equation

u(z) = and v(x) =

d 2 1 d
o) + = @) = (), u(w) = iXv(e), u(0) =1
So, u satisfies Bessel type equation
d? 20+1 d d
ﬁu(x) . ﬁu(x) = —Nu(x), wu(0)=1, %u(()) = 0. (2.13)
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The Bessel type equation (2.13) has the unique solution ([93, p. 10])
T — ja(TA)

for all A € C, which is called the normalized Bessel function of first kind (2.7).
Derivative of the function  — j, () gives us

d d

%u(x) = %]a(x)‘)
> (=1)"A A\
-r 1 A
(a+ 1)) (m—Dntatl) \ 2
n=1
% = (—1)m A\ "
—__7 7 D) o
Yozt )n;)mlr(m+a+2) ( 2 )
zA?
= —mja+l($)\).
Thus, we have
T\ 1T
=———j AN)=——j A
from which we obtain (2.12). O

So, the function E,(z, A) has the following properties:

For all A € C, the function x — E,(z, \) is a C*°-function on R;
For all z € R, the function A — E,(z, A) is an entire function on C;
E.(x,\) = E,(\, );

E.(éx,\) = E,(x,&N),

where ¢ € C.

Remark 2.29. In the case o = —3, the equation (2.11) turns into an ODE

D_yf(@)= o f@)=iAfr), fO)=1, ek AeC

which has a solution
f(x) = exp(iz)).
Remark 2.30. The function E,(z, \) is called the Dunkl kernel in the literature.

Corollary 2.31. [08, Formulas 2.2.4-2.2.6, p. 371] Let a > —%. Then the Dunkl
kernel has the following series representation
JORET VI e Gy (2.14)
0 Ya(n)
where 7, is a generalized factorial, defined by
22mpll 1 22ntipIl 2
Ya(2n) = nif(nt+a+1) and v,(2n+1) = niln + o + ) (2.15)

['a+1) I'(a+1)
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Bewijs. The proposition follows from next short calculations

TA
E (z,\) = jo(xN) +i—Ja A
(2.3) = Jole) + i e ()
i Cla+ (=)™ [zA\>" LA i Dla+2) (=)™ [zA\>"
= _ VA _
—nll'(n+a+1)\ 2 2a+1) = nll(n+a+2) \ 2
- [ +1) \\2n [ +1) . \\2ntl
= A A .
; (22"n!F(n ta+1) (izA)™ + 9201 (n + a + 2) (i)
O
Remark 2.32. When a = —3, we obtain v-1(2n) = (2n)! and v 1(2n + 1) =
(2n 4 1)!, indeed
22l (n + 1 220l (2n)!\ /7
1) nl\/m
and
Y_1(2n+1) = n (71 3 +1) _ n! (n f) (n+3)
I'(3) r'(3)
2201 (2n)!(2 1
_ 2@+ )YE o
4rnl\/T
where we have used properties of Gamma function.
Remark 2.33. [08, Formulas 2.2.7, p. 372] The generalized factorial ~, also has a
recurrent formula
Ta(n+1) = (n+1+ 20+ 1)0p1)7a(n), (2.16)
where 6,1 is 0 for even n + 1 and 1 for odd n + 1.
Lemma 2.34. Suppose that o > —% and n € N. Then
n! < v.(n). (2.17)

Bewijs. The Lemma can be proved by using mathematical induction. The Basis for
induction is clearly true, since

1
1=0=7,0)=1 and %(1):2(a+1)22(—5—}—1):1:1!

For induction step, suppose k! < 7, (k) is true. Then inequality (2.17) holds for k+1,
which is clear from

Yok +1) = (k+14 2a+ 1)01)7a(k) > (K+ 1)+ 2a+ 1)0p k! > (K +1)!
So, the induction step holds. O
Corollary 2.35. Let a = —%. Then Corollary 2.51 leads that

E_%(x, A) = exp(iz)).

Bewigs. A short calculation. Here we have used property of the Gamma function and
(2.14). O
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Lemma 2.36. Assume that o > —% and k € N. Then

k

ddkE (z, )\)‘ < IAFexp(|zA])

for allx € R and A € C. In particular |E,(x, \)| < exp(|zA|), when k= 0.

Bewigs. Using expression (2.14) of the Dunkl kernel and Lemma 2.34 we obtain

2 (iz )k " (iz )
T, A\)| = lim ——| = lim
|Ea(z, )] ’;%( MZ Jim Zw)
\x/\\k [ZA"
JE&Z < Jim D2 = e,

Differentiation k times from z —— E,(z, \) gives us
d* d* (X (iz )™ n(n—1)..(n —k+ 1)(izA)"F\F
dx kE (I‘ )\) dx* (nzzo 'ya(n) - ; %(n) '

Taking into account this fact we reach the inequality

dk:
dr*

> nn—1)..(n—k+ 1)]x)\]”_k])\|k
; 7&(”)

(n—k+1)|zAF
<AF Z n!

A" )\

Balo )| <

OJ

Proposition 2.37. Let o > —%. Then for every A € C, the Dunkl kernel has the
Poisson integral representation
INa+1

E.(x,\) = \/_F(oz—i—

) )/1<1 PR (14 ) exp(izA)di (2.18)

forall z € R.
1

Bewijs. Let a > —5. Then for every A € C, the function j,(2A) has the Poisson
integral representation

Dle+1) [ ol :
1—t%)%2 At)dt
Tt / (1 - )% exp(izt)
for all z € R ([93, Formula 1.I1.12, p. 11]). Thus,

Jo(TA) =

14d. F(a—l— 1
A

F(a +1) [ 2ya-1 .
+ m /_1(1 — t°)* 2t exp(izAt)dt

Eo(z,)) = ja(zA) + )) / (1 — %)% 2 exp(izAt)dt
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_M 1 o at3 exp(ix
ENGCES /_1(1 ) 2(1+1¢) p(izAt)dt.

O

From integral representation of the Dunkl kernel (2.18) it is convenient to obtain
another property of the Dunkl kernel

Eu(z,N) = Eo(—2, %) = Eo(z, —N). (2.19)

Corollary 2.38. Let o > —1 and A € R. Then we have the following estimates for

2
the Dunkl kernel
k

k
‘ G

d
wEa (I‘7 )‘)
for all k € N and x € R. In particular we have

|Ey(z,\)] <1 (2.20)

< |A* and

Ea<x,A>\ < Jof?

for all x,\ € R, when k = 0.

Bewigs. A short calculation. Here we have used integral representation of the Dunkl
kernel (2.18) and the fact

1= Ea(0.4) = % /_11(1 — )3 (1 1),

Now, we are able to give a short representation for Dunkl kernel
Eqo(z, A) = Vo exp(izy)
where V,, is the Dunk]l’s intertwining operator, defined by

Vf(z) = \/I;I?T% /_1<1 O E (1 1) f(at)dt

on the space of smooth functions, i.e. f € C*(R).
Lemma 2.39. Let a > —%. The function E.(x,\) does not have zeros for all xz,y €
R.
Bewijs. (1) Let first o = —%, then the Dunkl kernel is exponential function
E_%(x, A) = e,

So we have to consider two cases o > 0 and —% < a < 0. Using definition of the

Bessel function of the first kind (2.6), we can rewrite the Dunkl kernel (2.12) as
2°T(a+ 1)
(zA)
Here we need not worry about zA = 0, because E,(0) = 1 and we are going to

consider only positive z), it is obvious form equation J,(—z) = (—1)*J,(z).
(2) Now, let us consider case when a > 0. Theorem 2.22 implies that the Bessel

functions J,(zA) and J,41(z\) have many zeros, but they can not be equal to zero
at the same time. Thus, E,(z, A) in not equal to zero for all , A > 0, when o > 0.

E,(x,\) = [Jo(xX) + idor1(zN)].
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(3) Finally, in a case —1 < a < 0, we prove lemma using recurrent formula ([99,

Formula (3.10), p. 20])
2
Jac1(TN) + Jop1(zA) = gja(m

as following. Let us fix arbitrary —% < a < 0, and for some ¢ > 0 we have
Ja_l(l’()) = Ja(flfo> =0 > Ja+1(l’o) = O,
Ja+1($0) = Ja+2(x0) =0 — Ja+3(l’0) = O,

If we continue this process until @ > 0, we obtain J,(xo) = Jut1(xo) = 0 for some
o > 0 and it is contradiction to Theorem 2.22. O

2.2.1. The Dunkl transform. Let LP(R,du,),1 < p < 400, be the space of measura-
ble functions f on R such that

1
o= ([ 150 a())” < 400 it 12 p <
R
and
[ flloc = esssup [f(z)] < +oo, if p=+oo,
Tz€R

where

’x|2a+1 i 591

dpe(r) = ————dx. .
Hal®) = S T (221)

Remark 2.40. Note that, in the case @« = —1/2, expression (2.21) gives us

1
d,u_%(x) = \/_Q_de
thus LP(R, d,u_%) is the usual LP(R) space.

Lemma 2.41 (Ho6lder’s inequality). We assume that %%—% =1land f € LP(R,du,),
g € LYR,duy). Then we have

[ 1@ dia(@) < 1ol 222

Bewijs. Let f € LP(R,du,) and g € LY(R, du,). Then
|20+
)| dpa —

[ 1@t / @)oo

1 1

2a+1 P 2a+1 a7

/ g (T Yl L
201 (a + 1) 201D (v 4+ 1)

|20+ |20+ :
)|? —d
(/ @ ’2a+1r > (/ lg( 2a+1r (@+1) m) !

where we have used classical Holder’s 1nequahty. O

Lemma 2.42. We have S(R) C LP(R, du,) with continuous embedding, i.e., fj = f
in S(R) implies that f; — f in LP(R,du,) for all 1 < p < oco.
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Bewijs. Let f € S(R). Then we obtain

J 1@ Pdate) < [ om0+ M@ o)

1 |312a+1 L »
< dz - 1 00
= 2a+1r(a+1)/m(1+|:c|)p’“ ! igng(( 1D I (@)]) < oo,

where pk > 2(av+ 1) and k € N. Let f; — f in S(R). We assume that 1 < p < oo.
Then we are able to calculate

1y = Flloa = / (@) — F(@)P dpalz)

|2a+1

ks k P
< ST / e s (1 -+ ) 1) = S @)

— 0.

Now, let p = co. Then
15 = fll = esssup £y () = F()] = poalfi= £) =0

since f; = f in S(R). O

The Dunkl kernel leads to the Dunkl transform F,, which is defined by the
formula

AN = [ Baca i @hdpala), AeR (2.23)
for f € LY(R, du,) and using (2.20) we obtain

AW < [ Eu-a 0@ duale) < [ 170 da(w) = 11

for any A € R. Thus
[ Falflloe < N f 110

Remark 2.43. For a = —1/2, the Dunkl transform F_ 1 is the Fourier transform

FIAO) = # / f@)e e, A e R

The inverse Dunkl transform is defined by

Fo LAV = Falfl(=A) = AEa(x,A)f(x)dua(x), AER. (2.24)

Theorem 2.44. (1) [26, Corollary 4.22, p. 159] The Dunkl transform is a homeo-
morphism of S(R);

(2) (Plancherel theorem) [26, Theorem 4.26, p. 160] The Dunkl transform has a
unique extension to an isometric isomorphism of L*(R, duy), i.e.

[Falflllza = 112a
for all f € L*(R,du,);
(3) (Inverse Dunkl transform) [26, Theorem 4.20, p. 159] For all f € L (R, du,) with
Falf] € L'(R, dpa),
f@) = Fo [ Falfll(@) ace
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The space Cy(R) is the space of continuous functions on R which vanish at infinity.

Lemma 2.45 (Riemann-Lebesgue lemma). [26, Corollary 4.7, p. 156] The Dunkl
transform maps L'(R, du,,) into Co(R).

Proposition 2.46 (Product Rule for the Dunkl operator). If f € C'(R) is
even, then D, f(z) = f'(z). If f,g € C*(R) and at least one of them even, then

Dao(f(2) - g9(x)) = Daf(x) - g(x) + f(2) - Dag(x). (2.25)

Bewijs. The first statement of the proposition is obvious, because it follows from the
definition of the Dunkl operator (2.8). Without losing generality, we may assume
that f is even function, then the second statement of the proposition follows from
the following equations

Do (f(z) - g(z)) = %g(x) L g(x)) + ((H %) f(z) - g(x) —:;;f(—x) - g(—2)
= (@) - gla) + f(a) - g'(x) + (a i %) ) = o(2)

= ['(z) - g(z) + f(z) - Dag(x)
0J

Natural question, after Proposition 2.46, is what if one of the functions is odd?
Answer to this question is

Da(f(z) - g(2)) = f'(2) - g(x) + f(z) - Dag(@) + (20 + 1)

if f is odd function. Now, we are ready to define Product Rule for the Dunkl operator
for any relevant function. As we can write any function in a form

() = f(z) +2f(—3?) L f@) —2f(—~%’)  Foon(@) + foaa(2)

f(x)g(—x)

we obtain

Do(f(x)g(x )) (feven($)9($)+fodd( )9(x))
Do feven(7)9(x)) + Da(foaa(z)g(x))
= even( ) ( )+f€U ( ) Oég(x) fodd( ) (x)+fodd(x)'Dag(x)
¢ 2 el

o+ l)fodd<x)g(_$)

= f'(x) - g(x) + f(x) - Dag(z) + .
1\ f(z)g(—z) — f(—z)g(—2)
)g

= f'(x) - g(z) + f(z) - Dag(z) +
Thus, Product Rule for the Dunkl operator is
Do(f(z)g(x)) = f'(x) - g(x) + f(z) - Dag(x) +

for all f,g € C'(R).

(
(o:

X

) fx)g(=z) — f(=z)g(—x)

X

DN | —
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Proposition 2.47. Let a > —%. Then for every f € S(R) and g € C}H(R) we have

/R Daf() - g(a)wa(x)de = — / f(2) - Dag(a)w(z)dz (2.26)

)

[ (Durta)- a(a) + £(a) - Dagla)un(a)dz =0,
where wy (z) = |z|>**/(2°MT (a0 + 1)) and we(z)dz = due(z).

Bewigs. Using definition of the Dunkl operator we obtain

Daf(z) - g(x) + f(2) - Daglz) = d%f(a:) gl) + f(x)- %g(m
4+ 20+ 1) @@ (a N %> [ﬂ—x)g(m) + f(2)g(~x)

Then we calculate
d 0 d _ )20+1
[ @t eads = [ L@ gt
o) d x2a+1
" / V@90 gsrpra Ty
0 2a + 1 a 2a + 1 o
- [ sonta >m e [ Qaﬂr( B e

f@)g(xz) 2a+1 2041 / f(x)g(z) 2a+1 9at1
—a)? gy atly
/ P vy s Al A e i s

=—(2a+ 1)/ ng(x)wa(x)da:

while the other parts yields

ot 1) [ L0, gy (o 1) [ L) SO,

We can finish our proof taking into account that our last integral equals to zero, since
under integral we have an odd function. 0

Corollary 2.48. Let a > —2. Then for every f € S(R) and g € C*(R) we obtain

/R D2 f(2) - g(a)wa(a)de = (~1)" / f(2)- Dig(a)wa(e)de.  (227)

for any n € N.

)

Let f € S(R). Then the Dunkl transform has the following properties ([7, Lemma
2.6, p. 109]):
o F.[f] € C®(R) and D,F,[f] = —Falizf];
o Fu[Duof1(N) = iAFL[f](N);

e The Dunkl transform leaves S(R) invariant.
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Bewigs. Let f € S(R). Then
dr dr
SFANN) = [ A B N @)

for all n € N, thus

n

ool ](A)‘ S /R|l“"f(w)|dua(:c) < 4o00.

Using Proposition 2.47 we obtain

sup
AER

DurFulf / Do Eo (1, N) f (2)dpia(2)
- / Eu(—, M) (—iz) f(@)djia(z) = —Falizf)()

and

FulDanfl(N) = / Eu(—2, \) Dao f(2)dpta ()
__ / Diw Ea(—2, N F(2)dpta(z) = (N Falf1(V).

To prove the last property, notice that it suffices to prove that -2 (A™F,[f](N)) is
bounded for arbitrary m,n € N. Applying previous property m times and Corollary
2.48 we have

WENN) = = 1 (i) (. ) (@) )
1
o / D Eal=2, ) ()0

~ (-
_ =" / Bul—2, DI, f(2)dpa ().
R
Consequently, we obtain
dr 1 [ d
TEOEAO) = o [ T B e )DL @)

and

sup
AER

dn
SO < [ D2 @)

— 1 ntk pm < 2.28
—2a+1r<a+1> up (L [2])" D2, f(2)] < o0 (2.28)

for all m,n € N, where

|x|20¢+1
C’:/—dx<+oo, k>2(a+1) and keN. 2.29
2 0+ oI oy 220
Here we have used (2.10). O

Proposition 2.49. The Dunkl transform is a linear continuous map on S(R).
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Bewigs. As the Dunkl transform is a linear map, so we prove only its continuity. Let
fi = fin S(R) as j — oo. Then using (2.28) and (2.9) we obtain

mn

sup | L5 (v (Falhy] - Falf]) <A>>] —

n

(A" Falfy = fIN)

AeR | AA™ AR A\
</ |x”Dm - D) dpa(a)
s 1 n+kDm o
< T i‘;ﬂ%'( Il DZ(f — D)
— 0,
where C' is constant defined by (2.29). O

Lemma 2.50 (Multiplication formula for the Dunkl transform). Let f, g €
LY (R, dpy). Then

/ Faolf A)dpa(A / fA A)dpia(A).-

Bewigs. Applying Fubini’s theorem we have

[ 71109900 = [ | [ Bute @)t | a0)ia )

:/IR -/REQ(—:U,)\)g()\)dua()\) f(@)dpa(z)

_/ _/RE( A 2)g(N)dpa(N) | f(2)dpa(z)

/./T z)dpa(z)
_ / Faldl N FN)dpa(N),

where we have used the Dunkl kernel’s property. 0

Let a > —%. Note that the Dunkl operator D, is skew symmetric with respect to
the L2-norm associated to the measure fi,, i.e.

(Dot 9)2 /D f(@)g(x)dpa(x /f Dog(@)dpa() = (f, D5g)2,a;

where f,g € C°(R
Now, we show that the Dunkl transform can be extended from S(R) to S'(R) by
duality (see [77]).

Definition 2.51 (The Dunkl transform of tempered distributions). If u €
S'(R), we can define its (generalised) Dunkl transform by setting

(Falul, ¢) = (u, Falg]) (2.30)
for all ¢ € S(R).
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We can interpret functions in LP(R, du,), 1 < p < 400, as tempered distributions.
If fe LP(R,du,), we define functional uy by

(ur, @) / f(@)p(x)dpa (@),
for all ¢ € S(R). By Holder’s inequality, we define that

[{up; @ < [ fllp.allellaa:

for 1/p +1/q = 1. Hence, (uy,¢) is well defined in view of the simple inclusion
S(R) € LR, du,), for all 1 < p < +0o (see Lemma 2.42). Therefore,

(Falug), ) = (ug, F. / F(@)Falo] (0)dpaa).

Then using Lemma 2.50, we obtain

/ F (@) Falp) (@) dpta(z / Fulfl(0)p(@)dia(z) = (ur,i ).

Hence, we have

<Fa[uf]a()0> = <u.7'—a[f]790>'
Proposition 2.52 (The Dunkl transform on S'(R)). The Dunkl transform is a
continuous linear operator from S'(R) to S'(R).

Bewijs. Since the Dunkl transform leaves invariant the Schwartz space S(R), (2.30)
is well defined.
Let ¢, € S(R), {¢;} € S(R) and A, ¢ € K. Then we have

(Falul, dp + &) = (u, Fa[ro + E¥]) = (u, AFale] + EFa[V])
= Mu, Falgl) + &{u, Fal[t]) = MFalu], ) + &(Falul, ¥)

and

<‘Fa[u]7§0j> = <U’Fa[¢j]> - <u7f04[90]> = <‘Fa[u]790>
since ¢; = ¢ in S(R) and the Dunkl transform is a linear continuous map on S(R)
(Proposition 2.49). Thus, F,[u] € S'(R) defined by (2.30). Now, it follows that it is
also continuous as a mapping from S'(R) to S'(R), i.e. if u; — u in §’'(R), then

(Falus], o) = (uj, Falel) = (u, Falgl) = (Falul, ¢),
which means that F,[u;] = F,[u] in S'(R). O

The following properties holds (see [77, p. 10]):

e F, is a topological isomorphism of §’(R) onto itself;
o Fo[Dyu)(N) = iAFa[ul(N), for all u € S'(R);
o D, F,u] = —F,lizul, for all u € S'(R).
We also define the inverse Dunkl transform F, ! on &'(R) using (2.30), i.e

(Fo [ul, @) = (u, Fo )

Theorem 2.53 (Fourier inversion formula for tempered distributions). Ope-
rators F, and F, ' are inverse to each other on S'(R), i.e.,

FoF b = F ' F, =identity on S'(R).
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Bewijs. Let u € §'(R) and ¢ € S(R). Then we have
(FoFo ul, ) = (Fo Hul, Falgl) = (u, FoF2 o)) = (u, ).
Same calculation can be used for second equation. 0

2.2.2. The Dunkl convolution. We have the following product formula for the function
ja(zA) with o > —% and parameter A € C ([93, Formula 1.11.23, p. 13]):

+o0
(@) ja(yA) = / Ja(N ka(a, g, 2) 22 d2
0

for x,y > 0, where
Pla+1) Afz,y 2)* !
/1 2 Aa—yloiy) (2)-
Lla+35)(5)  (zyz)*

Here 14 is the indicator function of A and

— 22&—1

ka(z,y,2) (2.31)

A(z,y, z) = }l\/(:v—l—y%—z)(x—i—y—z)(x—y+z)(y+z—x)

denotes the area of the triangle with sides x,y, z > 0. The function k,(z, y, z) satisfies
the following properties ([93, p. 13-14]):

e For all z > 0, ku(z,y,2) >0,
e We have for z,y > 0:

+o0
/ ko(z,y, 2)2* M dz =1,
0

e We have for all z,y, 2z > 0:
ko(z,y,2) = ko(y,x,2) and  kq(z,y,2) = ko(z, 2,9).
For our convenience, we fix some notations. For all z,y, 2z € R, we put
2200252 .
bx = ?T 1f Y ?é O’
W 0 otherwise,

and

1
plx,y,z) = 5(1 — by +ony +bsy0)

Theorem 2.54. [75, Theorem 2.4, p. 5] (1) Let o > —1 and X € C. Then the Dunkl
kernel E,, satisfies the following product formula:

Eo(z, \)Ey(y, \) :/REOC(Z, A)dvy 4 (2) (2.32)

for x,y € R, where
Walz,y, 2)|z[**Tdz if x,y #0,
dvy ,(2) == ¢ do,(2) if y=20,
ddy(2) if ©=0.
with kernel
Wal,y, 2) = ka(lzl, ly], [2])p(2,y, 2),



where k,, is the Bessel kernel (2.51).
(2) The measures v, have the following properties:

o Suppryy = [— |:r| lyl, —||I| Il Ulllzl = lyll, [«] + |y[] for 2,y # 0,

o |Vayll i= Jo Walz,y, 2)|2|**Tdz < 4 for all z,y € R.

Remark 2.55. In Theorem 2.54, 9, is the Dirac measure. So, we have
o If y =0, then

Ey(z,A) = Ey(2, A\ EL(0,N) = / Eo(z,\)dd.(2) = Ey(x, N,
o If z =0, then :
Fa(y,\) = Ea(0,\E /E (2, \)d5, (=) = Ealy, V).
Remark 2.56. Let x,y # 0. Then from

(e, N Ea(y, A) = / oz N Wa(z, y, 2)| 221 d2
R

= 2" (a + 1) / Eo(z, \Wy(x,y, 2)dpa(2)

R
we obtain

W2y, 2) = L / B (=2, \) Eo (2, A) Ba (3 A djta ().

22H(a + 1) Jp
Lemma 2.57. Let x,y,z € R. Then

Wo(x, =y, z) = Wo(z, —2,y).
Furthermore, we have

Wa(z, =y, 2)|2[** T dzdpa(y) = Walz, —2,y)|y[** dydpa(2).

Bewigs. For any x,y, 2z € R a short calculation gives us the following equalities

2 4+ (—y)2 _ 2 22 4+ y? — 22

b — = — e
e T T 00y 2y

) _22+x2—(—y)2_z2+x2—y2
2Ty 2zx a 2zx

) 722+(—y)2—x27_22+y2—x2
S ) 7

and
(1_baz yz+bzm y+bz ya:)

p?+y? =22 22at - 224y —a?
1+ y n y: y
2zy 2zx 2zy

p(lL‘, —Y,c )

2zx + 2xy 22y

2 2 .2 2 2 .2 2 2 .2
(1+x+z y: oyt =2 Yyt :c)

(1 - bm,—z,y + by,x,—z + by,—z,az)

N — N w|,_.[\~>|,_.

35

(2.33)
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= p(xa —Zz, y)
Then using property of the function k,(z,y, z) we obtain

Wa(z, - ) ka(lzl | =yl |z)p(z, —y, 2)
ka(lzl,| — ZI lwl)p(z, —2,y)
Wal(z, —2,y).
Thus, we have

|y|2a+1

20+ (ar + 1)
= Walz, —2,y) |yl * " dydpa(z).

WQ(ZL’, -y, 2)|Z|2a+1d2dﬂa(y) = Wa(gj, _Z,y) dy|z|2a+1dz

OJ
For all z,y € R and f a continuous function on R, we define
T.f(y /f 2)dvy (2 (2.34)
The operators 7,z € R are called Dunkl translation operators on R.
Proposition 2.58. [38, Proposition 2, p. 20| The operators 7,,x € R have the

following properties:
o forallz € R and f € LP(R,du,), p € [1,+00], we have

172 fllpa < 4l fllpar
o forall \,x € R and f € L'(R, du,), we obtain
Falme [1(A) = Eo(2, ) Falf1N).

For two continuous functions f and g on R with compact supports, we define a
convolution product %, by

(f %0 9)(a) = / o f (~)9(W)dpaly), = ER,

where 7., x € R is the Dunkl translation operator on R.

Remark 2.59. Note that *

1 is the standard convolution *.

Proposition 2.60. [$8, Proposition 3, p. 21| (i) Let p,q,r € [1,00| and satisfy
% + % =1+ % Then the map (f,g) — f *o g can be extended to a continuous map

from LP(R,dps) X LI(R, du,) to L™ (R, du,,), and
1f *a gllra < 4l flpallgllga-
(ii) For any f € L*(R, duy) and g € L*(R, du,), we have
Folf *a 9I(A) = FalfI(A) Falgl(A), A €R.
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2.2.3. The generalized Taylor formula. A polynomial is a function of the form
p(z) = ap + a1z + asx® + ... + apa”,

where ay, ..., a, are constants. Polynomials are convenient to work with because
their values can be calculated easily. Therefore, they have been extensively used to
approximate more complicated functions. Taylor’s theorem is one of the oldest and
most important results on this question.

From basic theory of calculus it is known that, if we consider the function given
by the sum of a power series with radius of convergence R (R may be +00)

@) =3
k=0

then the power series has the form

. £(k)
i) =S 0 <R (2.35)

k!
k=0

where all derivatives f*)(0) should exist.

Now, question is what if we use the Dunkl operator instead of usual derivative, as
natural generalization of usual first order derivative. In which case, we obtain more
general form than (2.35), as stated in Lemma 2.61.

Lemma 2.61. Let o > —%. Suppose that f is an analytic function

flx) = Z apx®
k=0

on R with radius of convergence R > 0 [R may be +oc/. Then the original power
series has the form

— DL (0)
flx) = £ zf |z| < R. 2.36)
0 =2 eyt b (
Bewijs. Taking into account the fact
0, if k<n,
D%y = ya(n), if k=n, (2.37)

P.(n;x), if k>n,

which we will prove later, and applying the Dunkl operator to the function n times
we obtain

Dy f(x) = ZakDZ($k) = anYa(n) + Pu(n; ),
k=0

where the polynomial P,(n;z) has a property P,(n;0) = 0. Thus D f(0) = a,ya(n),
which proves the (2.36). Now let us prove the (2.37). In (2.37), the second one
is not obvious, so we will focus on that one. To prove D?(z") = 7,(n) we use
mathematical induction. Let n = 0 and n = 1, then D%(2) = 2% = 1 = 4,(0)
and Dy(z) = 1+ (a+1/2)2 = 2(a + 1) = 74(1), respectively. After we suppose
DF(x%) = ~,(k) is true. Then we have
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DEF(*1) = DE (Do) = D <(k;+ 1)k + (a+ 1) R (—:U)k+1)
e «Q « « 92 T

— (k +1+ (a + %) (1+ (-1)’“)) DEab = (k+ 1+ 2+ 1)0141) Ya(k).

Finally, using recurrent formula for -, ([08, Formulas 2.2.7, p. 372]) we obtain
DFF(zF1) = 7, (k + 1), which completes our proof. O

Now, we assume that a > 0 and f is defined on (—a, a) and the N*" derivative fV)
exists on (—a,a). Then we can define N'' -order Taylor polynomial for f about 0,
ie.

N
D £(0)
Tn(x) = £ zF
N( ) kZ:O 7a(k)
and for N > 1, remainder Ryy1(z; f;0) is defined by
Ryii(z; £;0) = f(x) — Tn(x). (2.38)
So, from (2.38) we obtain
=~ DFf(0
flz) = kZ:O %];)xk if and only if A}l_f}ﬂ()o Rni1(z; f;0) = 0.
The next question is, does such a remainder exist? Classical Taylor’s Theorem
states that such remainder exist, for a = —1/2, i.e.

Theorem 2.62. We assume that [ is defined on (a,b), where a < ¢ < b, and the
(N+1)th derivative fN*V exists on (a,b). Then for each x # c in (a,b) there is some
y between ¢ and x such that

(N+1)
Ryyi(z; fie) = JC(N——’_];()?'J)@ — )N H,

Corollary 2.63. We suppose that [ is defined on (a,b), where a < ¢ < b, and the
(N+1)th derivative fNtY exists on (a,b) and are bounded by a single constant C.
Then

lim Ryii(x; f;¢) =0,
N—o0
for all x € (a,b).
So, can we extend this results in a case « > —1/2. This extension was obtained by

Mohamed Ali Mourou [59] in 2003. He extended Theorem 2.62 and Corollary 2.63
to a first-order general differential-difference operator

_d A @) - ()

AT de  A(x) 2 ’

on the real line which in the particular case, when A(z) = z**™ o > —1/2, gives
the Dunkl operator D,. He established a generalized Taylor formula with integral
remainder. Before, let us introduce some notations from [59].
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Let S be the subset of R? defined by S = {(z,y) € R?: 0 < |y| < |z|}. Then using
recursive integral formulae

_ sgn(z) _ sgn(y)
uo(z,y) = W’ vo(z,y) = W

and

|| san ||
Ugs1(2,y) = / vp(z, 2)dz,  ve(z,y) = |yg|2a(2 / (@, 2)|222 N dz
| M

Yl ]

we define sequences of functions {u(x,y)}, {vk(z,y)}, ¥ € N on S. The central
result of the paper [59] is stated as following.

Theorem 2.64. Let f € C*°(R). Then we can obtain the generalized Taylor formula
for the Dunkl operator D, with integral remainder:

N x
flay =) Dol O) / | wn (2, y) D f(y)ly|*H dy
=0 Ya (k) —|z|
for all N € N, where
wy(z,y) = un(z,y) + on(z,y).
Theorem 2.65. Let f € C*°(R). Assume that there are M,p > 0 such that

sup |Df f(z)| < Ml
lz|<p

for alln € N. Then there exists an r > 0 such that

S Duf)
f(fL’) - — 704(”)

for |z| < r. Moreover, the series converges uniformly for |xz| < r.

)

2.3. Fractional differential operators. In this section we give the definitions of
the Riemann-Liouville fractional integrals and fractional derivatives, Caputo and bi-
ordinal Hilfer fractional derivatives on a finite interval of the real line and present
some of their properties. Also, we here present some necessary information about
Mittag-Leffler functions.

2.3.1. Riemann-Liouville and Caputo fractional operators. Let [a,b] be a finite inter-
val on the real axis R and —oo < a < b < o0.

Definition 2.66. [13, p. 69, formulas (2.1.1) and (2.1.2)] The left-hand sided I, f
and the right-hand sided /,” f Riemann-Liouville fractional integrals of order
~v > 0 are defined by

0= [ A el

and

0= [ 2R telon),

respectively. Here I' is Euler’s gamma function.
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Definition 2.67. [18, p. 70, formulas (2.1.5) and (2.1.6)] The left-hand sided D, f
and the right-hand sided D, f Riemann-Liouville fractional derivatives of order
v, which are expressed by

DL = () 1. e (ai)

and

DLI@)= (1 () BA0, welan),

respectively. Here n = [y] + 1.

The Riemann-Liouville fractional integrals and derivatives have the following pro-
perties:

o If v >0 and 5 >0, then ([18, p. 71, Property 2.1})

v B=1Y (1 Mw_aﬁv—l
<[a+< ) )( ) (ﬁ‘i‘")/)( )+

and

Y _ £\8-1 ) = F<5) _x,6+7—1.
(B0 =77 () = g5 5 0= /77

o Let 1 > 0,7 >0,t € [a,b], and f € Ly(a,b), 1 <p < 400. Then we have
([18, p. 73, Lemma 2.3])

TAIZF() = TAY 2 () and LAL2f(8) = LE£(1);

e Let y>0andn=[y]+1. If f € Li(a,b) and I, f, I, " f € AC]a,b], then
the equalities

t—a —J
IVD
a+ ZF _]+

and

d\"
. n—ny
tl—m—i— (dt) [a+ (t)

n

)i (b — ¢)r d\"7 .
v DY i — Y
LDy F —j+1) [tlirz?_ (dt) h- <t)]

J=1

hod almost everywhere on [a,b] ([18, p. 74-75, Lemma 2.5-2.6]).

Definition 2.68. [18, p. 91, formulas (2.4.1) and (2.4.2)] The left-hand sided D], f
and the right-hand sided D;_f Caputo fractional derivatives of order v (7 > 0),
which are defined by the formulas

i n—1 (k) a
DL (1) = D |10 - Y0 ><t—a>k], e (a1,
L k=0 '
and i
DY f(t):= DY | F(6) -3 (k,ifa)w—t)’“]’ e fob)
L k=0
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respectively. Here

n:{h]+1, if ¢ No.

Y, if v e No.
Definition 2.69. [25, p. 18, Definition 3] Let X be a Banach space. We say that
uwe C(0,7],X) if ue C([0,T], X) and D), u € C([0,T], X).
Remark 2.70. [18, p. 92, Theorem 2.1] Assume that v > 0 and f € AC"[a,b].

Then Caputo fractional derivative exists almost everywhere on [a, b]. Moreover, the
left-sided and right-sided Caputo fractional derivatives are represented by

DL A0) = 157 () 10, 1€ (@)

and
ny (A"
DLf0)= (0'E (§) 10, te ),
respectively. Here n = [v] 4 1.

2.3.2. Bi-ordinal Hilfer fractional derivatives. The bi-ordinal Hilfer fractional deriva-
d

tive
ngm (CC) _ < ](;Yi(l_’)’l)% (Iéﬁ:—’m)(l—’h)f)) (I),

where 0 < 71 < 1, and 0 < 75 < 1, is introduced by R. Hilfer in [39, p. 113,
Definition 3.3] in 2000, as a new generalization of the Riemann-Liouville derivative.
A few applications of this operator were investigated by numerous mathematicians,

for example, [10, 11]. A generalization of this operator
S s(n— d " —S) (n—
DR () = LY (a) LT ),
wheren—1 <y <n,n—1< v <n,and 0 < s <1, is introduced in Toshtemirov’s
PhD dissertatin [91]. In the PhD dissertation in chapter IV, the author considered

direct and inverse problems for the pseudo-parabolic equation with the bi-ordinal
Hilfer fractional derivative.

Definition 2.71. The left-hand sided and right-hand sided bi-ordinal Hilfer frac-
tional derivatives (|91, p. 16, Definition 1.3.11]) of orders v; (n —1 < y; < n) and
Y2 (n—1 <73 <n) type s € [0, 1] are expressed by

1,72)8 s(n— d " —5)(n—ms
Do) = 1070 () 1 p0, ve

dt
and .
DI f(0) = 150 () 1@, telan)
respectively.

Remark 2.72. In the case s = 0, we obtain the classical Riemann-Liouville fractional

derivatives and when s = 1, they turn into the Caputo fractional derivatives (Remark
2.70).
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Remark 2.73. The left-sided bi-ordinal Hilfer fractional derivative Df;f 72)% £ can be
rewritten as following

1 s s(n—m d " —s)(n— n—yi d " n—
D) =1y () 1 = 1 () e

= LMD f(t) = I DL (1),

for a <t < b, where n = 75 + s(n — ¥2) and & = v, + s(y1 — 72), which have the
propertiesn — 1 <n,0 < n, and 75 <7, n € N.

2.3.3. Mittag-Leffler functions. Here we present the definitions and some properties
of classical Mittag-Leffler functions. More detailed information may be found in the
book [18, p. 40-42].

The Mittag-Leffler function E,, ., is a special function, a complex function
which depends on 71,7, € C. It may be defined by the following series when the real
part of 7, is strictly positive

Sk
E’YL’D(Z) . kz_o F(’Ylk—l—’h)’
where ' is the gamma function. When 7, = 1, we obtain special case of the Mittag-
Leffler function defined by

0 k

Sl 2 )

Here we able to see that 1(0) = 1. In particular case, when v, = 75 = 1, we have
400 k

Eia(z ZFkJrl Zk' exp(z

For 0 < 7, < 1 (not true for 7 > 1) we have the following estimates ([$1, Theorem
4, p. 21]) for Mittag-Leffler function

1 1
< E’Yl,l(_x) <

(2.39)

1+T0(1—m)x T 14T 4m)
holds over R*, with optimal constants. Then it follows that
0<E) 1(—2)<1l, z>0. (2.40)
The Riemann-Liouville fractional integral of the Mittag-Leffler function with spe-
cial parameters also yields a function of the same kind ([18, p. 78])

(124 (t = @) " Eus Mt — )']) (2) = (z — @) By Mz — a)"].
Theorem 2.74. [67, p. 35, Theorem 1.6] Suppose that vo € R, v € (0,2) and,
m™1/2 < p < min{mw, 7wy, }. Then there exists a positive constant C' such that

C
E <
‘ ’Yl:’YQ(Z)| — 1+ ’2‘7

for all p <|arg(z)| <7 and |z| > 0.
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3. PSEUDO-DIFFERENTIAL OPERATORS ASSOCIATED WITH THE DUNKL
OPERATOR

Let us have a differential operator

A=t
D(A) = C(R).

We can describe A as a pseudo-differential operator using classical inverse Fourier
transform F~! as following

Ap(z) = /RAeXp(ix)\)}—[sD](/\)d)‘
_ /R exp(iz\)JINFlp] (\)dA

_ /R exp(iz))a(z, N F[e (\)dA.
So, we have
Ap(x) :/Rexp(z'a:)\)a(x, M) F[e](A)dA (3.1)

for all ¢ € S(R) and the function a(x, A) = i is called the symbol of the operator
A. Then the idea of pseudo-differential operators is to consider operators of the
form (3.1) where a(x, \) is a more general sort of function. Thus, pseudo-differential
operator is defined by

Tof(x) :/}Rexp(ix)\)a(x,A).F[f}()\)d)\, (3.2)

for all f € S(R), where the symbol a(x, A) from following class:

Definition 3.1 (Symbol classes S7;(R x R)). Let m € R and 0 < p,§ < 1. If
a=a(z,\)isin C*(R x R) and

0508 a(w, M| < Cop(1+ )t
for all n,k € N and all z, A € R. Then we will say that a € S75(R x R).

Now, we would like to give a motivation to study pseudo-differential operators
associated with the Dunkl operator. If we consider the Dunkl operator

Dup(a) = ~-p(x) + (a i %) #le) = pl=o)

with D(D,) = C*(R), then we are not able to calculate its symbol using classical
inverse Fourier transform F~!, it is clear from

Daple) = [ Daexplion) Flgl(a)
= /R (m exp(iz)) + (a + 1) xp(izd) - eXp(_mA)) Flel(V)dA,

2 T
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for all ¢ € S(R). On the other hand, if we use the inverse Dunkl transform F*
instead of classical inverse Fourier transform F~! we obtain

=4m&m&mmmmm=/&mwvmwmmw

R

So the Dunkl operator D,, is a pseudo-differential operator with symbol a(z, \) = i\
in the Dunkl setting.

3.1. Pseudo-differential and amplitude operators on Schwartz spaces. In
this section, We define amplitude, adjoint and transpose operators and prove that
pseudo-differential, amplitude, adjoint and transpose operators are linear transfor-
mations on the Schwartz spaces.

Lemma 3.2. Let a € S)(R x R) and f € S(R). Then

o for every x € R, the function X — a(z, \)f(X\) is belongs to the S(R).
Moreover, we have

sup pn,i(a(z, ) f) < +oo.
zeR

o for every A € R, the function x —— a(x, ) f(x) is belongs to the S(R), i.e
Prg(a(- A) ) < Crpe(1 4 [A)™",

Bewijs. Let a € S5(R x R) and f € S(R). Then for every z € R, the function
A— a(x, \)f(N) 1s belongs to the S(R). Since

dr— 7 dz
Akz w e B N e )
< Z CZ dan— 7 dz ‘

k —
N, )7 f)
SZ%WWMWW”

dTL
)\k
T (e V) =

ey

ol

dl

< Zcz(l + ’)\|)k+m+pz I

=0

gZCl

=0

)

01 dZ
(L W)

and

pn,k(CL(x? )f) = sup

AER

%

(1D )

n

d n
¥ i o 00| £ 2 o

AER

< 400,

where for every fixed m and p we can find positive integer ¢, which satisfy the ine-
quality m + pi < fi. Moreover, we have

d
(1 + ‘)\Dk+€z

sup pn(a(z, <2:C’Z sup 3N

z€R

FOV| < +oo. (3.3)
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Now, let us have the function z — a(z, \) f(x) for every A € R. Then we are able
to calculate

dn dn i dz
K Q@ |k
xdwn(a(z)\ xzndnl )dzf(a:)
dn 7 dz
< (A
> | el Vg )
< ZOZ (11 Ao ok L
dx’
<4 S et L)
- — " dz?
and
dn
puslal- ) = sup |+ (o (x,A)f(fv))‘
x€R 1y
dz‘
m+6n 7
< (1+]A]) ZC wsup (ot f (@)

S Cn,k(l + |)\|)m+5n‘
L]

Lemma 3.3. Let a € SJ5(R x R) and f; — f in S(R) as j — co. Then we obtain

o a(x,-)f; = a(x,-)f in S(R) as j — oo, for every x € R;
o a(-,\)f; = a(-,\) f in S(R) as j — oo, for every fived X € R.

Bewigs. Let us show that for every x € R, we obtain a(z,-)f; — a(x,-)f in S(R) as
j — oo. Using previous calculations, we obtain

mn

purla(e, ), — ale, ) ) = sup N2 (a(a, N, - f)(A))'

ek | dA
di
< Cz 1+ A k+20i A ‘
Z wsup (L4 A (f = A
—>0

as j — oo for all x € R. However we have a(-,\)f; = a(-,\)f in S(R) as j — o0
only for every fixed A € R, i.e.

mn

pur(als Ny — al- A F) = sup b2 (a(e ), - f><x>>\

zeR

< (T+A) m+5"ZC” sup

=0

dx™

di
(- @)

—0

as j — oQ. O
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Lemma 3.4. We assume that a € SJ%(R X R) and f € S(R). Then
sup [(1 + [A) 05Dy 5 (alz, N) f(V)] < +o0
AR

for alln, k, ¢ € N.

Bewigs. Let assumptions of the lemma holds. Then using Mean Value Theorem as
following

Dax[a(z, A)f(A)] = Ox[a(z, N f (V)] + 20+ 1)0x [alz, ) f(c)]
for some ¢ € (—z,z), we are able to calculate
Do lalz, ) FN)] = 05 a(z, A f(A)] + (2a + 1)03 [a(z, ¢) f(c)]

and

(L+ DD\ ala, N FN] = (1+ X)) 0505 [alz, A) f (V)]
+ 20+ 1)1+ [A) 0705 [a(z, ) f ()]
Then taking absolute value from last equation and supremum respect to the variable
A € R we obtain
sup (1 |\)/04 D% alar. ) F V]| < sup (1 + X928 fala, M) FOV)]
€ €

+ (204 Dsup (1 -+ M) 955 fa(r. ) ()]

< 2(a+ 1) sup (1 + |A) D50 [a(a, N F (V)] -

AER

Now, let us prove that
sup 1+ 050§ oz, NS OV]] < 400
Indeed
085 [alr, N FV] = 85 [ae, NV FOV] = 3 Ca—0ka(e, NoL ()
=0
and

(L A 205 [a(z, AV FOI] < D G |08 0kalz, A)(L+ A 5 F(N)]

=0

<D ChChin (L AR (1 N DS F ()]

=0

= D ChCui(1 4 AR 9 F (V)|
i=0
< 400,

since f € S(R). O
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Lemma 3.5. We suppose that a € S)'s(RxR) and f; — f in S(R) as j — oo. Then
iﬂﬂg\ (1+ |A|)£35DZ,A (alz, N)(f; = FYA)| =0
€

as j — oo for all n,k, ¢ € N.
Bewijs. The proof of this lemma is the same as the proof of Lemma 3.4. O

If a € 57 5(R x R), it is convenient to denote by 7, the corresponding pseudo-
differential operator defined by

T.f(z) = / Eular, Na(e, N Fal I\ djia(N), (3.4)

where F,, is the Dunkl transform (2.23) of f, E, is the Dunkl kernel (2.12), and dpu,,
a weighted Lebesgue measure (2.21) on R.

Theorem 3.6 (Pseudo-differential operators on S(R)). Assume that f € S(R)
and a € S)5(R x R). Then T, f € S(R).

Bewijs. Let a € S)(R x R) and f € S(R). To show absolute convergence of the
integral (3.4), we calculate

T ()] < / la(, M) - |FalFION)] da(N)

ja(z, )]
< Ck/Rmdﬂa(A)

(L+ )™
< (C..-C ————duy (A
< G /R<1+|A|>k Ha(A)
< 400,

as m and « fixed here, we can find suitable £ € N. Using Lebesgue’s dominated
convergence theorem and properties of the Dunkl kernel E, we obtain

T @) = [ 2 (B Nale ) ol

_ /]R %Ea(:v,)\)a(x,A)J-"a[f]()\)dua(A)+ /R Ea(;g,A)%a(x, NEATI e

and

\—T e Lo VELIO)| duaV).

dx

< [ late M- DRI + [

Thus |%Ta f( x)| < +4o00. The same is true for all of its other derivatives, it is

obvious from last equation, which implies that T,f € C*(R). Let us show now
that T, f € S4(R). In fact we have

(—ie) T f(x) = (—1)F / ()" Ea(, (e, ) Fa [ f)(N)djia ()
1 / DE\ Eular, Na(z, N Fal ) (N dpa(N)
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- / Ea(w, DX (ala, NFA[FIN) da(N).

Then for for arbitrary k,n € N we obtain

o (TG / 0; [Ealw, Nk 5 (alw, NFa[FIN)] dia()

205 Ba(, N0, Dy, (a(@, N Fa[ fI(N)) dita(N)

- sz‘k / 9 B e, NOLDE , (alr. N FaLFI(N) dita()

= (=9)

which implies

j%(:c’“Taf 'SZ /}a“ "Eo(z, N)OLDE , (a(z, \)Falf1(N)] dia(N)

3

=D e AP N CEREAIEVIENG

=0
= L % p[(1+ A)"0,D; 5 (alz, ) Ful fI(V)]
< +00
for all n, k € N, where
O:/wdx<+oo (>2(w+1) and (€N (3.5)
r (14 [2]) ’

There we have used Lemma 3.4. Then taking into account inequality (3.3), we can
see that C;i—nn (kaaf(x)) is bounded for all £, n € N. This completes the proof. O

Theorem 3.6 shows that the operator T}, is a linear operator defined on the Schwartz
space S(R). Actually, can prove that T, is a linear continuous operator on the
Schwartz space S(R).

Proposition 3.7. Suppose that a € SJ%(R x R) and f € S(R). Then the pseudo-
differential operator T, is a continuous lznear operator on S(R).

Bewijs. Let a € SJs(R x R) and f; — f in S(R) as j — oo. Then using Proposition
2.49 and Lemma 3.5 we have
dn

s (@M - T@)| = | (@M - (@)

dn ‘

< Z ci / N0 DE | (alws NFalfy — £1O0)] diia()

n

<X ey i S (1 ) OLD (e NEL = 11 =0,

)\ER

for every ﬁxed x € R, where C'is constant defined by (3.5). O
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Proposition 3.8. Assume that we have a sequence of symbols a; € S}’ 's(R xR) which
satisfies

|05 R ai(x, M| < Cog(L+ A"

for all k,n, all x,\ € R, and all i, with constants C,,  independent from z, X and 1,
and a € SJ%5(R x R) such that a;(x, \) and all of its derivatives converge to a(z, \)
and its demvatwes respectively, pointwise as i — o0o. Then for any f € S(R) we
have

T.,.f—=T.f as 1 — 00
in S(R).
Bewijs. From Theorem 3.6, for every a,a; € S)5(R x R) and f € S(R) we have
Tof, 1o, f € S(R). Then using Lebesgue’s dominated convergence theorem we obtain

i T, £(2) = i | Bule (e ol f)(\)dpa()

oo JR
= [ Eule Nate NF (Va3
=T.f(x)
since there is an integrable function (1 + |A|)™F,[f](A) € L*(R) such that
| Ea(@, Nai(z, ) Fa[fI(AN)] < CQA + [A)™ [Fa[F1(A)]-
A short calculation gives us

dn

dzn

(2 (T f — Tof) (@)
e / O~ Ealw, NOLDE , (ai(x, A) — ale, ) Falf1(0)dpa(A).

=0

Then using Lemma 3.5 we have

mn

dan

<3G [ (027 Bl NP (e ) = alir DF LI dio ()

(&M(To f = Taf) (@)

<3¢ / NP |05 (s, A) — alar, N IO diaal)

n

<> sy ey S |+ IO (o ) = al M) FLA)

AGR

— O, as 1 — 00.
for every fixed x € R, where C' is constant defined by (3.5). O

Let us introduce more general symbol class that introduced in Definition 3.1.
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Definition 3.9. Let m € R and 0 < p,d1,9o < 1. The class S”" ) 52(R x R x R) is
the space of all functions a = a(z,y, ) which are a € C*°(R x ]R x R) and satisfy

|3§6§8§a(x, Y, N < Crpe(1+ \)\Dmfpnwlsze
for all x,y, A € R and all n, k,¢ € N.

By analogy of (3.4), for all f € S(R) we may also formally define corresponding
operator

= [ [ Bl Ny Nawy NF o). (36)
RJR
to the a € 7% 5, (R x R x R), which is called amplitude.

Theorem 3.10. Let a € ST 5, (R x R X R) and 65 < 1. Then the operator A is a
linear continuous operator on S(R).

Bewigs. First we prove that the function

(i, ) = / Eal(—y, Na(z,y, ) f () dpaly)

is rapidly decreasing in both variable z, A € R and h, € S(R x R). To see it we
calculate

(—in) / Eul(—y, Ny, N) () dpaly) = / (—iN)N Ea(—y, Nl y, A f () dpia(y)

/ DY Ja(z,y, \) f(y)dpa(y)
- / Ea(—y VDY (a(z,y. N £ (1) djia(y)

and

AN /REa(—y,A)a(x,y,k)f(y)dﬂa(y)‘

< / DY (a(z, 9. ) (1)) |dpa(y)

1 i AN

_ / T DD 0y A F @) i)

< sup (1-+ 191 DY, (1. NI | ety

< Cusup 1+ iy dN( (2,9 N () \

< Coni(1+ MI)’“”?N-
Thus,

(a2, )] < Co (14 A0
and h,(x, \) is rapidly decreasing if do < 1. Similarly we have

|0 ha(, A)| < Conjin(L 4 [A])Hom= (70N
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for all n € N, so hy(-, A) belongs to S(R). Using same technique with little modifica-
tions we obtain

Neho (. \) = i / (=iN) Ea(—y, Na(@, 3, \) £ () dpia(y)
/ D Ja(, g, A f(y)dpa(y)
i / Eu(—y, DY (a(z, . ) f (4))dpia(y)

and
RN h, / O [Eal—, VD (alz, 5, N (1)) diia(y):

Hence, Lemma 3.4 leads that 9%(A*h,(x, \)) is bounded for arbitrary n,k € N and
he € S(R x R). So,

// (2, N Ea(—y, Na(z,y, A) f (y)dpa(y)dpa(X)
= [ Balo. Mol Niea )

is absolutely integrable for f € S(R), if §, < 1 and

dTL

T AL (x ZOZ /a" "Eo(2,\)OLDE \ho (2, N)dpia(N)

is bounded. Thus, Af € S(R).

After successfully proving the first part of the theorem, we now turn our attention
to the second part, which deals with continuity of the operator A on Schwartz spaces.
Assume that there exists a sequence {f;}52,, which converges to f in S(R). Then we
need to show that Af; — Af in S(R) as j — oco. Let’s first prove that if f; — f, as
j — 00, then A} — h, in S(R) fro fixed z € R, indeed from

RN (B, — ho)(z, ) = i* /R O3 Ea(—y, N D3, (al, y, N (f5 = ) () dpa(y)
we have

|OX (N (B, — Do) (, V)] < / |08 Ea(=y, \) Dy, (alz, y, N (f; = £ ()] dialy)

/IM”\D a(z,y, N (f; — /)] dua(y)
<, Zlelnlg |(1+y)) DL (alz, y, N (f; — /()]

< Casup (1 + [y Dy (alz, y, N (f; = ()]

k
< Z Ca(1+ ) Pr-ie(f; = F)(w),
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which affirms our statement. Then from

T AU = @) = 52 [ 8 Bl LD (1. 3) = hulir ) o ()

mn

d n
taking absolute value we obtain
dn
kA
A~ D))

<32 [ [ B VLD () ) ()
i=0 R
<3c AP LD (i ) = o 0) a1

< Z sup| (1+ [A)OLDE  (hh(x,A) = ha(z, N))].

This proves our statement. 0

We are now in a good position to compute adjoints of pseudo-differential operators.
We say that T is the adjoint ([35, Chapter 8, p. 290]) of T, if

(Tpf,9) = (. T, 9),
for all f,g € S(R), where

(f.g) = /f (@) dpo(z).

Lemma 3.11. Let p € S)%(R x R). Then T = A, where a(z,y, \) = p(y, \).

Bewijs. Assume that f, g € S(R). Since

(Tof, 9) 12 R dua) Z/Tf( )g(x)dpa ()
N /R /R /R Eo(x, \)Ea(—y, Np(2, N) f (1) g(2)dpa(y) dpa(X) dpa(z),

to prove this, all we need to do is reverse the order of integration. However, it’s
important to note that this is not a common application of Fubini’s theorem, as
the triple integral is typically not absolutely convergent. Instead, we utilize Fubini’s
theorem on the double integral

B9 = [ [ Eale Mol NEL N0 (Nt 0)
R JR
that is absolutely convergent, to obtain
Tt oa = | WNFLN ()

where

hy(A) = / Eale, \p(z, Ng(@)dpalz).



53

The function h, is a rapidly decreasing function by proof of Theorem 3.10, so we can
apply Multiplication formula for the Dunkl transform (Lemma 2.50) as following

(T, f. 9 2oy = / ) Falf)(Vdpia(N)

/ Falh A)dpia(N)
/ Fully) () £ 1o (0)
LT 9>L2 (R,dpta) *

Therefore
Trg(y) = Falhy)(y) = / / B2, \) Eal(—y, N, N g (@) dpn () dpta (V)

= [ e Bt N Rt 0
and
_ /R/REQ(:U, N B (=, N N9 dita () dn (V).
so that T = A with a(z,y, \) = p(y, A) as claimed. -

Corollary 3.12. Let p € SJ5(R x R) and 6 < 1. Then T is a linear continuous
map on S(R).

We say that T} is the transpose ([35, Chapter 8, p. 289]) of T, if
(Tpf,9) = (f,T,9),

/f ) dptal2)

Lemma 3.13. Let p € S)5(R x R). Then T, = A, where a(z,y,\) = p(y, —A).

for all f,g € S(R), where

Bewijs. The proof of this lemma is same as for Lemma 3.11, except last part. Suppose
that f,g € S(R). Then following proof of Lemma 3.11, we obtain

T'g(y) = Falhy)(y) = / / B, ) Ea(—y, Np(e, N (@)dpta (2)dpta(N)
/ / (12 ) Bal =2, (5, —N)g (@) dpto()dpta (V).

Hence,
/ | B NEw (= Nl =N (0)ia ()
so that T = A with a(x,y,\) = p(y, —A). O

Corollary 3.14. Let p € S]5(RxR) and 6 < 1. Then T}, is a linear continuous map
on S(R).
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Before, we proved that the pseudo-differential operator T, with symbol a € S (Rx
R) is a continuous linear operator on S(R) (see Proposition 3.7) in the sense that it
0; = ¢ in S(R) then T,p; — T,¢ in S(R). Suppose there is an adjoint 7" of the
operator T,. Then we can extend T, to act on distributions as following;:
Definition 3.15. Let u € §’'(R). Then for all ¢ € S(R) we define T,u by the formula

(Tau) () = u(13%),
where

= [ [ Bule ) B Nt (o) @) ).

The linear functional 7,u on §&’(R) defined in this way is continuous on S’(R) since
T is continuous.

Proposition 3.16. Let m € R, 0 < p <1, and 0 <6 < 1. Ifa € ST5(R x R)
and u € S'(R) then T,u € S'(R). Moreover, the operator T, : S'(R) — S'(R) is
continuous.

Bewijs. Let u € §'(R). Let us prove linearity of the functional T,u. Using definition
of the tempered distributions, we have

(Tou)(cwp + ) = w(T: (@@ + Bv)) = u(aT; @ + BT )

= au(T;9) + Bu(THY) = a(T,u)(¢) + B(Tu)(¥)

for all o, f € C and all ¢,9 € S(R). Now we prove continuity of the functional T,u.
Let we have ¢; — ¢ in S(R), then we have Tp; — 1% in S(R) and

lim (Tou)(py) = lim o(T;%5) = w(lim T575) = w(Tip) = (Tau)(p).

These two propositions give us T,u € S'(R). Let we have uy — w in §’'(R). Then to
show the continuity of the operator T, it is enough to calculate

(Tour)(0) = ur(T;@) = w(Tip) = (Tau)().
O

3.2. Kernel of pseudo-differential operators. Let f € S(R). Assume that T is
an integral operator on some space of functions on R that

/K 2, y) f(y)dpta(y)-
If g € S(R), we have

[ Tr@a@au) = [ [ Ko@) o).
R
or in the language of distributions,

(Tf,9) =(K, fg) (3.7)

If we suppose that T is a continuous linear map form S(R) to §’(R), then the Schwartz
kernel theorem implies that there exists unique kernel K € §'(R x R) such that (3.7)
holds for all f, g € S(R) and K is called the distributional kernel of 7'
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Now, it is easy compute the distributional kernel of a pseudo-differential operator.
Indeed, if a € S7%(R x R), then

(Laf.g / / (2, Aa(@, ) FolfI(AN) g(x)dpa(N) dpa ()
:/R/R/REO‘(I’)‘>Ea(_y’)‘)a(x’)‘>f(y>9($)dl~ba(y)dua(k)dua(x)

from which it follows that the kernel K of T, is

K(e.y) = / Eule, \) Ea(—y, Na(z, \da (),

with the appropriate interpretation as a distributional integral. On the other hand,
if we regularize the integral

N /R/RE"(% M) Ea(=y, Na(z, A) f(y)dpa(y)dpa(A) (3.8)

for f € S(R), we able to consider the kernel K as a function. Let k be a positive
even integer, then we have

Ea(=y,A) = (1+ )1 = D} )" Ea(—y, A).

Then inserting this expression into (3.8), replacing F,(—y, ), and integrating by
parts, we obtain

- / / B, N Ea(—y, a2, \) £ (5)dpta(9)dpraN)
- / / Bl (1 4+ X2)F(L = D2 ) Eu(—y Na(z, N () djta(4)djia()
-/ / (@ AL+ 20) By, Al V(1 = D2 F(0)dia ()N

where f € S(R). Then this integral is absolutely convergent, if we set k > m+2(a+1),
and

K(a,y) = / B, ) Ea(—y, (L + X2)*a(z, Ndpia(N) (3.9)
R
is a convergent integral for k > m + 2(a + 1).

Theorem 3.17 (Kernel of a pseudo-differential operators). Leta € S]5(RxR).
Then K(x,y), given by (3.9), is C™ on {(z,y) € R*: |z| # |y|}, and

CNa
Kz, y)| < 7w
||z — [y[|¥

for all N € N and |z| # |y|.
To prove the Theorem we shall use the following simple assertion.
Lemma 3.18. Let a € S);(R x R). Then have
|DZ,>\8];@<$> M| < Crgal(L 4 Aok

and
]a];DZ’xa(x, N < Crpall+ ‘)‘Dmipnﬂsk
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for alln,k € N and all x, \ € R.
Bewijs. Let a € ST%(R x R). Then from (2.9) we can readily see that
D2\ Oka(z, \) = Oyd%ba(z, N) + (2a + 1)05dka(x, c)
for some —z < ¢ < x. Thus,
’Dg@lja(x, )\)‘ < ‘(9/7{05@(3:, )\)‘ + (2a+1) ‘(9?85@(3:, c)| < Crpall+ ]A])m’p””k

for all n,k € N and all z; A\ € R. Second inequality can be proved using same
method. 0

Now, let us give the proof of Theorem 3.17.

Bewijs. From the kernel expression (3.9), for all n € N we have
|0, K (z,y)| < / | Ba (2, )0y Ea(—y, ) (1 + A) " a(a, N)|dpa(N)
R

< / AI(1+ A2)F|a(z, Aldpa ()
< +00

and

|07 K (2, y)| < /RIEQ(—y, N1+ 2) 0 (Ea(w, Na(w, A))ldpia(N)

e / AP (14 A2) M a(e, A)ldpa ()
=0

< 400

for large enough k € N. So, K € C*(R x R\ {x = y}). Applying Theorem 2.54 for
E.(x,\)Es(—y, \) we obtain

K(e.) = [ Eale. VEa(=3: )1+ 3) Falr o (V)
// (14+ 257k a(z, N)dvy —y(2)dpia(N)
= / / Z_ZN(iz)NEa(z,A)u+AQ)—ka(x,A)dyx,_y(z)dua(A)
/ / O DY \Eo(2,A)(1 + X)) a(z, \)dv, —y(2)dpa(N)
// Ok Ea(z, DY (1 + A2 a(z, A))dvs —y (2)dpia( V).

Then

K(zy)| < / / ﬁwﬁm ) Ra(, A)dlve | (2)dpa()

S T L P20t )l ),
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since from Theorem 2.54 it is known that suppv, , = [—|z| — |y|, —||z] — |y|[] U [||z] —
ly||, |z| + |y|] for =,y # 0, after taking into account that A — (1 + A\?)~* is the even
function we obtain

C
’ ($ y)’ = ||$| |yHN ZCJ /‘y —|—)\2 kDOL)\ a(l‘,)\)ldﬂa()\)

=l = JylY
for large enough k € N. O

The singular support of a distribution f € §’(R) is the complement of the largest
open set on which f is a C'*° function.

Corollary 3.19 (Singular supports). Let T, is a pseudo-differential operator with
symbol a € S7'5(R x R). Then for every f € S'(R) we have

sing supp T, f C sing supp f.

Lemma 3.20 (Schur’s lemma). Let K : R x R — K be a continuous function
satisfying

C = sup/ |K(x,y)|dpa(y) < +o00  and Cy:= sup/ | K (z,y)|dpe(x) < +o0,

zeR JR yeR JR
and let A be the linear operator with Schwartz kernel K :

/ny (0)dpia(y).
Then A is a bounded linear operator on L*(R,du) with

[Afll2.0 < V1o fll2,a-

Bewijs. Let u € L*(R,du,). Then using Holder’s inequality (2.22) for p = ¢ = 2, we
obtain

4@ < ([ 1K s )
< ([t ) ( [ 1l 116 du)

<0 / K (z,9)] - |/ () Pdialy).

Integrating with respect to variable x, we have

4710 < 00 [ ([ 1RG0 1£0)Fdna ) dialo) = 1l A1
UJ

Now, let us define convolution kernel. Thanks to the expression (3.9), we are able
to calculate

K(.y) = / B, \) Ea(—9, (1 + A2)~a(, N)djua ()
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/ / (2, \)(1 4+ 22 a(z, \dv, .y (2)dpia(N)
_ /]R Kz, 2)dvs_(2),

where
k(x,z) = /REa(z, N1+ A a(x, Ndua(N) = F 1+ 2 alz, ))(2). (3.10)

The last integral exists, since £ > m + 2(a + 1).
According to previous calculations we can formally write pseudo-differential ope-
rators in various ways:

7,50) = [ Bule Nale N Ao ()
::/Lbééﬂg(x,A)ELA-—y,A)a(x,A)f(y)dua(y)dua(A)
_ / / / Ea(z, Na(@, \) F(9)dvs —y(2)dpia(y) dpia(N)

// 2, 2) f(y)dvy, .y (2)dpa(y)
— [ K f0)da(n).

Theorem 3.21 (Convolution kernel of a pseudo-differential operator). As-
sume that a € S;'s(R x R). Then convolution kernel

k(z, 2) :/Ea(z,)\)(l+>\2)_£a(:v,)\)dua()\)
R
of the pseudo-differential opemtor T, satisfies
|03k(x, 2)| < ‘Ts r,z€R, and z#0

form+ds+2(a+1) <+ pn.

Bewijs. Using integral representation of the convolution kernel we obtain

(iz2)"05k(x, z) = /(zz)”E (2, (1 + X)) 0%a(z, N)dpua(N)
/D (2, \)(1 + X208 a(x, N)dpa(N)
= /RE (2, A) D2, (14 X)"“0%a(z, N)) dia(N)

_ / a2 N (1 + )~ D2\ 0%a(x, Npia (A),
R
where ¢ > m + 2(« + 1).Hence, we have

1

k(z,2)| < — 1+)\2 D dda(z, N)| dpra (A

T || a,\
z
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Cus [ (L)
< — At (A
ROl e )
< 400
for m + 0k + 2(a + 1) < £ + pn. O

Proposition 3.22. Let f € S(R). Then for any continuous linear pseudo-differential
operator

T, : S(R) — S'(R)
with symbol a € Ss(R x R) there exists a unique convolution kernel k € S'(R x R)
such that

Taf(x) = (k('rv ) *a f)(x)
Bewijs. Let f € S(R). Then rewriting the expression

T,f(x) = / / B, 2) F(9)dve—y (2)dpia(y)

of the pseudo-differential operator T,, we obtain

T,f(x) = / / B, 2) F(9)dve (=) dpia(y)

_ / 7ok (2, —y) f (1) dpta(y)
— (k‘(l" ) *g f)($)

After taking into account discussion in the beginning of this section about kernel of
the operator and Schwartz kernel theorem I (Theorem 2.18) we can complete our
proof. O

3.3. Boundedness of pseudo-differential operators generated by the Dunkl
operator. In this section, we introduce a space L(R,dpu,) by Definition 3.23 and
obtain some boundedness results for pseudo-differential operators and comositiono of
the pseudo-differential operators generated by the Dunkl operator in this space.

Definition 3.23. Let us define the space L(R, du, ), as following
LR, duy) = {f € L'(R,du,) : Falf] € L'(R,dua)}
with norm

1Al = I Fal Al —/lea[f](k)\dua(k)- (3.11)
Assumption 3.24. We assume the symbol a € S7's(R x R) is defined as:

@) = [ Bl V(N dual€), (3.12)

where V(§,\) is a complex valued measurable function on R x R, such that
V(M| < K(8),
for all &, X € R and K € LY (R, du,) is a continuous function.
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Remark 3.25. The integral (3.12) exists, because

la(z, A)] < A\Ea(x,ﬁ)V(f,A)ldua(i) = /RlK(ﬁ)ldua(ﬁ) < +o0.
Theorem 3.26. Let f € S(R). Then the pseudo-differential operator

T,(0) = [ Eulw Na(e NEulf) N dia()
R
is a bounded linear operator under Assumption 3.24 on L(R,du,), i.e.

[Tafll < 40K ol £l (3.13)

Bewijs. Let f € S(R). Then by the definition of the pseudo-differential operator we
obtain

[ B Nate VAo ()
= [ Euto ) ([ Bale OVIEN ) Fol a0
_ / / Eo(w, ) Ea(2, )V (6 N FulFI N dpta (€)dpta(N)
= [ [ ([ Eatoninetn ) vie N AN (o)
= [ [ ] BalamVE N AW 0l () ()
= [ [ [ BalemV e NELANWaA A7 Ol dea(n)ia (V)
~ [ [ [ BulamV e NFLA Nl n)diea)

= [ Euteon) ([ [ VIENFIO 20l it

using above assumption and Fubini’s theorem. After applying the Dunkl transform
F, to the both sides of the equation we have

://vg N FalFION)dvry(€)dpa(N)
/ / (6 NFul IO Wal=A, 1, I+ dEdpia (V)

Hence, taking integral from both sides we obtain

JT
///WgA Wa(=X, 0, )IE[** dEdpia (N)dpia(n)
/ / / K ()| Fal I Wal=A,m, E)I1E17* T dédpia (N dpta(n)
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///K ) Fal I Wa(A, &m0 dndpa(€)dpua(N)
=4 / / K(OIFal /1N ldpa(€)dpta (V)

< 4K / FulF IO dpa(N).

This completes proof of the theorem. O

Let f,g € S(R). The composition of two pseudo-differential operators

D)= [ [ Bula N Ea(=p Nl Nl (0)dia (1)
and
17 0) = [ [ Bulo. O Bul =200, &) ()l
with the symbols a(z, A) and b(y, €) respectively, is
0@ = [ [ [ [ Bl By Mol VB a2 40O 12)
X dpta(2)dpa(§)dpa(y)dpa(N)
— [ [ Bule Bal =2 €)clo. ) (o (a6
— [ Bl et RN dna(e)
where
T [, ol N VE 0. ate N () ()
Thus,

T.f(2) = To(Tof)(x) = / Eula,€)c(z, €) Fal £)(€)dpal€)
is a PDO with Symbol

0.8) = gy [ [ Bl N (= 0l Ay ) 1)),
Now, let us discuss about existence such an integral under Assumption 3.24. Let
ale.N) = [ Bulan)Valn N (3.14)
and
b6, = [ Ea0.0)Vi(o: (o), (3.15)

where V,(n, ) and V;(0,&) are complex valued measurable functions on R x R, such
that

Va(n, M) < Ka(n) and  [Vi(0,€)] < Ki(o)
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for allm, A\, 0,& € Rand K,, K, € L' (R, du,) are continuous functions. Then by using
integral expressmns (3.14) and (3.15) of a(x, A) and b(y, ) respectively, we obtain

(€)= / / (2, ) Ea(—y, N Ea(y, €)a(t, Nb(y, €)djia(y)dua(N)

_ M / / / / Ea(,\) Ea(—4, N Ea(y, €) Ea(z,7) Ea(y, 0)

X V(ﬁ, Walo, §)dpa (o) dpa(n)dpa(y)dita(N)

(o) ( Eu(y, €)Ealy ,a>dua<y>)
X Ea(l‘ % U f)dﬂa(a dﬂa( )dﬂa( )

_ 5/// (2, NWal&, 0, N) Ea(,m)Va (1, ) Vi (0, €)

xdua( )dpta(n)dpia(N).

After taking absolute value from both sides of the equation, as following

(x.6)] < / / / W€, 0, Vi (1 NV (0, )| dpta(0) i () djia( )

<4 / / Ko (1) Ko(0)dpta(0)dpia(n)
S 4||Ka||1,o¢||Kb||1,aa

we can see that the ¢(z, ) is a bounded function.

Corollary 3.27. Let T, and T, are pseudo-differential operators with symbols a and b,
respectively. Then under Assumption 5.2/ their composition is a pseudo-differential
operator T, o Ty, which is continuous linear map on S(R).

Corollary 3.28. Let f € S(R). Then under Assumption 3.24 the composition of
pseudo-differential operators T, and Ty is a bounded linear operator on L(R,du.),

1.e.
16

T,(T; < —
Il < oy

Kol all Kol ol £l 3.16
le>H 1l Koll1all £l (3.16)

Then we have

Eo(z, Aa(x, N)Fa[To fl(A)dpa ()

Bewijs. Let f € S(R).

Ta (be) (l’)

\_/

I
%\%\

Ea(x, ) ( JENIE A)dua@)) Ful Tl (N dpia()

Eo(=z,n)Tu(Tyf)(x)dpa(z

)
Ea(- ( / Ea<x,A>( [ B.e. (e A)dua@)) fa[beMA)dua(A))
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X dpe(x

-1/ / B, V(€ ) FalTo f N (€)dpta (Vo 1)
-/ [ ( / (2,3) a<x,5>dua<x>) (€ Nl f N it (€)dita ()
- T /R /R Wa £ Ve € N FalTi FI N it (€)dta(M)

where we have used (2.33). Then taking absolute value and integrating we have
[ 1Bl o)
Fo|T
< T ///\W (& MVAlE N E T A
X dpia (&) dpa(N)dpa(n

< mAAKa(S) [ FalTo fI(N)] dpia(§)dpia(N)
< g el [ 1 BA] do)
16

< W)HK ||1a||Kb||1a/|]: M dpia(N).

Assumption 3.29. We assume the symbol a € S7'5(R x R) is defined by

alz, \) = /R B, )V (€, N dpal€),

satisfies

ow3) = [ Bl AEVaONhalO) = Vo) [ Eulir, OVE)dhale).
R R
where Vi € L'(R, du,) is a continuous function.

Theorem 3.30. Let f € S(R). Then the pseudo-differential operator T, with symbol
a(x, \), which satisfies Assumption 3.29, has a representation

Tuf(w) = 22T (a + DF,H (Vi o VaFalf]) (@)
and satisfies following inequality
ITafllz < 27T (e + DIIVillallVaFalf]la- (3.17)
Bewijs. By using Assumption 3.29 we have

[ B Nale N Ao ()
— [ Eute) (V) [ Bl Vi€1da ) Fol 1N o)
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= / / Eo(@, \) Ea(, Vs Vi () Fal FI(N) dpta(€)dpta(N)
= [ [ [ B Ve FL A1 s e € V)
:/R/R/REa(ifa77)‘/2(/\)‘/1(€)J:a[f](A)Wa(A,g,n)|n|2a+1dndﬂa(§>dua(>\)
- /R /R /R B mVa OOV (&) FalFI ) Wa (=, 1, )€1 ddita () dpia ()
=27 Tla+1) / / / Ea(, ))Va Vi () Fal AN -8 dita () dpra(N)
:2a+1r(a+1)4Ea(x,n) (/R/R%(A)Vl(g)fa[f](A)dy_m(g)dﬂa@)) djie(n)
:2““1“(&4—1)/

R

Eu(a,n) ( / Tm(—A)vQ(A)fam<A>dua<A>) dha(n)

_ 20t (g 4 1) / Eol.0) (Vi #a VaFal 1) (n)dpta ()

=2 (o + 1) F, N (V1 %o VaFalf]) (2).
Thus, applying the Dunkl transform we obtain
FalTufl(n) = 2770 (e + 1) (Vi %0 VaFulf1) (0).- (3.18)

By taking integral from both sides of the above equation, we able to calculate

/ FulTuf 1) dpia(n) = 27 T(a + 1) / R A

R R

and

| FalTufl e = 2T (0 + 1)[Va 50 VaFalfllla < 25700+ D[ Villua [VaFa Lo

where we have used the Proposition. Further by using the Definition of the Sobolev
type space, it can be written as

ITafllz < 27T (o + DIVillalVaFal fll1a-

Corollary 3.31. Let
oule) = [ Eula OVF©dnale).
R
where V¥ € LYR, duy) is a continuous function for all k. Then the operator

Pra =10 ap(z) DY
Dom(P, ) = S(R)

is a continuous linear operator from S(R) to L(R,du,). Moreover, we have

1Poaflle <Y 227 T(a+ DIVE1allVa Falflhas

k=0

where VJF(X) = (i\)k.
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Bewigs. Let f € S(R). Then

and

Praf(@) =Y [ au()DAE e NE oY)
k=0 /R

-y / Bular, Naw (@) (N Ful )N dpia(N).
k=0 /R

Hence, symbol of the pseudo-differential operator P, , expressed by the form

n

a(e, ) = 3 ane, ) = 3 an(@) (i = 3 (00 / B, )VEH(€)dpia(€)-

k=0

Then by applying Theorem 3.30, we obtain

1Poaflle <Y 227 T(a+ DIV 1allVa Falflhas

k=0
where VF(A\) = (i))*. O
Assumption 3.32. We assume the symbol a € S7's(R x R) is defined by

alz, \) = /R B, )V (€, \dpal€),

satisfies

alz, \) = / Eule, Vi (€)Va(Wdta (€) = Va(N) / Eule, )V (€)dpa ©),

where Vi € LY(R, dp,) is a continuous function and Va(N\) = A is a constant. So we
have

afz, ) = A / Eule, VA (€)dpalE).

Theorem 3.33. Let f € S(R). Then the composition of the pseudo-differential
operators T, and T, with symbols a and b, which satisfy Assumption 3.32, has a
representation

To(Tof)(@) = (27T (a+ 1)° A F Vi o (W o B Fol f])) ()
and satisfies following inequality
IT(To )l < 16 (2T T(a + 1)) ABIVi ol Willvall - (3.19)
Bewijs. Let f € S(R). Then we have
To(Ty f)(x)

_ / o, Na(z, ) FalTy f) (N dpta(N)



"
— [ Eate) [ B 6 i) ) FuA1 0N
A [ [ Bua ) B VO FT N it €)dita)
—A [ [ [ Pl )T T I 0)drsr)n€)dien )
— 9D (q 4 1) / / / (2, VA Fal Ty 1N v (€)dpta(n) dpta M)
= 2°HT(a + 1)A / (2, m) (//vl Ayl du_A,n(f)dua(A)> djia(n).

Now an application of the Dunkl transform gives us

FalTu(TD)) () = 22T (e + 1)A / Vi (=N FalT f (N dja()
— 21D (0 4 DAV 50 FalTof)) ()
Then by using (3.18) we obtain

FalTTof))(n) = (2270 (a + 1)) A(Vy %0 (Wi %o BFL[f])) (1),
so that

/R FulTu(To )] (0)] dpta()

= (2410 1) AB [ (Vi o (Wi 50 FalF))0)] dita)
Thus we have
ITu(Tof)ll = (27 T+ 1)) ABI|Vi %0 (Wi 0 Falf]l]1a
< 4(2°7'0(a +1))* AB|Vill ol Wi #a Falf]ll1 .
<16 (22T (a + 1)) AB|[Vi 1ol Wi ol Fal /]l
=16 (2"'T(a + 1))* AB|Vi ol Wil all £l

This completes proof of the theorem.
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4. APPLICATIONS OF DUNKL ANALYSIS

As an application of Dunkl analysis, we consider inverse source problems for time-
fractional nonhomogeneous heat and pseudo-parabolic equations with Caputo fracti-
onal derivatives DJ,, 0 <y < 1, and bi-ordinal Hilfer fractional derivatives D(()Zf 2)s
0 <y,7 <1, s € 0,1], generated by the Dunkl operator D, (2.8). The Section
4.1 deals with the inverse source problem for the time-fractional nonhomogeneous
heat equation with Caputo fractional derivative, in Section 4.2, we study inverse
source problem for the time-fractional nonhomogeneous pseudo-parabolic equation
with Caputo fractional derivative, and in Section 4.3, we consider the time-fractional
nonhomogeneous heat equation with bi-ordinal Hilfer fractional derivative.

Inverse source problem firstly was studied by W. Rundell and D. L. Colton in [69].
They considered the evolution type equation

du
— 4+ Au = 4.1
o FAu=f (4.1)

in a Banach space X, where A is linear operator in X and f is a constant vector in
X, with conditions

u(0) =up, and u(T) = u.

Using semigroups of operators Rundell proved a general theorem about the existence
of a unique solution pair (u(t), f) of the problem, which then was applied to equations
of parabolic and pseudo-parabolic types. A.I. Prilepko and I.V. Tikhonov in their
work [05] studied several inverse source problems for the equation (4.1) when the
non-homogeneous term is represented in the form f(¢) = ®(t) f, where ®(¢) is known
operator and the element f is unknown, and A is a closed linear operator from L, (§2)
into L,(€2) (€2 is some set). They applied obtained results to the transport equation.
In [19] I. Bushuyev considered inverse source problems for the equation (4.1), where
the unknown source depends on time, under a sufficient condition, with the linear
elliptic partial differential operator A of order 2m with the bounded measurable
coefficients such that

(Ap, ) > pllel®

for all o € H*™(Q) N HF*(S)), where p is positive constant, and (-,-) and || - || denote
the standard scalar product and the norm in L?(Q) (£2 is a bounded domain in R").
When unknown source given by the general form F'(x,t) there is no closed theory.
Known results deal with separated source terms. 1.V. Tikhonov and Yu.S. Eidelman
[89] considered inverse source problems for the generalization of the equation (4.1) of
the form

dNu(t)

dtv

for some positive integer N > 1 and some real number 7" > 0 with an unknown
parameter p and a closed linear operator A in the Banach space under the Cauchy
conditions and &ver-determination condition”u(7") = uy (also in the Banach space).
For the Laplace operator (—A) which is one of the most interesting examples in
Physics, M. Choulli and M. Yamamoto in [23] established the uniqueness and con-
ditional stability in determining a heat source term from boundary measurements
with f = o(t)p(x), where o(t) is known. M. Yaman and O. F. Goziikizil in [97]

=Au(t)+p, 0<t<T
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studied asymptotic behaviour of the solution of the inverse source problem for the
pseudo-parabolic equation

(u(z,t) — Au(x, b)) — Au(z,t) + au(z, t) = f(t)g(z,t), Qo =2 x (0,00)

with a integral over-determination condition.

Fractional derivatives and fractional partial differential equations have received
great attention both in analysis and application, which are used in modeling several
phenomena in different areas of science such as biology, physics, and chemistry, so the
fractional computation is increasingly attracted to mathematicians in the last several
decades. K. Sakamoto and M. Yamamoto in [78] considered inverse source problem
for the time fractional parabolic equation

D]u(x,t) =7 (Lu)(x,t) + f(z)h(z,t), z€Q, te(0,T), 0<~vy<I,
where D] is the Caputo derivative defined by

Dlolt) = = | (=7 et

and L is a symmetric uniformly elliptic operator. The authors proved that the inverse
problem is well-posed in the Hadamard sense except for a discrete set of values of
diffusion constants using final overdetermining data. M. Yaman in [98] studied blow-
up solution and stability to inverse source problem for the pseudo-parabolic equation

u — alAuy — Au + Zbiugci — ulPu = f(t)g(t), ze€Qt>0
i=1

with the integral overdetermination condition. M. Slodicka in [37] considered inverse
source problem for the equation (4.1), when A is a linear differential operator of
second-order, strongly elliptic, and the right-hand side f is assumed to be separable
in both variables x and ¢, i.e. f(z,t) = g(z)h(t) (in this case h(t) is unknown).
M. Slodi¢ka and K. Siskové in [85] studied inverse source problem for a semilinear
time-fractional diffusion equation of second order in a bounded domain in R?

(g1-p * Ou(x))(t) + L(z, t)u(z,t) = h(t) f(z) + /0 F(z,s,u(zx,s))ds

with a linear second order differential operator L(x,t) in the divergence form with
space and time dependent coefficients. Authors showed the existence, uniqueness and
regularity of a weak solution (u,h) ([85, Theorem 2.1, p. 1658]). Also, the inverse
source problem for the heat equation

D}u(z,t) = —Lu(x,t) + f(x)

with the Caputo fractional derivative D] was considered by M. Ruzhansky, N. Tok-
magambetov, and B.T. Torebek in [70] in 2019, where L is a linear self-adjoint positive
operator with a discrete spectrum {A\¢ > 0 : & € Z} on a separable Hilbert space
H. Authors obtained unique solution pair (u, f) of the given equation under the
conditions
u(z,0) = @(x) and wu(z,T)=1Y(z).

One of the recent papers for inverse source problems for pseudo-parabolic equations
with fractional derivatives is [73]. In [73] M. Ruzhansky, D. Serikbaev, B.T. Torebek
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and N. Tokmagambetov have considered solvability of an inverse source problem
for the pseudo-parabolic equation with the Caputo fractional derivative D] of order
0<~y<1
D} (u(t) + Lu(t)) + Mu(t) = f(t) in H,
uw0)=9pecH, uTl)=1eH,

where H be a separable Hilbert space and £, M be operators with the corresponding
discrete spectra on H. The authors obtained well-posedness results.

A number of articles address the solvability of the inverse problems for parabolic (|3,

, 83]), pseudo-parabolic ([7, 2, 50, 51, 52, 80, 54, 55]), and sub-diffusion equations
([21, 45, 47, 19, 61, 62]) and fractional diffusion equations ([32, 84, 90, 96]). We
also would like to note recent works [8, 4, 27, 34, 43], where ISP was the subject of
investigation.

An important motivation for studying non-local parabolic type problems for the
Dunkl operators is related to their relevance for the evaluation analysis of many-body
quantum systems of the Calogero-Moser-Sutherland type. These quantum systems
describe algebraically integrable systems and are of considerable interest in mathe-
matical physics, especially in con-formal field theory. For the related references we
refer the reader to the book [95]. The semigroups (Ht(a’ﬂ))tzo (the solution of the
heat equation associated with the Jacobi-Dunkl operator Ai 5 ) generate a new fa-
mily of Markov processes on the real line. On some Riemannian symmetric spaces
this process is the radial part of the Brownian motion for particular values of («, )

[22].

4.1. Time-fractional heat equation with Caputo fractional derivative. In
this section we prove the existence and uniqueness of the solution of the Cauchy
problem

Dy, qult,x) — D u(t, x) +mu(t,x) = f(t,z), (t,2)€ Qr,
u(0,2) = g(z), = €R,
where Qr == {(t,z) : 0 <t < T,z € R}, 0 < v < 1, and m,T are given positive
numbers and its limit case, when v =1,
Ouu(t, ) — Dj yult, @) + mu(t,z) = f(t,z), (t,7) € Qr,
u(0,2) = g(z), z€R.
Then we study, the main problem of this section, the inverse source problem for the
equation
Dng,tU(t, l’) - D?x,xu(tv x) + mu(t7$) = f(x)a (ta x) S QT7
uw(0,2) = ¢p(x), z€R,
uw(T,x) =Y(x), ze€R,
where 0 < v < 1 and its limit case, when v = 1,
duu(t, x) — D2 ju(t, ) + mu(t,x) = f(z), (t,x)€ Qr,
u(0,z) = ¢(z), x€R,
w(T,xz) =¢(x), xekR.
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The existence and uniqueness results will be derived. Moreover, the stability theorem
is also proved.

Remark 4.1. In Given problems, we impose the condition that m should be strictly
positive to avoid technical issues when obtaining estimates. However, the problem
can still be solved without this condition.

Remark 4.2. Results of this section are published in the ” Journal of Inverse and Ill-
Posed Problemsin [10] in 2023(joint work with D. Serikbaev and N. Tokmagambetov).

Let us introduce the Sobolev space on R, as following
Ho(R,dpo) == {f € L*(R,dpa) = (1 4+ N°)Fa[f] € L*(R, dpa)}
with norm

112, = / (1 4+ XPRIF L) Pdjia(N).

4.1.1. Direct problem for the time-fractional heat equation. This subsection deals with
the Cauchy problems for the nonhomogeneous heat equation with the Caputo frac-
tional derivative Dj,, 0 < v < 1 and its limit case v = 1, associated with the Dunkl
operator (2.8).
Problem 4.3. Let 0 < v < 1. Find the function u satisfying the equation

Dy, u(t,x) — D2 ju(t, x) + mu(t, ) = f(t,x) (4.2)
in the domain (t,z) € Qr, under the initial condition

u(0,2) =g(x), =€R, (4.3)

where f and g are sufficiently smooth functions, D, is the Dunkl operator (2.8).

Definition 4.4. A generalised solution of Problem 4.3 is the function u from
C7([0, 71, L*(R, dpa)) N C([0, T], Ha (R, dpa))

and satisfying the equation (4.2).

Theorem 4.5. Let g € Ho(R, duy,), f € CT([0,T], L*(R,duy)) and 0 < v < 1. Then

there exists a unique generalised solution of Problem 4.3. Moreover, it is given by the
eTpression

tia) = [ [ o)Bos (~(m+ N00) Bulir A a9 Nt )it (V)

t
w [ ][ = B, (< e - 7)
RJR Jo
X Ea(x7 A)EOz(_yu )‘)de:ua(y)d:ua<>\)u
where E,, is the Dunkl kernel (2.12) and E,, and E, ., are Mittag-Leffler functions.

Bewijs. Let 0 < v < 1. We are looking for a solution of Problem 4.3 from L*(R, d,,)
and f(t,-) € L*(R, du,), so we able to apply the Dunkl transform F, (2.23) according
to the x variable to the equation (4.2) and the initial condition (4.3). Then it gives
us

~

Dy, (t, N) + (m 4+ A)a(t, A) = f(t, N), (4.4)
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and

u(0,A) =g(A), (4.5)
for all A € R, where u(-, A) is an unknown function. Then by solving the equation
(4.4) under the initial condition (4.5) (see [18, p. 231, ex. 4.9] and [53, p. 221]), we
get

t
U(t,\) = GA)Ey 1 (—(m+ X)) + / (t=7)""E,, (—=(m+X)(t—7)") f(1. N)dr
0
(4.6)
where E,; and E, ., are Mittag-Leffler functions. Consequently, one obtains the
solution of Problem 4.3, given by

u(t, x) / / (m + A*)t7) Eo(z, N) Ea(—y, N dpa(y)dpa(N)

+ / / / )= )y (~(m 4 A)(E - 7)7)

X Eo(, A) Eo(—y, N)drdpa(y)dpia(N)

by using the inverse Dunkl transform F,! (2.24) to (4.6), where E,, is the Dunkl

kernel (2.12). ’
We have

(6 =77y (—(m+ W)t = 7)) = —— 500 (—(m+ N = 7))

Indeed, it follows from
d 1
%Eml(lﬁ) = ;E%,Y(ZL'), r e R.

Then, taking into account this and integrating by parts, one obtains

/0 t—71)"'E,, (—(m + A (t — 7)7) f(T, N)dr

= /o 0.E,1 (—(m + A3)(t — 7')7) (1, \)dt

CfN) ELu(—(m+ A F(0,0)
T m4 A m+ A2

1
Com A2

~

/0 E. (—(m+\)(t — 7)) 8, F(r, Ndr

-~

F(t,0) By (=(m+2)17) f(0,))

m + A2 m+ \?
1 ! 2 ¥ £
s /0 E. (—(m+A2)(t = 7)) 0, F(r, \dr

Let us introduce following useful inequalities. For every A € R, we have:

Ut,A) =E, 1 (—(m+ X)) g(\) +

2
o ifm> 1, then 0 < 2% <1 and 0 < (;@gﬁ) <1,
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14+ 1 142 1
o1f0<m<1 then 0 < +)\2<Eand0<<m> <.z

Let g € Ho(R, duy) and f € CY([0,T], L*(R, ds)). Then for the function u(t, )

we have the following estimates

\www&,:éu+VPm@»ﬂmam

S [0+ [y (=m+ 20 GO0 ()
(555 [Fen] duo

o[ (E25) e Come) Fon i

o [ (B ][ B (tom e =2 07 ]
< oll, 170 + 17001, + [ | [ 0.7 ir] ot

Fr 0| drdiia(3)

S gl + 1720 + 150,154 +
where U < W denotes U < CW for some positive constant C' independent of U and
W. Thus,

||u||%’([0,T],7-la(R,dua)) = OTEE(T [Ju(t, )H%{a

S ||9||Ha + ”.f“%’([(],T],L?(R,dua)) + ||8tf||%([O,T],L2(R,dua))

< 400.
and u € C([0,T], Ha(R, duy)). Now, let us introduce also following useful inequalities.

For every A € R, we have:
e if m>1,then 0 <m+ A <m(1+A?) and 0 < (m + A?)? < m?(1 + \?)?%
eif 0<m<1,then0<m+ A <1+ A and 0 < (m+ A?)? < (1+ A\?)%

Then for Dj. (U, We obtain
ID3 ults N = 1 | PGl )] 1B
||D0+t ( ')HQ,a
2
= [ [Fen =m0 da)
R

S A+ Tt ),

Consequently, it gives us
\|Dg+,tuH%([o,:r],m(m,dua)) S Hf%([o,:r],m(m,dua)) + HUHzc([o,T],Ha(R,dua)) < +00
Then using Definition 2.69, we obtain v € C7([0,T], L*(R, du,)). The existence is

proved.
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Suppose that there are two solutions u; and us of Problem 4.3. Denote
u(t,r) = uy(t,x) — us(t, x).
Then the function u satisfies the equation
Dy, ult, x) — D2 u(t,z) +m-u(t,z) =0 (4.7)

and the condition
u(0,x) = 0. (4.8)

Then by applying the Dunkl transform F, (2.23) to the equation (4.7) and the con-
dition (4.8), one obtains

Dy, (t, \) + (m 4+ A*)a(t, A) = 0, @(0,A) = 0.

According to our analysis, above problem has a unique solution u(¢,\) = 0 for all
(t,\) € Qr. Hence, using Theorem 2.44 (Plancherel theorem) we obtain

0=tz = |lull2e and wu(z,t) =ui(t,x) —us(t,z) =0
for all (t,2) € Qr. The uniqueness of the solution of Problem 4.3 is proved. O

Now, let us consider a limit case of Problem 4.3, when v = 1. When v = 1,
instead of the Caputo fractional derivative we obtain usual partial derivative 0.
Then Problem 4.3 turns into the following problem:

Problem 4.6. We aim to find a function u satisfying the equation
8tU(t,l') o Diu(t,x) + mu(t,x) = f(tam)a (ta l’) € QTa

under the condition

u(0,z) = g(z), zeR.

Theorem 4.7. Let f € C*([0,T], L*(R,dus)) and g € Hao(R,du,). Then Problem
4.6 has a unique generalised solutionu € C([0,T], L*(R, dus))NC([0, T], Ho (R, dpty))
given by

u(t, x) / / Yexp(—(m + A2)t) Eqy(2, \) Ey(—y, N dpia(y)dia ()
b [ [ [ 5 esp-tm 220 - ) Bl NE Vi) Y. (19)
R JR Jo
Remark 4.8. The solution (4.9) agrees with the solution of Problem 4.3

u(t, ) / / ~(m 4 ) Ea(ir, \)Ea(—y, Ndlpta(y)diia(N)

+44Af@wu—ﬁ“mWPW+VW—ﬂW

X Ea(xa )‘)Ea(_ya A>deMa(y>d,ua()‘)
We obtain (4.9), when v = 1 (because E; 1 (z) = exp(z)).
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Bewigs. Let us first prove the existence of the solution of Problem 4.6. By using the
Dunkl transform F, (2.23) to Problem 4.6 according to the variable x, we obtain the
ODE

~

OU(t, N) 4 (m + M)A, \) = f(t, ), (t,)\) € Qr (4.10)
with initial condition
u(0,A) =g(A), AeR (4.11)

respect to the variable t. The general solution of the equation (4.10) can be written
as

u(t,\) = /Ot F(7, ) exp(—(m + A2)(t — 7))d7 + C(A) exp(—(m + A)t),  (4.12)

where the function C'(\) is unknown. After using (4.11), one has

u(t,\) = / Fr A exp(—=(m + M)t — 7))d7 + G(N) exp(—(m + A?)t)

m+)\2/ f 7, M) 0 exp(—(m + A (t — 7))dr + G(N) exp(—(m + \*)t)

_ Tf;(ii)? _Jo.y P00 1 G0y exp(—(m+ X))

+)\2/ 0, f 7, \) exp(—(m + A\?)(t — 7))dr

Then applying the inverse Dunkl transform F,! (2.24), we obtain
u(t, ) / / ) exp(—(m + A2)E) Ea (2, A) Ea(—y, Ndita (y)dta (N
[ ) expl=ton 00 = ) 3) B i),
Let f € CY([0,T], L*(R, du,)) and g € Ho(R, pto). Then we have
lu(t, )3, = /R(l +A)?[A(t, A)Pdpa(N)
< / < 14\ )
~ e \m o+ A2

i (”ﬁ AA) 1700, 3) exp(—(m + A2)t) Fdpa ()

Ft ) Pdpa()

+ /R(l + A2 [GO) [ dpa(N)
[ )

SHf(tw)llg,aJr|!f(0>-)||§,a+\lg\lia+4(/0 !@f(T,A)\dT) dpia(A)

2

/0 0. F(r. A) exp(—(m + X2)(t — 7))dr| dpta(N)
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Thus,

HUH%([O,T},HQ(Rdua)) S “fH%‘([O,T],LQ(R,dpa)) + HatfH%‘([O,T},LQ(R,d,ua)) + llgllF, < +oc.

Now estimating the function wu; by

|Duutt, 2. = 196t .o
= [ (e, VFda(
= [ 17N = e A6, Pdaa ()

<Pt + / (1 4+ A2)a(t, N Pdpa(N)

one gets

||atu||%‘([0,T},L2(R,dpa)) S ||f||%([O,T},L2(R,dya)) + ”uH%([O,T],’Ha(R,dua)) < +00.

The existence is proved.

Now, we will prove the uniqueness of the solution of Problem 4.6. Let us suppose
that u; and uy are two different solutions of Problem 4.6. Then u(t,x) = u;(t, x) —
us(t, x) is the solution to the following problem:

uy(t, ) — D2u(t,z) + mu(t,z) =0, (t,2) € Qr,
u(0,z) =0, xe€R.

Then applying same technique, we able to see that the above problem has only trivial
solution u(t,z) = 0 for all (¢t,z) € Qr, showing the uniqueness of the solutions of
Problem 4.6. 0

4.1.2. Inverse source problems for the time-fractional heat equation. In this subsec-
tion, we deal with a inverse source problem concerning the time-fractional heat equa-
tion with the Caputo fractional derivative Dj,, 0 < v < 1 generated by the Dunkl
operator and its limit case v = 1.

Problem 4.9. Let 0 < v < 1. Find a pair of functions (u, f) satisfying the equation
Dy ult, x) — D2 ju(t, ) + mu(t, z) = f(x) (4.13)
in the domain (t,z) € Qr, under the initial condition

u(0,z) = ¢(x), z€R,
and the over-determination condition

uw(T,xz) =¢(x), zeR,
where ¢ and Y are sufficiently smooth functions, D, is the Dunkl operator (2.8).
Definition 4.10. A generalised solution of Problem 4.9 is a pair of functions

u € C7([0,T], LA(R, duy)) N C([0,T], Ha(R, dpa)) and  f € L*(R,duy),

satisfying the equation (4.13).
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Theorem 4.11. Let 1, ¢ € Ho(R, dpy) and 0 < v < 1. Then a generalised solution
of Problem }.9 exists and is unique. Moreover, it can be written by the expressions

_ V() — o(y) 2\ 4y
u(t,r) = /R/R (qb(y) + 7 ", (_(m+)\2)T7)(1 —E,1 (—(m+ X)t ))
X Eq (:17, )‘)Ea(_yv A)dﬂa (y)dﬂa()‘)

and
_ 2 V() — ¢(Y)E, 1 (—(m + A)T7)

X Ea(xa )‘)Ea<_ya )‘)d:ua<y)d:ua(>‘)a
where . 1 is the classical Mittag-Leffler function.

Bewijs. Here we want to find a generalised solution to (4.34). By applying the Dunkl
transform F, (2.23), according to the variable x, to the both sides, one obtains

DY, (tA) + (m+ M)t A) = F(A), (L)) € Qr, (4.14)

(0,0 = o)), AER, (4.15)

WT,\) =v()), NeER, (4.16)

where u(-, A\) and F(\) are unknown. The solutions of the equation (4.14) ([18]) are
of the following form

ut,\) = G + CNEq1 (—(m+ X)t7), (4.17)

m -+ N2

where the constants f(\) and C(\) are unknown. To find these constants, we will
use conditions (4.15) and (4.16). Hence, for C'(\) we have

_ ey -
a(0,)) =~ +C(0) = o),
u(T,\) = mfi/\; +CMNE, (—(m + /\Q)TW) = J(A),

S(A\) — C(N) + CNE; (=(m + A)T7) = ().
Thus, R R
_ (A —¥(A)
C1=E, 1 (= (m+M)T)’
And, the unknown ]?(/\) can by represented as
FO) = (m+X3)(0(A) — C V).

-~

Consequently, by substituting f(A) and C(\) into (4.17), we arrive at

At A) = o(\) + 1= ]Ejbl(?z(_m¢iA;2)T”) S

(N

—E, 1 (—(m+ A*)t7))

and

Ty 2 V() = SNE,; (—(m + \)T)
JA) = (m+A)—==— E, 1 (—(m+ \2)T)



Finally, Problem 4.9 is formally solved and a pair of functions (u, f) are given by

B U(y) — oY) 2\ 17
u(t,r) = /R/R (qﬁ(y) + 1= B, (—(m+ A?)Tv)(l —E,1 (—(m+ N)t ))
X Eo(2, A)Ea(—y, N)dpia(y)dpta(N)

and
B 0 0(y) = O(W)Ey 1 (—(m 4+ N*)T7)
f(x) = /R/R(er %) “E.,, (—(m + X)T7)
Eo(7, N) Eo(—y, N dpa(y)dpa(N),

by using the inverse Dunkl transform F, ! (2.24).
The inequalities (2.39) and (2.40) lead the following inequalities

By (=(m+ A)T7) 1

0
ST E, (—m AT S 1—E,, (—(m + A1)

1
<1
S A ) T

Let ¢, ¢ € Ho(R, duy), then we have the following estimates

112 = 1712 = / FOOPdp (2
:/R{(m_F)\z) Y\ — ¢()\3 1 (=(m+ X )17)

[ E,, (—(m + A1)
< / (m 4 NP1 Pdpa(N) + / (m + NP1 Pdpia(N)

S 1913, + 1913, < +oo.

dpta(N)

Thus, f € L*(R,dpu,). For every fixed t we obtain

50)| dial)

2

lu(t, I, = / (14 A2 M) Pdjia () < / (14 222

R
S 19l +lI¢l3, < +oc.

1—E,; (—(m+ A\)T)
Hence, it gives u € C([0,T], Ha(R, duy)). Rewriting the equation (4.14)

(1= By (—(m+3)0) | dpa(V)

~

Dg+ t/\( ) = ()‘) - (m + )‘Q)E(t> )‘)

we arrive at

1D ult, VB = 1 [P yu(t, )] B = 105 30t B

/ = (m+ M)t N)Pdpa(N) S 1F15.0 + lult, )G,
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Consequently, we obtain

||Dg+,tUH%([o,T},H(R,dM)) S ||f||§a + ||u||2‘([0,T],7-La(R,dua)) < +00

and v € C7([0,T), L*(R, du,)). The existence is proved.
Suppose that there are two solutions (uy, f1) and (ug, f2) of Problem 4.9. Denote

u(t,z) = uy(t, x) — us(t, x)
and
f(z) = filz) = falx).
Then the functions u and f satisfy the equation (4.13) and homogeneous conditions
w(0,2) =0, and wu(T,z)=0. (4.18)

Then by applying the Dunkl transform F, (2.23) to the equation (4.13) and the
conditions (4.18), we obtain

DL Ja(t,A) + (m+ M)At A) = f(A), @0,A) =0, a(T,\) =0.

Consequently, we have u(t, A) = 0, ]?(A) = 0 for all (¢,\) € Qr, so Theorem 2.44
(Plancherel theorem) leads

0= [[ulla = llullze and 0=|fl2a=fl2a:
Hence, u(t,) = ui(t, 7) — w(t,) = 0, f(z) = fi(2) — folw) = 0 for all (t,2) € Qr
and the uniqueness of the solutions of Problem 4.9 is proved. U

Now, let us consider limit case of Problem 4.9, when v = 1. It is formulated as
following:

Problem 4.12. We aim to find a pair of functions (u, f) satisfying the equation
ou(t,z) — D2u(t, ) + mu(t,x) = f(z), (t,z) € Qr,
under the initial condition
u(0,2) = ¢(x), = €R,
and the over-determination condition
w(T,z)=¢(x), ze€R
where ¢ and ¥ are sufficiently smooth functions, D, is the Dunkl operator (2.8).

Theorem 4.13. Assume that ¢,v € Ho(R,dp,). Then Problem 4.12 has a unique
generalised solution (u, f), where u € C*([0,T], L*((R, da)) N C([0,T], Ho(R, dia))
and f € L*(R,du,). Moreover, they can be represented in the forms

exp(—(m + A?)t)
ulte) //l—exp m+w)7) VW Eel(@ N Ba(=y, Nita(y)dpta ()

+//6XP —(m 4+ A1) — exp(=(m + \)T)

1 —exp(—(m+ A\?)T)

O(Y) Eo(r, \) Eo(—y, N dpta(y)dpa(N)

2 — ¢(y) exp(—(m + \*)T)
o) = [ [ oy PO SRR I b o A B Nt (0) ).
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Remark 4.14. The solution of Problem 4.9 agrees with the solution of Problem 4.12,
when v = 1.

Bewigs. Let us first prove the existence part. Applying the Dunkl transform F,
(2.23), according to the variable x, to Problem 4.12, we obtain

At \) + (m+ M)At A) = F(N), (LA € Qr, (
(0, 0) = (N, AR, (4.20)

WUT,A) =9(A), AeR. (

1

ey
m 4+ A2

u(t,\) = (1 — exp(—(m + A*)t)) + C(A) exp(—(m + A*)t), (4.22)

where the functions C(A) and f(A) are unknown. By using the conditions (4.20) and
(4.21), one can find

a(0,0) = C(\) = 6(3),
sy — )
U(T, )\) - m + )\2

Then f(A) can be represented as

(1 — exp(—(m + A)T)) + d(A) exp(—(m + A)T) = d(\).

~

FO) = (m+ )\Q)IPO\) — ¢(N) exp(—(m + AQ)T).

1 —exp(—(m+ A\2)T)

Now, substituting the functions C'(\) and f()\) into (4.22), one has

1 —exp(—(m + A\?)t) 200 + exp(—(m + A\?)t) — exp(—(m + AT
1 —exp(—(m+ \2)T) 1 —exp(—(m+ \2)T)

(4.23)

A(N).

(4.24)
Finally, by using the inverse Dunkl transform F,' (2.24) to (4.23) and (4.24), we
obtain the solution to Problem 4.12:

ult. / / 1—555 :: . AA?))T))Q/’@)E“(””A>Ea(_y’”d“a(y)d/~‘a(”

exp(—(m + A2)t) — exp(—(m + X*)T)
+/ / 1= exp(—(m + A2)T)

At \) =

oY) Ea(z, N) Ea(—y, N dpta(y)dpta(N)

(4.25)
2 0y) — Bly) exp(—(m + \)T)
/ [ oy ARSI b M B it 03
(4.26)
A simple calculations give us the following helpful inequalities:
e (< 1—exp(—mt) 1—exp(—(m+A2)t) 1
— l—exp(—(m+A2)T) — l—exp(—(m+X2)T) — =

exp(— (m+A2)t) —exp(—(m+A)T)
e 0< T—exp(—(m+A2)T) <1

e 1< 1—exp(—(m+A2)T) < 1—exp(—mT)’

exp(—(m4+A2)T) < exp(—mT)

e 1< 1—exp(—(m+A2)T) 1—exp(—mT) "
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Let ¢,v € Ho(R, duy). Then for every fixed ¢, one can be obtained

o, 2 2 = / (14 A2t N) (V)

2

S [ g | Z 2R G0 dua)
# [ | 2RERE T = SRCLEE TGN duy

S 1l + 1915, < +oo.
Thus, we arrive at u € C([0, T, Ha(R, diy)). We also have

1120 = 1712, = / T dpa(N)

e[
2\2 ey

S /R(m+ A7) 1 —exp(—(m+ \2)T) dpia(N)

+ /R(m + A2)? 1 iXS}EI)_((—W(LT—r{L_i ;2))T> d(N)| dpa(N)

S Il + 18113, < +oo
and f € L*(R, du,). Rewriting the equation (4.19), we get

10t 2. = Brat, ) 2., = / 0(t, ) Pdpa(N)
= [ 1) =+ 20, )P

<120+ / ((m+ A2t ) Pdpa(N)

SIFIza + lult, ),

Hence, we obtain

sl 0,22y S 1 e 02 722y S Il 1l < 0.

The existence is proved.

The uniqueness of the solutions of Problem 4.12 can be shown by taking into
account the property of the Dunkl transform (Plancherel Theorem 2.44) and by seeing
that the pair of functions (u, f) can be uniquely determined by the formulas the (4.25)
and (4.26). O

4.1.3. Stability. In the subsections above we showed the uniqueness of the inverse
source Problems 4.9 and 4.12. These kind of equations usually ill-posed. Hence, it
is sensitive to the change of data. Practically, our final time measurement contains
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errors. In the following statement we address the impact of this on a solution of
Problem 4.9. The case of Problem 4.12 can be dealt in a similar way.

Theorem 4.15. Let (u, ) and (ugq, fq) be solutions to Problem /.9 corresponding to
the data (p,v) and its small perturbation (¢q,1q), respectively. Then the solution of
Problem 4.9 depends continuously on these data, namely, we have

= wall G0 1 200 @y S 10— Vallz, + 10 — dallZ,
and

1f = falla S ¥ = vall3, + 16 = alli, -

Bewigs. From the definition of the Dunkl transform

tA) = Fulult, ) = [ 0t ) Bu(=2,N)dal)
we have

(u(t,z) —uq(t,z)) Eo(—x, \)dua ()

u(t, z)Eo(—x, N)dpu(x) — Rud(t, z)Eo(—x, N)dpe(z)
= Falult,)](A) = Falualt, -)|(A)
=u(t,\) — uq(t, \),

here we have used property of the integral. Then we arrive at

Ju(t,-) = ualt, )|, = /R(l + X2t A) = Ta(t, M) Pdpa(N)
1—E, 1 (=(m+ X )t7) ~

_ /R(l +A2)2 Ty e 2 ()
B (—(m 4+ )T — By (—(m + ADE)
=B, (—(m+ 22T
1= E ., (—(m+ A7) ~
- (1 TE,, (—(m 12T V1)
- Bl ) By (e X100, )

1= Eqyy (=(m+ X)T7) d
- [y figjff:fz : ;));1)) (500 = )

By (= (m 4 N)T7) = By (= (m 4 W)17) A
R 1—E, 1 (=(m+X)T) ( (A) — ¢d()\))

S R AN (TPIRTONY) | NS
+ /R (1+A?)?

o(\)

2

dpa(N)

2

dpta(N)

2

Byt (—(m + N)T7) — By (—(m + A1) dpta(N)

T 0T (500 - 3av)
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< / (14 N | Faltd — b O ditaN) + / (14 V22| Fald — (V) dpa(N)
Sl = vall, + 16 — dall3e,.-

Consequently, we have

lut, ) —walt, )3, S ¥ = a3y, + 16— Gall3..

or

[ = wallE o 1y e Rty S N1 — Vallzg, + 116 — ¢l
Writing f()\) in the form
o) = (m +A?) ) — (m + A)Eq 1 (—(m + A)T7) 30
1—E, 1 (=(m+ X)) 1—E, 1 (=(m+A)T) ’
we obtain

1 = fall3o = 1Falf = fall3.a = 1 = Full3 = /If JaV)Pdpa(N)

(m + \?)
1L —=Eq1 (=(m+ X))
v,

(m + )\2) 1 (=(m+X)T7)~

L e o s a0

).

- (1 - E(ZJ(:?;\ ) oy )~ 5 Az) e ot ;\_)/\T>)T) W)) i)
~ I1-E, (7(71 J(rmAQJZ A2)T7) (‘ZW B %(A))

_ (m1+_ AI;)E = T; A;Tv ( ) dua(A)

< [ om0 | (P00 ) " dpa¥)

R G| ey

S /R(m + X | Fa[tr = v VI dpa(A) + /R(m + X[ Fald — da (V) dpta(N)

S = allz, + 116 = dallz,-
Thus,

If = falls.e S 119 — vall3r, + ¢ — dall3,.-
It completes the proof. O

4.2. Time-fractional pseudo-parabolic equation with Caputo fractional de-
rivative. In this section, we are interested in studying the Cauchy problem for the
the time-fractional pseudo-parabolic equation

Dy P ( (t,x) — aDi@u(t,x)) — wau(t, x)+mu(t,z) = f(t,x), (t,z) € Qr,
u(0,z) =g(z), z€R
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and the inverse source problem for the time-fractional pseudo-parabolic equation
Dy, (ult,x) — aD} ju(t,x)) — D% u(t, x) +mu(t,z) = f(z), (t,z) € Qr,
u(0,z) = ¢(z), z€R,
w(T,z) =¢(x), z€R,
(4.27)
associated with the Dunkl operator D, (2.8), where a,m > 0, and

. — Dy, if 0<y<l,
LR /) if v=1.
Remark 4.16. In the case a = 0, the inverse source problem for time-fractional

pseudo-parabolic equation (4.27) reduces to the inverse source problem for the time-
fractional heat equation

Dy qult,z) — DA jult, ) + mu(t, z) = f(z), (t,2) € Qr,
uw(0,z) = ¢(z), z€R,
w(T,z) =¢(x), z€R,

which was considered in Section 4.1. So, in this paper we are interested considering
only case when a > 0.

Remark 4.17. In Given problems, we impose the condition that m should be strictly
positive to avoid technical issues when obtaining estimates. However, the problem
can still be solved without this condition.

Remark 4.18. Results of this section are published as a preprint in drxivin [9] in
2023 (joint work with N. Tokmagambetov).

4.2.1. Direct problem for the time-fractional pseudo-parabolic equation. Here we con-
sider the direct problem stated as following.

Problem 4.19. Let 0 < v < 1. Our aim is to find the function u satisfying the
equation

Dy, , (u(t,x) — aD? ju(t,x)) — D2 ju(t, x)+mu(t,z) = f(t,z), (t,x)€ Qr, (4.28)
under the initial condition
u(0,2) =g(z), =€R, (4.29)
where f and g are sufficiently smooth functions.
Definition 4.20. A generalised solution of Problem 4.19 is a function u from
([0, T, LA(R, djza)) N C((0, T, Ho(R, dpsy)
and satisfying the equation (4.28).

Theorem 4.21. a) Let 0 < v < 1. Assume that f € CY([0,T], L*(R, du.)) and
g € Ho(R,dus). Then Problem 4.19 has a generalised unique solution, which is
given by the expression

attea) = [ [ Eon (~IE0) 000 ) Eul i i)

14+ a)?



84

! -1 m+ A v f(T, y)
+/R/R/O(t_7—) E7’7<_1+a>\2<t_7))1+a)\2
X Eo(2, \)Eo(—y, N drdpa (y)dpa(N), (4.30)

where B, 1 and B, ., are the Mittag-Leffler functions.
b) Let v = 1. Assume that f € C([0,T], L*(R,du,)) and g € Ho(R, dpy). Then
Problem 4.19 has a unique generalised solution, which is given by the expression

(4.50).

Bewigs. Solution of Problem 4.19 can be found by applying the Dunkl transform F,
(2.23) to the equation (4.28) and the initial condition (4.29). Thus, we have

~

m4+ M\ _fN)

DY _
Lo BN =775

Lt ) +

(t, )\) & QT, (431)

and

u(0,A) =g(A), XeR, (4.32)
where @(-, A) is an unknown function. Let 0 < v < 1. For every fixed A € R the
equation (4.31) is a ordinary differential equation, respect to the variable ¢, then by
solving the equation (4.31) under the initial condition (4.32) (see [18, p. 231, ex.
4.9]), we obtain

At \) = GNVE, 4 (— m+ X t”) + /0 t(t — )R, ( m+ X (t— T)v> )

14 a\? 14 a\? L+aX "’

(4.33)

where E, ; and E, ., are the Mittag-Leffler functions. Consequently, solution of Pro-
blem 4.19 is

utte) = [ [ B (15500 o) i ) Nt

X Eo (7, \) Eo(=y, \)dTd o (y)dpa(N),

here we have used the Fubini’s theorem and the inverse Dunkl transform F, ! (2.24)
to the expression (4.33).
By using the property
d

— (E,1(ct)) = " 'E, 4 (e77), ¢ = constant,

dr
of the Mittag-Leffler function, we obtain

m —+ \2 m 4+ \2 m 4+ \2
87- E ——t— v :—t— 771E _—t_ Y
( 7’1( 1+a)\2( 7) >> 1—|—a/\2( 7) 7’7( 1+a)\2( 7) )

and

m + A2 ! m + A2 f(T)\)
GOVE,, - P t— g, (2 ) LA
G () [, (- ) £

N m+ AN 1 K m—+ A2 A 7
—g()\)Ev,l (—1 +a)\2t ) + m+>\2/0 8T E%l —m(t—T) f(T, /\)dT
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. m+ \? Ft,\) 1 m—+X )\ =~
=g(\E — 7 - E — 7 0,\
g 7’1( 14 a)? >+m+)\2 m a2t 14 a)? 10, 4)

! / tEml( M(t—w) 0, F(r, \)dr
0

Com+ A2 14 a)?

by using the Integration by Parts and the fact E,;(0) = 1.
We assume that g € Ho(R,du,) and f € CY([0,T], L*(R, du,)). Then for the

function u(t,-) we have the following estimates

lut, ., = /R(l + N[, N)Pdpa(X)

+ 22 N
w(32—40m»

1+ a
() o
LY e () s
+/R (;T;)z /Ot E . (-%(t _ m) 0.f (v, N)dr
smwm+wﬂnm;+wﬂaoﬁw+4(Aﬂaﬂn»m02wa»

Thus, we obtain

2

dpa(N)

2 dpta(N)

dpa(N)

2

dpa(N)

||U||20([0,T},HQ(R,@Q)) < lgll,, + ||f||%([0,T],L2(R,d,ua)) + Hatf”%‘([O,T},L?(R,dya)) < too.
Now, for DJ, ,u(t,-) we have
ID3. (k)0 = I1Fa D5 gult )] 13

= D5 it, )30

Ft N m+ A
:/R T  TranieN] diald)
1 ~ 2 m—+A2\*
< [ oo [N o+ [ (F55) 1ot 0 dna )

SFE 50+ lult ), -
Consequently, it gives us
||Dg+,tu||20([0,T],L2(R,dua)) S ||f||20([o,T],L2(R,dua)) + ||u||%’([0,T],Ha(]R,dua)) < +00.

Finally, using Definition 2.69 we obtain u € C7([0,T], L*(R, du,)).
Let v = 1. We assume that g € H,(R,du,) and f € C([0,T], L*(R, du,)). Then

let us estimate the function u(t, -) as follows

w@wa=4m+vm@w%m»
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2

dpta(N)

t )\2
/0 f(r, ) exp <— ?:La)\z (t — 7')) dr

2

dpa(N)

2\ 2
</ 14 A
~ Jr \ 1+ a)?
m + \? -
# [ e (7200 ) 300

</ ( / i A)!dT>2dua(A) ol

HUH%’([O,T],HQ(R,dua)) S Hf”%’([O,T],LQ(R,dua)) + llgll3,, < +oo.

Then

Let us estimate dyu(t, -) as follows

10u(t, )30 = 10cult, )30
= |0t )12

_ / Dt V)P V)

~

1
S/Rm ft, )
SNFE G0+ lult, ).

Can+ [ (M) 30t V) dpra()

1+ a\?

Thus,

”875““%’([0,T],L2(]R,dua)) N HfH%([O,T],L?(R,dua)) + HUH%([O,T],LQ(R,dua)) < +00.

The existence is proved.
Now, we are going to prove uniqueness of the solution. Suppose that there are two
solutions u; and uy of Problem 4.19. Denote

u(t,x) = uy(t,x) — us(t, x).
Then the function w is a solution of the problem

Dy, , (u(t, z) — aD2 ju(t,z)) — D2 u(t, ) + mu(t,z) = 0,
u(0,\) = 0.

Then by applying the Dunkl transform F, (2.23), we obtain

Dy, it A) + EEGA(t, A) =0,
(0, \) = 0.

Above equation has a trivial solution (see [18, p. 231, ex. 4.9]), i.e. u(t,A) = 0 for
all (t,\) € Qr. Then using Theorem 2.44 (Plancherel Theorem) we have

0= Ha“2a = ||u||2a

and u(t,xz) = 0 for all (¢,x2) € Q7. Hence, uniqueness of the solution is proved. [



87

4.2.2. Inverse source problem for the time-fractional pseudo-parabolic equation. Now,
let us study the inverse source problem.

Problem 4.22. Let 0 <y < 1. Our aim to find a pair of functions (u, f) satisfying
the equation

Dy, , (u(t,z) — aD? u(t,x)) — D2 ju(t,z) + mu(t,z) = f(z), (t,z)€ Qr, (4.34)

under the initial condition

u(0,z) = ¢(z), zeR (4.35)
and the over-determination condition
w(T,xz) =¢(x), zeR, (4.36)

where ¢ and 1 is sufficiently smooth functions.

Definition 4.23. A generalised solution of Problem 4.22 is a pair of functions (u, f),
where

u e C([0,T], L*(R,dus)) NC([0,T], Ha(R,duy)) and f € L*(R,dpus)
satisfying the equation (4.34).

Theorem 4.24. Let 0 < v < 1. We assume that 1, ¢ € Ho(R, o). Then generalised
solution of Problem 4.22 exists, is unique, and can be written by the expressions

L) = Sy)E, (— 15T
r) = /R/R(m+ %) T, (C2T) Eo(2, ) Ea(—y, Ndpta(y)dpia(N)

14+a)?

and

l—l—a)\zt’y
u(t, z) // mﬁTv))My)Ea(x’A)Ea(y’A)d““(y)d”C“(A)

—l—/R/REw,l —Il’jr?ﬂ) _]Ev,1< 1+a,\2T7> O(Y) Eo (2, N) Eo(—y, N dpa (y)dpa ().

Eml (_ ?faiz TW)

Bewigs. We want to find a solution of Problem 4.22 by applying the Dunkl transform
Fao (2.23) to the equation (4.34) and the conditions (4.35) and (4.36). Then it gives
us

A2 76)
Dy, a(t,A) + T_:_a)\zu( ) = % (t,\) € Or, (4.37)
and N
4(0,)) = 6(\), AER, (4.38)
WT,\) =0()), NeER, (4.39)

where u(t, \) and f()\) are unknown. Let 0 < v < 1. Using expression (4.33) we can
find solution of the equation (4.37) with initial condition (4.38), given by

A, \) = A <$(A) — mf f;) E., (—Mﬂ) : (4.40)

m 4+ \2 14 a)?
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~

where f(\) is unknown and E, ; is the Mittag-Leffler function. Then applying the
condition (4.39) to the expression (4.40) we obtain

AT, \) = ﬂf f)ﬂ 4 (5@) _ Lg) E.,. < m A Tv)

m+ A S 1+aX? v
Thus, we can find unknown f()\) as following
A , D) = SOVE. 1 (25T
FA) = (m+ X% ——y : (4.41)
1 - ]E’le (_ 1+a)? T’Y)

~

Consequently, by substituting f(\) into (4.40), we have

s B (—g=er) s B (—at7) — B (-1 .
u(t, \) = .
1=K, ( s TV)

. . _ m+N2
1+aX? 1 E'le ( 1+aX? T'Y)

(4.42)
Then, we obtain the solution of Problem 4.22) which is a pair of functions (u, f) are
given by the formulas

f(@) = / / s oy O (- me

Tv)
Ea<x7 )‘)Ea(_ya )‘>dlu’a<y>d:u’a<)‘)
=By (—55:17)

and

1By (- p550)
uta) = [ [ T () VB N Bl N ()

By (—BE550) — By (- B
/]
RJR 1—-E

W)
: Eo(, A) Eo(—y, N)dpia(y)dpia(X).
(R O(y) o, X) Ea(—y, A)dha(y)dha(N)

T 1+4ax2

by using the inverse Dunkl transform F, ' (2.24) for (4.41) and (4.42).
Let ¥, ¢ € Ho(R, pte). Then for f we have the following estimate

1FI2, = 12, = / FO ()

~ ~ 2
PO = SNE,1 (—p23517)
— 2\2
= o | ey | )

T 1tax2

S [ me4 XPIO Paa () + | (m o+ A2(GO) ()
R R
S 195, + 11913, < +o0
Thus, we have f € L*(R,du,). For u(t,-) we obtain

futt, )2, = / (14 A22[(t ) Pdpa(N)
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2

1 — E%1 ( m+A? t’Y)

T 13a)? ~
S+ 22)° 5PN dua(N)
/R 1 - ]E%l (_ ﬁmz TW)
2
Ein —ﬁtﬁt”’ —Eya _ﬁsz’Y ~
+/u+m2 < ) MJV >demw
R 1_Evl(_1+ax2T )

S 113, + 119115
Consequently, it gives
1l 0,11 700 Ry S 1150, + 1013, < +o0.
Rewriting the equation (4.37) as following

ey = AN mENo,

DY
14+aX2 14+ al?

0+t

we have
D3, ju(t, VB = 15 [B utt. )] B = 1D, 0t )

:/ FO)  m A2

— u(t, \)
||]Dg+7tu||%‘([0,T},L2(R,dpa)) S ||f||go¢ + ||u||%([0,T],Ha(R,dua)) < +00.

< 2 |2
T o Apta(N) S 1| F 1B + lult, ).

Thus,

The existence is proved.
Now, we are going to prove uniqueness of the solution. Suppose that there are two

solutions (uy, f1) and (ug, fo) of Problem 4.22. Denote
U(t, l‘) = ul(tv l’) - UZ(t7 ZE)

and
f(x) = filz) = falx).
Then the functions u and f satisfy

Dz*,t (U(t, .flf) - (ZDixU(t, ZE)) - D(Qx,xu’(t? Qf) + mu(t7 'T) = f(x)a
u(0,A) =0,
u(T,\) = 0.

Then by applying the Dunkl transform F, (2.23), we obtain

~ m 2~ i
Dy Ja(t, A) + 455 0(t, \) = ﬂ(:iz’
a(0,\) =0,
AT, \) = 0.

Via our calculation above, we can see that problem has a trivial solution, i.e. u(t, A) =
0and f(A\) =0forall 0 <t < T, A € R. Then using Theorem 2.44 (Plancherel
Theorem) we able to see that u(t,z) = 0 and f(x) =0 forall 0 <t < T, xz € R.

Hence, uniqueness of the solution is proved. O]
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4.2.3. Stability analysis for inverse source problem. In this subsection we study sta-
bility of Problem 4.22.

Theorem 4.25. Let (u, f) and (ugq, fq) be solutions to Problem 4.22 corresponding
to the data (p,v) and its small perturbation (pg,Vq), respectively. Then the solution
of Problem /.22 depends continuously on these data, namely, we have

= wallE 0.1 2o Ry S 1 — allFe, + ¢ — dall3,,
and

1f = falloo S 1Y = allz, + 16 = dall3,-

Bewijs. From definition of the Dunkl transform

Fuluu(t, N](N) = A(t, A) = / ult, 2) Eal(—2, Ndjia()

we have

(u(t,z) —uq(t,z)) Eo(—x, \)dua ()

= /Ru(t, ) Eo(—x, N)dpe(z) — Rud(t; ) Eo (=2, \)dpa ()
= Falu(t, )](N) — Falualt, )J(N)
=u(t, \) —ag(t, N,

here we have used property of the integral. Then we have

lu(t, ) = ualt, )5, = /(1 +N2)?[at, A) = Ta(t, )P dpa(N)
R
_ _ mAA? gy
_ /(1+/\2>2 1 E%I( 1+a/\2t )
R

1 - Eml (_ ﬁtﬁi TW)

(900 = da)

B (~BET) B (-p0)
_ 2 A) — A d o A
1 —E,; (—2857) (¢< ) — Pl )) fa(A)
1By (- 2550 2
< 1 )\2 2 ’ a o~ \) R N p ) \
N/R< + ) 1—E%1 (_I,::;i\éT,y) (w( ) zbd( )) 1% ( )
2
14+ \%)?2 . \ R
+/R( + A7) 1-E,,; (—2257) (éb( ) — da( )) fha(A)

S 1 = dallzs, + 16 = dalli.-

Consequently, we obtain

[ = wallE o 1) e Rty S N1 — Vallag, + 116 — ¢l
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By writing (4.41) in a form

fo) LR A B (~BET) o)
1 —E,1 (—£55:17) 1 =By (—5T)
we obtain

1 = fallZe = IF = Fall2a = / FO) = B0 Pdua()

- e oy (P )

(m + N)E,1 (—225577)

1—E,, (—2227) ($<)\) - d3d(A)) dpia (M)
A= Em(fi_T) (500 = 2a) | a3

) 2
_ mAA" y

+/R (ml—l—_)\E)jEi'y&I <m+1;aj>i> > <$()\)_$d()\)) d,ua()\)

T 1tax2

Sl = dall3s, + [lé — all3e, -
Thus,
I = fall3e S 19 = valldy, + 16 — al3,
We completed our proofs. O

4.2.4. FExample for inverse source problem. Here we test one sample case for the
subject of the stability of the solution pair. Let us consider the following inverse
source problem for the pseudo-parabolic equation

0 o 0?
5 (u(t,x) — @u(t,x)) — @u(t,x) +u(t,z) = f(z), 0<t<l, z€R
with Dirichlet boundary conditions
uw(0,z) =u(l,z) =0,
where T =m=a=v=1,a= -1, and ¢(z) = ¢(z) = 0.
1

By applying Theorem 4.24, with v = 1 and o = —35: our operator in time is % and
d2

in space A2, = -4, we obtain the trivial solution pair:
— 5. dx??

u(t,z) =0 and f(x)=0.
Now we consider a perturbation of the previous problem in the following form

0 0? 0?
B uq(t,z) — Wud(t’ x) | — @ud(t,x) +ug(t,z) = falz), 0<t<l, z€R

with conditions

ug(0,2) =0, and wuy(l,z) =e€-exp(—2?), €>0, zcR,
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where ¢4(z) = 0, Yq(z) = € - exp(—a?) (Vg € HZ(R, ito)). Then using Theorem 4.24,
one obtains solution of the perturbation problem, expressed by

1 —exp(—t

ualt, ) = 5 \F / e 1)> exp (—%2) exp(iz))dA (4.43)

and

/ 1+A2
)
Jal 2\/_ 1 —exp(—

Integrals (4.43) and (4.44) are converges absolutely, because

1 — exp(—t) A2
lug(t, x) 2\/_/ —— exp ( Z) dA\

e 1—exp(-t) °°eX RS 61—exp(—T)
= T e ) /. p( 4)‘”3 = exp(—1)

j exp <_AZ2) exp(iz\)dA. (4.44)

and

14 A2 A2 3e
fal@)l < 2\/_/ 1 —exp(—1) P (_Z) A= 1 —exp(—1)

After a simple calculation, we see that the integrals (4.43) and (4.44) satisfy the
equation and the conditions (perturbation problem). Indeed, integrals (4.43) and
(4.44) can be represented as follows

© 1 —exp(—t)

walt, z) = 2f/ mexp( )j)exp(m)\)d)\

¢ 1-ew(-) / Z exp (—ﬁ) explizA)dh = —— <P eXp(_t))e . exp(—1?)

- 2y/m 1 —exp(—1) 4 1 —exp(—1
and
1 2 2
fa(x) 2\/_/ . e:p)\ exp (_)\Z) exp(ixA)dA

2\/; 1_ exlp(_ 1 /_Z(l +A?) exp (-%2) exp(iz\)dA

1 2 2
=1 _exp(_l)e-exp(—x )(3 — 4z%).

In the following pictures, Figure 1 and Figure 2, you can find the graphics of the

functions fy(z) = #p(_l)e cexp(—2?)(3 — 42?) and ug(z,y) = = Zgg 986 exp(—y?)

for different epsilons (¢ = 1,0.5,0.1).




Ficuur 1. The graph of the function f;, here we have used des-
mos.com. The red graph with ¢ = 1, the blue graph with ¢ = 0.5,
and the green graph with e = 0.1.

Ficuur 2. The graph of the function ug, here we have used 3D Calc
Plotter. The upper graph with ¢ = 1, the middle graph with € = 0.5,
and the lower graph with e = 0.1.

Now, let us calculate the following integrals:

93
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1Y = allwz = (

since F (1) — 1ha)(A) = — 75 exp (—’\4—2>,

Hf—dez,a:( — [ 1#@) = ata dm);
V3exp(1)

:6(\/%(1_9@(—1)) /R{exp )(3—4x2)\2dx)2=e—exp(1>_1,

and

e = aloo ey = masx ult, ) — wa(t, Vg = /3 max ~—SPED (3
A0 HE Ropa)) = g2ry d Ha 0<t<1 1 —exp(—1) ’

since

Jut, ) = walt, g = (%2_% [ xepat o - A)de)%

(G fue el i=smon () )

(s (2220 o (-5) )
2 (7o (5) )

According to the above computations we able to build a according table for different
values of epsilon (e = 1,0.5,0.1).

¢ 1 05 0.1

[ — Valla 1.73205 0.86602 0.173205
1f — fall2.a 2.74006 1.37003 0.274006
Hu — udHC([O,l],Ha(lR,ua)) 1.73205 0.86602 0.173205

TABEL 1. Stability test

Conclusion. In this subsection, we have considered one inverse source problem
and defined its solution using our calculus developed in this paper. Then to examine
stability of its solution, we considered perturbation problem. Table 1 shows that
solution of the inverse source problem is stable regarding to the small changes of the
dates.
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4.3. Time-fractional heat equation with bi-ordinal Hilfer fractional deriva-
tive. In this section, we study the inverse source problem for the heat equation

D((]ﬁ}”)su(t, z) = aD? u(t, z) + p(t) f(x),

where D(()Zrl’”)s (0 < 7y1,7 <1, s €0,1]) is the bi-ordinal Hilfer fractional derivative,
D, (a > —1/2) is the Dunkl operator, p is a given function and u and f are unknown
functions, which we should define. The necessary information about the bi-ordinal
Hilfer fractional derivative and the Dunkl operator can be found in the preliminaries.

Definition 4.26. Let us define the space H, as following
Hi={f € L’(R,dps) : DAf € LA(R, djua)}
and norm in this space is defined by
£ 113 = 1 fllo.a + 1D2f 2.0

Definition 4.27. We consider the spaces C([0, T], L*(R, dj,)) and C([0, T],H), with
the norms

I e, co ey = 135 1)z
and

I lleom e = s 1)l
respectively.

4.3.1. Direct problem. We consider the following Cauchy problem 4.30. The purpose
of considering Problem 4.30 is to help ro solve the inverse problem because when
dealing with the inverse problem, we need to know the unique solution of the direct
problem.

Let us consider the equation

DY u(t, x) = aD? jult, x) + f(t, ), (4.45)
where 0 < 71,72 < 1, s € [0,1], a > 0 and @ > —1/2, on the domain Q7.

Remark 4.28. In a case s = 1, the bi-ordinal Hilfer fractional derivative gives the
Caputo fractional derivative, so results for this problem coincides with results of first
section.

Definition 4.29. We will call the function u a regular solution if it satisfies regularity
conditions

t"u(-,z) € C[0,T), and Dé)ll’;VQ)su(-,x), D u(-,x) € C(0,7),
and the equation (4.45) for all (¢,x) € Qr, where 1 := vo + pu(1 — 72).

Problem 4.30. Our aim is to find a reqular solution u of the equation (4.45) on the
domain Qr, which satisfies the initial condition

; L=n —
tglg}r Lo u(t, o) = E(z), v €R, (4.46)

where & is given continuous function.
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Theorem 4.31. We assume that f € C([0,T],H) and [g+7tf(t, A\) is finite for every
fired N € R, £ € H, and § > 1/2. Then Problem /.30 has a unique solution t'~"u €
C([0,T),H) and D(()lly’;m)su € C([0,T], L*(R, duy)). Moreover it has a expression

u(t,z) = ¢! /[R EN)Esy(—aXt®) Eo (2, N)dpa(N)

+ /R [ /0 (t —7)° Es s [—aX2(t — 7)°] (1, N7 | Eo(z, Ndpa(N),

where § := 3 + s(y1 — 7Y2)-

Bewijs. The existence of the solution. We assume that u(t,-) € L*(R,dpuq).
Then we can interpret function u(t, -) as a tempered distribution and apply the Dunkl
transform F, (2.23). Thus, we obtain ordinary differential equation

DU a(tA) = —ad¥u(t, ) + f(1, ), A€ER, 0<t<T < +oo, (4.47)
respect to the variable ¢ € [0,7] with an initial condition
(1=s)(1=72)
tL“gi Loy s u(t,A) = 50‘)» (4.48)

for every fixed A € R. After using Remark 2.73, we are able to rewrite the equation
(4.47) as

70Dt \) = —aX?a(t, A) + F(t,N),
where 7 := 75 + s(1 — 72) and & := 72 + s(y1 — 72). Then applying the operator I3,
we obtain
I I DL N) = —aX2I0, Gt N) + 12, F(t, \)
or
10D, N) = —aN2 I3, At N) + 10, F(E,N).
Here we suppose that u(-, \) € L'(0,T). Therefore, we have

n—1 —~
u(t,\) — ;( [hm 1"t A)} = —aN IS a(t, \) + 19, f(t,\)

n) [t=0+
R EN) o1 aX [ta(r Ndr 1 [t F(r, \dr
N =T i G e ), a9

For every fixed A € R the equation (4.49) is the linear Volterra integral equation of
the second kind. Solution of the Volterra equation can be found by using the method
of successive approximations [18, p. 222-223| and it has a form

~ -~

U(t, \) = EQT s, (—al?t®) + /Ot(t — 1) Ess [—aN*(t — 7)°] f(r,N)dr. (4.50)

The function u, expressed by (4.50), is a solution of Problem (4.47) - (4.48) for every
A € R. In this stage let us check some statements about u which we assumed before.
So, we do following computations

25—7"S 1‘f7'/\‘
——dt + C drdt
‘/ + a\?td + 2/ / L4+ aX(t—7)° T

T
/ At N dt < ¢ |
0
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§C1

‘/t” 1dt+C’//t l(sdrdt
—7)

~

7, /\)‘ dt

~

CT"
) (ﬂ+cgmnl I,

and

L7t A) = EN I (7 Es y (—aX?t?))

o~

15:7 ((t — 7)5_1E575 [—a)\2(t — T)‘SD (1, \)dr

+
c\&

~ ~

ENEs 1 (—ar?td) + /O (t —7)° "Es 146y [—aX(t — 7)°] f(r,N)dr

Then we have lim;_ o, ]5 LUt A) = &(N). Now, applying the inverse Dunkl transform

F1(2.24) to the (4.50) we obtain solution of Problem 4.30, which has a form
u(t.) =07 [ G0 Ean(~aXt) Eale, o)
R

+ /R { /O (t — 1) By g [~aX2(t — 7)°] F(r, Ndr| Ea(z, Ndpa(N). (4.51)

In the beginning of our proof we made the assumption that u(t, ) € L*(R,du,).
Now let us proof that it is correct, indeed

[t 3.0 = It ).

/|um|dua>

< 20-1) /R ‘5(A)E5m(—avt5)‘2dua(A)

+ /R [ /0 t(t — 1) By s [—aX2(t — 1)°] f(r, )\)dr}
n—1)

< [ e [E0] i)

dpta(N)

1 4+ a)\2td)?

L[ Tl ar) o
0

Then using Holder’s inequality and positivity of the expressions a\?*t° and a\?(t—7)°,
we obtain

Jut. B S 200 [
R

£ dna

(i) [(]

F(mN)

i d7> dpta(N).
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After applying Fubini’s theorem and supposing § > 1/2, we have

futt 3 % 20 [ 60 dna+ 20 [ [ |Fir [ i

Hence, u(t,) € L*(R,du,), whenever &, f(t,-) € L*(R,du,). Now, using the same
computations and assumptions as previously, we are able to calculate

1D st 3o S 7 VNDE €N + 2 1/ D5 f (£ )13 o

Hence u(t, ) € H, whenever &, f(t,-) € H. After taking the maximum on variable
[O,T], where T" < +00, on both sides of the last inequality and using Fubini’s
theorem we are able to calculate

2 2
s ult, )3 < €12, + s 10,3

Finally, let us show that D(()ifQ)Su(t, -) € L*(R, djiy ). Hence, we need to calculate

IDET u(t, Vo = 1Fa [ DT ut, )| 130 = 1D, )11,

= | = aXa(t, ) + f(t,) 3.0 S all (=)t )30 + ()3
= a|| DG ult, Mz + 1t )20

Moreover, we have

(71,72)s < 2
max [|Do} 7 ult, )z S @ max 1D pult,)llza + max [1£(E )z

Uniqueness of the direct problem. Let there be two solutions u; and wuy of
Problem 4.30. After we set u = u; — us. Then we obtain

D(()117f2)8u(t, T) = aDiwu(t, x),
limy o Iy, "u(t, 2) = 0.
Hence, Theorem 4.31 gives us unique solution of the above problem v = u; — us =0

for all ¢ € [0,T] and x € R, which implies u; = us, thanks to Plancherel theorem
2.44. O

4.3.2. Inverse problem. In this subsection, we consider the main problem of our sec-
tion, the inverse source problem generated by the bi-ordinal Hilfer operator D(()Z:#”)s
(0 < 71,72 < 1, s € [0,1]) and the Dunkl operator D? (a > —1/2). We prove

Theorem 4.34, where we show unique solvability of Problem 4.32.

Problem 4.32. Let 0 < 71,72 < 1, s € [0,1], a > 0 and a > —1/2. Our aim is to
find a solution pair (u, f) of the inverse source problem

DL u(t, x) = aDy, jult,) + p(t)f (=), (4.52)
on the domain Qr, satisfying the conditions
; 1-n —

tl_lgfr Ipju(t ) = ¢(z), z€R, (4.53)

and
u(T,z) =(z), = €R,
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where the functions p, ¢ and Y are given functions.

Remark 4.33. If s = 1 and p(t) = 1, then the results for this problem coincides
with results of first section.

Theorem 4.34. Let i, ¢ € H. We assume that p € C[0,T] and

C* = /0 (T — T)(S_IE(;’(; [—a)\Q(T — 7')5} p(7)dr

is a finite well defined nonzero number for every T > 0 and A € R, and § > 1/2.
Then Problem /.52 has a solution pair (u, f), where w is a regular solution, which

are f € L*(R,du,) and '~ € C([0,T],H) with D(()llfﬁsu e C([0,T], L*(R, du.)),
and expressed by

u(t,z) = 11! /R a(A)Ea,n(—awﬁ)Ea(x, Ndpa(\)

e NT" 1 Es, (—aX*T?)
v [ PR
« ( /0 (t— 7)Y By 5 [~ad*(t — 7] p(T)dT> Eu(z, Ndpa (V)
and .
F@) = g [ (FO) = G Boy(-aX*T")) Bulir Ao ).

Bewigs. The existence of the solution. As in previous section we suppose that
u(t,-), f € L*(R,du,). Then we can interpret functions u(t,-) and f as tempered
distributions and apply the Dunkl transform F, (2.23). Hence, we obtain ordinary
differential equation

DAt N) = —ad¥u(t, ) + p(t) f(N), AER, 0<t<T <+oo,  (4.54)
respect to the variable ¢ € [0, 7] with the conditions
lim 1800725 0) = 6(\) (4.55)

t—0+
and
AT, \) = D(N),
for every fixed A € R. The analysis of previous Subsection 4.3.1 gives us the unique
solution of the Cauchy problem (4.54) - (4.55) and it has a form

Ut N) = (AT B, (—art?)

~

+ f(N) /Ot(t — 7)5_1153575 [—a)\2(t - 7’)6] p(T)dr. (4.56)

Then applying the condition @(T, A) = $()) to the (4.56) we have
T

ST By, (—aX*T°) + f(N) / (T — 7)Yy 5 [—aX}(T — 7)°] p(r)dr = b(N).

0



100
From we define

T = 2 (300 — BT By (~aXT?)) (457)
After substituting finto (4.56) we obtain

U(t, ) = (N By, (—ar?t?)

V() = SN T By (—aXT?)
C*

y /0 (t =7 Egg [~aX2(t — 7)7] p(r)dr. (4.58)

_|_

After applying the inverse Dunkl transform F, ! (2.24) to the (4.57) and (4.58) we
obtain solution of Problem 4.32, which are expressed by

@) = g [ (B0 = ST By (-aX*T")) Bulir Ao )

and
ult,z) = ¢! /[R &A)}E:é,n(—aA?té)Ea(x, A)dpia(N)

(A AT s, (—ar2T?)
o[

X (/ (t —7)° 'Ess [—ar’(t — 7)°] p(T)dT) Eo (2, N dpa(N).

0

Now let us show that f € L*(R,du,), whenever ¢, ¢ € L*(R,du,). For this, we
need to calculate

1£113,0 = I\fH%a
|4 = 6T Esiy(—aX’T?)15,0

“ 1o
S IOl + 1207 [

R

BBz (—aXT)| dpa()

~ 2
_ 50|
SNWl3, + 1207 /R mdﬂa(/\)

S50 + 16124 < +oo.

Then the following computations
lu(t, )z = 13l )30
~ 2
< / (BT sy (—ax2t%)|dpta()
R

D(A) — AN T7 ' Es , (—aX>T?)
+ / i
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2

X /0 (t —7)° By [—aX?(t — 7')5} p(T)dr| dpia(N)

(N
< P20 / u‘ﬂlwduam

(t—7)° " p(r)] \*
m—1 2mé
|C*|/(‘¢ AT By (—aX’T") ‘/ 1+a)\2(t—7)5dT>
X dpta (A

and

lu(t, )30 S 2070 H¢H2a

o LI 1500y G017 Byt a3

< 20 HQSHQ,Q + ( o+’P( )|) ’WHz,a
gives us u(t,-) € L*(R, du,), whenever ¢, ¢ € L*(R, du,) and

mase u(t, ) B S 10130 + 1913,

Now, using previous computations we have

2
1D2 ult, )50 S VD2 8150 + (10, 1p0)) |1D2 01130
and
max || D2 u(t, )5, S 1D% 0130 + D2 013 4

0<t<T

Thus, u(t, ) € H, whenever ¢,1) € H. Then we obtain

IDG 72 u(t, )34 = llaD2 jult,) + p(t) fll30 S all D2 ult, 30 + @ fl3a
and

(v1,72)s <
mas [ D u(t, )3, S 0 max D2 ult, ) B + 118 ma [p(t)].

The uniqueness of the solution. Let there are two solutions (uy, f1) and (ug, f2)
of Problem 4.32. After we set u = u; —uy and f = f; — fo. Then we obtain

D ult, @) = aD2 ult, x) + p(t) f (),
limy o Ig. jut, @) = 0,
(T, 0) = 0.

Hence, the Theorem 4.34 gives us unique solution of the above problem u = u; —uy =
Oand f = fi— fo=0forall t € [0,7] and z € R, which implies u; = ug and f; = fg,
thanks to Plancherel theorem 2.44.
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4.3.3. Stability result. In this subsection we show stability of Problem 4.32.

Theorem 4.35. Let (u, f) and (uy, f,) be solutions to Problem 4.32 corresponding
to the data (¢,v) and its small perturbation (¢, ,), respectively. Then the solution
of Problem /.32 depends continuously on these data. Moreover, we obtain

lu = upllEorag S N0 — wpll + |6 — Gl
and

1f = Follza S 1 = Gpll20 + 16— dpll20-

Bewigs. Let (u, f) and (u,, f,) be solutions to Problem 4.32 corresponding to the data
(¢,¢) and (¢, 1), respectively, which satisfy Theorem 4.34. Then we are able to

calculate
Ju(t, ) = wp(t, )50 = [IFalult, ) = up(t, )][l5.0

/ ( )t” Es,(— a>\2t5)’2dua()\)

+/
R

(&( )= 0) = () = 6(N) T Esy(~aXT?)
C*

dpta(N)

t

(t — T)‘sflE(;’(; [—a)\Q(t — 7')5} p(T)dT

X
S~

50 G|
< 2(n—1) ‘
t / (1+ a)\2t5 dpia(A)

+ 1 (100 =) = (300 = 40) 777 1Bay (-o'T)|
y / (t =)™ p(7)] dT)iW N

1+ ar(t —7)
and
Jutt, ) = up(t, >||2a5t”1||¢ Sl
NI ~ ~ 2
L ngp / (P00 =B 0) = (300 = 6 (N)) T "By (—a>T?)

~ ~ 2 ~ —_~
X d,ua()‘> SJ 20 1)H¢ - ¢p||§,a + ([3+|p(t)|) Hl/’ - ¢p||§,a'
Then using previous computations we obtain
1D (u(t, ) = up(t, ) I3
2
SEPTIDE L (6= 6p) 50+ (Il I1D2 4 (= 9y) [15.

and
max [|D2 , (u(t,) = up(t, ) 150 SNDZ, (¢ = 6p) 150 + D%, (¥ =) [I5.0-

0<t<T
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Also for f, we can obtain the same estimates
1f = follza = IFalf = folllza

= | Falf] = Falfoll2a
1

= ol (P %) = (6-6) T Ban(-aX T,
S0 =Gl + T [ (500 = 5,00) Eay (=T diea)

S = dpll5a + 16 = pll3.0-
Hence, we have

1f = follza S 1% = Upllon + 16 — Bpll2a-
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Conclusion and Future Work Outlook

In this thesis, we develop analysis of pseudo-differential operators and considered
some inverse source problems generated by the Dunkl operators on the real line. Let
us review the obtained results in this thesis:

In Chapter 3, we considered pseudo-differential operators generated by the Dunkl
operator. We proved that these operators are continuous linear operators on S(R).
We defined amplitude, adjoint and transpose operators and proved that they are also
continuous linear operators on S(R). Then we studied distributional and convolution
kernels of the pseudo-differential operators generated by the Dunkl operator and
proved certain properties of them. In the last section, we considered boundedness
results of the pseudo-differential operators under some assumptions. The results of
this chapter are unpublished, and we hope that some papers will follow after the PhD
defense.

We can envision two possible continuations of the results from Chapter 3:

e Can we developer a symbolic calculus for this analysis? To answer this ques-
tion, we may start from revising [37].
e Can we extend obtained results to the higher dimensions, especially in R™?

Also, we can try to find some application to this analysis.

In Chapter 4, we studied some inverse source problems generated by the Dunkl
operator. More precisely, inverse source problems for heat and pseudo-parabolic
equations with Caputo and bi-ordinal Hilfer fractional differential operators, gene-
rated by the Dunkl operator. We obtained well-posedness results in the sense of
Hadamard. First two parts of this chapter is based on our published work [10] (joint
work with D. Serikbaev and N. Tokmagambetov) and as a preprint in &rxivin [9] in
2023 (joint work with N. Tokmagambetov).

All problems considered in Chapter 4 are linear and have constant coefficients. A
possible continuation of the results in this chapter is to explore linear problems with
variable coefficients and to extend the analysis to non-linear problems. Additionally,
these considerations can be extended to higher dimensions, especially in R™. For this
kind of problems, it may be useful to consider discrete Dunkl analysis, so questions
raises in this direction as well.

The author of the thesis has published several papers during his PhD, including
9, 10] and [11, 12, 13, 14, 15, 16].
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