Mogynb 5. Cangbik anddepeHunangay xxeHe uHTerpangay.
5.2 CaHpblK HTEerpangay

b
f f(x)dx

ecenTeHi3, MyHaarbl f(x) — 6epinreH dyHKumS.

Kipicne
KBagpatypa aen Te aTanartblH caHabIK WHTerpangay caHabIK

andpdepeHumangaynaH repi ganipek ypaic 6onein tabeinagbl. Ksagpatypa

b
f f(x)dx

aHblKTanfaH nHTerparbiH

I= zn: Aif (x;)
i=0

KOCbIHObICBIMEH XYbIKTanabl, MyHOafbl TYMiHAOIK abcumccanap x;keHe A; canmakrapbl
KBagpaTypa YLWiH KongaHblnatblH HakTbl popmynara Tayengi. KeagpatypaHbiH, 6apribik
dopmynanapbl MHTErpangblH acTblHOafbl ©PHEKTIH KenMyLLesiKk MHTepnonauusCbiHaH
KopbITbinagbl. CoHabIKTaH, erep f(x) kenMyLlenikneH XyblKkTanaTbiH 605ca, onap »akcbl
XYMBbIC iCTenai.

CaHnfblK WHTerpangay opictepiH eki Tonka OGenyre 6Gonagbl: HbeloToH-KoTec
dopmynanapbl xaHe [aycc kBagpatypacbkl. HbtoToH-KoTec dopmynanapbel Gipaen
apanblk abcuuccanapmeH cunatTanagbl, CcoHgan-ak Tpaneuusi xoHe CuMNCcoH
dopmynanapbl cusikTbl Genrini agictepai kamtugbl. Onap f(x) TeH apanblKTapMeH
ecentenreH 6onca Hemece TeMeH BGaranaymeH ecentenyi MyMKiH 6onca ete nangansi.
HbloToH-KoTec dopmynanapbl XeprinikTi uHTepnonsuuara HerisgenreHgikreH, onap
kenmyLuere GenweKkTen cankecTeHaipyai FaHa Tanan eteai.

Maycc kBagpaTypacbiHOa €H XakCbl MYMKiH O9nAikTi any ywiH abcumccanapabiy
opHanacybl Tanganagbl. [laycc kBagpaTtypacbl OepinreH gangik ywiH uHTerpangbl
acTblHAaFbl OPHEKTI a3 ecenTenTiHAIKTEH, on f(x) ecenTeyi ken 6onaTtblH Xafgannapaa
TaHbiMan. [aycc kBagpaTypacbiHblH, Tafbl 6ip apThIKWbINbIFbI OHbIH, MHTErpanaaHaTbiH
CUHIynapnblKkTapabl eHaey kabineti 6onbin Tabbinagbl, 6yn Gi3re kenecigen epHekTepai

ecenteyre MyMKiHAIK 6epegi.
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MyHAaFbl g(x) AypbIC aHbIKTanfaH yHKUmMs.

f 9(x) dx

HbrloToH-KoTec dpopmynanapsl
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1-cyperT. f(x)-TblH KONMyLLEeniK XyblKTaybl.

AHbIKTanfaH nHTerpanbl kKapacTtblipanblK

b
[rwa @

(a,b) wHTerpangay apanbifblH 1l-cypeTTe KepcetinreHgen h=(b—a)/n
y3blHAObIKTafbl n TEH apanblkka 6enemis xeHe anblHFaH TyniHaepAaiH abcuuccanapbiH
Xg, X1, -, Xn O€N Benrinenmis. Opi kapan f(x) MaHiH Gapnblk TyRiHAEPAI KMbIN ©TeTiH N

aspexeni kenmyLenikneH XyblkTanMbl3. byn kenmyLleHiH JlarpaHx doopmachl

P = ) FGLG)
i=0

MyHAOafbl

X—X9 X—Xq X—Xi_1 X—Xi41 X —Xxp
L;(x) == . .

i — X0 X;— X1 Xi —Xi—1 X — Xj41 Xi — Xn

TYPiHAE aHbIKTanfaH Herisri pyHkumsnap. emek, (1) TeHaeyaeri HTerpan XyblKraybl
b

n b n
I= I P(dx =) lf(xi) f Ldx| = Y afG)  Qa)
i=0 . i=0

a
MYHOafbI
b
A = fli(x)dx,i =01, ..,n (2b)
a

Oonbin Tabbinagbl.



(2) Tenpeynep HeoioToH-KoTec dopmynanapbl 6onbin  Tabbiiagbl.  byn
dopmynanapgblH, Knaccukanbelk Mbicangapbl Tpaneumnsa gpopmynacel (n = 1), CumncoH
dopmynackl (n = 2) xaHe 3/8 CumncoH cdopmynacel (n = 3) 6onbin Tabbinagbl. byn
dopmynanapablH, €H MaHbI3gbiCbl Tpaneuuss epexeci 6onbin  Tabbinagpl. OHbl
PuyapacoH akcTpanonsumsiceiMeH OipikTipin, Pombepr nHTerpangaybl gen atanaTbiH
TMiMai anropuTm Kypyfa 6onagpbl, 6yn 6acka knaccukanblk epexenepai Oipwama apTbIK

eTeni.
Tpaneuusa ¢popmynacsbl

Erep n = 1 (6ip 6enik), 2-cypeTTe kepceTinreHgen, 6isge

X — X _(x—b)

lO(x):xO—xl = A

oonaabl. CoHabIKTaH,

b
1 1 , h
AOZ—Ef(x—b)dX:ﬁ(b—a) :E
a

CoHpan-ak

X — X _(x—a)
ll(x)_xl—xo " h

COHObIKTaH

b
1 1 ) h
A1=Ej(x—a)dx=ﬁ(b—a) =§
a

E
f (x) %?I
Area =/
h

_— — X
X,=da x,=b

2-cypeT. Tpaneuuns dopMyriacbliHbIH KECKiHi

(2a) TeHaeyaeri anmacTbipy Tpaneuusi epexeci petiHae 6enrini

h
I=lf@+fl7  B)

Bepeqi. On 2-cypeTTe TpaneumsiHbliH aygaHblH KepceTeai.



b

Esz(x)dx—l

a

Tpaneuuns epexeciHgeri katenik 2-cypette kepceTtinreHaen, f(x) eHe Ty3y CbI3bIKTbl
WHTEPNONSHT apacbiHAarbl aMakTbiH, ayaaHbl 6onbin Tabbinagbl. OHbl MHTEPNONAUMS

KaTeniriH MHTEerpangay apkblsibl anyfa 6onagbl:

b b
1 1 )
E = Ef(x - xO)(x - xl)f”(f)dx = Ef”(f) f(x — a)(x — b)dx — _E(b _ a)Sf”(f)
h3 "
E=-f'©) @)

Kypama Tpaneuus chopmynachol
Toxipnbene Tpaneuus epexeci benikten kongaHblnagbl. 3-cypette apbip eHi h
BbonaTtbliH n Genikke GeniHreH (a,b) apanblfbl kepceTinreH. VIHTerpaumsnaHaTbiH f(x)
dyHKUMAckl apbip GenikTe Ty3y CbI3bIKNEH XyblKTanaabel. Tpaneunsa oopmynacbiHaH 6i3
(I-iHWi) GenikTiH WamMameH ayaaHbl YLWiH KeneciHi anambi3
h
I=[f(x) + f(xi+1)]§
[emek, xxannbl ayMakTbiH aygaHbl f: f(x)dx 6ingipegai, 6byaaH

-1

S

h
I'= ) Li=10fCo) +2f(x1) +2f () + -+ 2f Ctn-n) + f O] 5 (5)
i=0
6¥J'I KypamMa Tpaneuunsa (bopmynac;bl.
) .
| I |
A
I A
A A R
XO xl JC,- .xI'Jrl .xn-].xn

a

3-cypeT. Kypama Tpaneunsa popmMynacblHblH KECKiHI.

Benik anmarbiHaafbl XXybIKTay KaTeniri (4) dopmMynameH aHblkTanagabl.

h3 14
E; = _Ef ()

myHaa &; — (x;, x;+1) apanbifbiHaa opHanackaH. [lemek, (5) Tenaeyaeri XyblkTay KaTeniri



Bipak
n-1
> F1E) =nf"

MyHOarbl f''— eKiHLWi peTTi TyblHAbINapabiH apudMeTukansik optacel. Erep £ (x)

ysiniccia 6onca, (a, b) iwiHae f'(§) = £ 6onaTblH & HyKTeci Bonybl kepek, byaaH
n-1 b
—a
D ) =) = )
i=0
Xasyra MyMKiHAik 6epegni. ConablkTaH, (a) TeHaeyi

£ (b—a)h* ‘
__Tf ) (6)

Typre keneai. (6) TeHaeyaeH E = ch? KopbITbliHAbI Xacay Aypbic 6onmac efi (¢ TypakTbl).
OntkeHi f''(¢) h-ka TonbiKk Tayencia emec. KatenikTi TepeHipek Tangay KeneciHi
kepceTegi, erep f (x) >»aHe OHbIH TyblHAbINApPLI (a, b) akplpnbl 6onca, oHaa

E = c;h? + c,h* + c3h® + - (7)

PekypcuBTi Tpaneuus dopmynachl
2k~1 GenikTep apKbinbl Kypama Tpaneuus hopMynacbiMeH ecenTeniHeTiH UHTerpar
I,, 6oncbiH. Hasap aypapbiHbI3, erep k Gipre aptca, 6enikrep caHbl eki ece apTagbl.
H=b—-a
GenrineyiH nanganadbin (5) TeHaeyiH k = 1,2 xoHe 3 yWiH Keneci HaTwxenepai
Oepeai.
k =1 (6ip 6enik):

L =[f(a) + f(b)] (8)

H
2
k = 2 (eki 6enik):

b .
L=[r@+2r (252) + 1)
k = 3 (yw 6enik):

I3 = [f(a) +2f(a+g) +2f<a+3TH) —I—f(b):

EHai 6i3 ke3 kenreH k > 1 ywiH



(21—1)H
I 1k1+2klz | k=23 o0

peKypcuBTi Tpaneuus cdopmynacel 6onaTtbiHbIH kepemid. KocbiHablaa Geniktep caHbl exi
ecefieHreH Kke3ae acanfaH aHa TyniHaepai faHa KaMTUTbIHbIH eckepiHi3. CoHabIKTaH
(8) xxaHe (9a) TenaeynepaeH Iy, I,, I, ..., I, Ti3beriH ecentey (6.5) TeHaeyaeH Tikenewn I
ecenteyaerigen anrebpaHbl kamTuabl. PekypcmBTi Tpaneumsa epexeciH KongaHyablH,
apTbIKWbIbIFbI, Of KWHAKTbIMbIKTLlI GakbinayFra XoeHe [,_; MeH [, apacblHAafbl
arblpMallbInbIK XKEeTKINIKTi a3 6onfaH ke3ge ypaicTi TokTaTyFa MyMKiHAIK 6epegai. (9a)

TEHAeEYiH ecTe cakTayablH OHaW Xonbl

1
W) =Z1CR +h ) f(Yas) D)

MyHOafbl h = H/n - apbip GenikTiH eHi.

trapezoid moayni
trapezoid dyHkumsichl (8) xaHe (9)TeHaeynepiHeH I;_, (lold) nanganansin 6epinreH

I, (Inew) ecentengi. bis k = 1,2, ... bonatbiH trapezoid QPyHKUMACLIH LWaKbIpy apKbinbl
: : b .
KaXkKeTTi AanaiKKe XXeTKeHLe fa f(x)dx ecenTen anambi3.

## module trapezoid
"’ Inew = trapezoid(f,a,b,lold, k).
PekypcusTi Tpaneumsa oopmynachi:
lold = x a-gaH b-fa gewinri f(x) HTerpansl apkbinbl ecenteneni
2°(k-1) GenikTepi 6ap Tpaneuuns popmynacsl.
Inew = 2°k BenikTepMeH ecenTenreH con uHTerparn.
def trapezoid(f,a,b,lold,k):
if k == 1:Inew = (f(a) + f(b))*(b - a)/2.0
else:
n = 2**(k -2 ) # XKaHa HyKkTenep caHbl
h = (b - a)/n # XKaHa HykTEenep apanbifbl
x=a+h/2.0
sum = 0.0
for i in range(n):
sum = sum + f(x)

X=X+h



Inew = (lold + h*sum)/2.0

return Inew

CumncoH chopmynachbl
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4-cypeT. CUMNCOHHBIH, 1/3 dopMynacbIHbIH, KECKiHI
CuMnNCoHHbIH, 1/3 epexeciH n = 2 6onatblH HbtoTOH-KoTec dopmynanapbiHaH, 4-

cypeTTe KepceTinreHgen yw Kepulinec TyMmiH apkbinbl napabonanblk UHTEPNONAHTTbI
eTKi3y apkblnbl anyra ©onagbl. f: f(x)dx XybikTayblH 6ingipeTiH napabonaHbiH

acTbiHOarbl ayaaH
b h

I=[r@+ar (S2) +ro3 @

Jx)

|
|
|
xo i xi+l

a b

5-cypeT. CuMNCOHHbIH, 1/3 Kypama hopmynacblHbIH KECKIHI.
CumncoHHbIH, 1/3 Kypama copmynacbkiH any ywiH (a, b) uHTerpangay apanbifbiH 5-
cypeTTe KepceTinreHaew, apkancbicbl eHi h = (b — a)/n 6onaTblH n Genikke (n >kyn)
GeniHeai. (a) TeHaeyAi eki kepLwi 6enikke konaaHbelin, 6i3 keneciHi

Xi+2 h
3

fedx = [f (x) + 4f (xi41) + f(xi42)] (b)

Xi

anambi3. (b) TeHaeyai Ko apKbinbl

; L Xi+2
[ rea = f "feode= Y [ f(x)dxl

i=0,2,... - Xi

MbIHaHbl anambi3



b
f FOOdx ~ T = [f(xo) + 4F () + 2f () + 4f (x3) + -

h
et 2f (Xn—2) + 4f (xn—1) + £ (xn)] 3 (10)

(10) TeHaikTeri CuMNCoHHbIH 1/3 Kypama dopmMynackl caHablK MHTerpangaynbiH eH
TaHbIMan agici. [lereHMeH, OHbIH Geaeni asgan NanmbIKCbI3, BNTKEHI Tpaneuns epexeci
HeFyprbIM CeHiMmai xeHe Pombepr nHterpangaybl TMiMaipex.

CMMNCOHHBLIH Kypama opmynacbiHaarbl KaTenikTeH

_M @)
=180 (06 (11)

6i3 (10) Tenaeyaneri f(x) yw Hemece ofaH TeMeH gapexeni kenmywe 6onca gan gen

E

KOpbITaMbl3.
CumMncoHHbIH 1/3 bopmynachkl n 6esnikTep caHblHbIH XXyn 60nyblH Tanan eteai. Erep
Oyn wapT opblHaanmaca, 6i3 OipiHWi (Hemece COHfbl) yw GenikTi CMMNCOHHBLIH 3/8

dopmynacbsiMeH BipikTipe anambi3,

I'=[f(xo) +3f(x1) +3f(x2) + f(x3)] (12)

XoHe kanfaH OGeniktep ywiH CumncoHHbiH 1/3 dopmynacbiH nanganaHbiHbi3. (12)

3h
8
TeHaeyaeri katenik (10) TeHaeyaerigen peTri.

MbICAI 1
HbtoToH-KoTec dhopmynanapbiHaH CUMNCOHHbIH, 1/3 dopMynacbIH LWbliFapbiHbI3.
Wewlyi. 4-cypeTke cinteme xacan oTbipbin, CUMNCOHHBLIH 1/3 dhopmynachbl

a+b
Xg = Q, X1 = 2 )

opHanackaH yw TyuiHOI nanganaHagbl. TyniHoepaiH apanbifbl h = (b —a)/2.

x2=b

JlarpaHxabiH YL HYKTENi HTePNONAUNACBIHbIH, Heri3ri oyHKUMsanapbl

(x —x)(x — x3)

() = (x0 — x1) (%9 — x2)

L= x)(x = %)
L) = (1 — x0) (x1 — x3)
CEE D CEED

(22 — x0) (32 — x1)
Byn dyHKuuanapabl uHTerpangay oHamblpak, erep ¢ avHbIManbICblH Xx; HYKTeciHde
6actacak. CoHga TymiHaepAaiH koopauHaTanapbl &, = —h, & = 0,é, = h 6onagbl aHe

(2b) TeHpeyne



b h
m=!mww=lhm%

bonapgbl. [lemek,

-0 -h

Y= | -

UJI?

mﬂfﬁz hE)dg =

h
C(GHRE-m 1 an
Al‘_h 0TDO0-m%~ 1 f("zz_hz)df‘?

B h@+hXé—m
2 __h (h+h)(h—0) = 2n2

f@2+MME——
(2a) TeHaey CUMNCOHHBIH, 1/3 doopmynacbiH KypanTbiH

1—Z¢ﬂm—kw+u( )+ o3

3 maHai 6epegi.

MbICAIJ 2

(1) 8 BenikTi xoHe (2) 16 6enikTi nanganaHbIn, kypama Tpaneuunsa opmynacbiMeH

j sin(x) dx
0

WHTErpanbiHbIH LeKapanapbiH 6aFanaHbI3.
(1) 6enimHiH wewyi. Ceri3 Genikte h = m/8 apanblKkTa opHanackaH TOfbl3 TYMNiH

6ap. TyniHaepaiH abcumccanapsnl x; = in/8, i = 0,1,...,8. (5) TeHaeyaeH 6i3

[ = |si O+ZZ' m+' 7T—197423

= |Sln . 51n8 SInT1 16_ .
=1

anambl3. Katenik (6)TeHaey apkbinbl 6epinreH:

(b - a)h2 (n —0)(1r/8)? 3

E=—-—7—f")= 12 (=sing) = ——=sing

MyHaafbl 0 < & < m. Bi3 f MOHIH GinmereHgikteH, 6i3 E-Hi Baranan anmanmbl3, Gipak

OHbIH LLEeKapacblH aHbIKTan anambla:

3 7'[3

T T
Emin = ﬁSIHO = 0; Emax = ﬁSIHE = 0.04037

[lemex,



V3
I+ Epin < f sin(x) dx < I + Epax,
0

HemMece

T

197423 < f sin(x) dx < 2.01460.
0

MHTerpanablH, HaKkTbl MaHi 2-Te TeH.
(2) 6enimHiH wewyi. beniktepaiH eki eceneHyi apkbifbl XacarnfaH XxaHa TyrniHgep
eCKi benikTepaiH opTaHfbl HyKTenepiHae opHanackaH. OnapabliH abcunccanapbl
xj=n/16+j-n/8=(1+2j) n/16,j=0,12,..,7
(9b) TeHOeyaeri pekypcusTi Tpaneunsa hopmMynacbiH KongaHbin,

= 1.99358

, _Lo7az3 7'[27: (1 +2)m
-T2 162" 16

j=0
anambi3 xaHe kaTenik weri (h ekire azanfaH kesge E TepTke 6eniHeTiHiH ecKepiHi3)

0.04037
Emin =0, Epax =~ = 0.01009

bonapgbl. [lemek

A

1.99358 < f sin(x) dx < 2.00367.
0

MbICAI 3
Keneci pepekrepaeH
x 0 0.5 1.0 1.5 2.0 2.5

f(x) | 1.5000 | 2.0000 | 2.0000 | 1.6364 | 1.2500 | 0.9565

25
f f(x)dx
0

WHTEerpan MaHiH 6aranaHpbI3.

Wewyi: bia CumncoH dopmynanapbiH KongaHambl3, eWUTKeHi onap Tpaneuus
dopmynacbiHa KaparaHaa ganipek. benikrep caHbl TaK bonFaHabIKTaH, 0i3 anfaluKkbl YL
6enikke CnmncoHHbIH 3/8 hopmynackl 6oMbiHWA MHTErpangbl €CENTENMI3 XOHE COHFbl

eki naHenb ywiH 1/3 hopmynacbl KongaHambl3:

I =[f(0)+3f(0.5) + 3f(1.0) + f(1.5)]
= 2.8381 + 1.2655 = 4.1036

3-0.5
—5— + [f(1.5) +4£(20) + £(2.5)]

0.5
3



MbICAI 4

T
f\/Ecosxdx
0

MOHIH anTbl OHAbIK TaHOafa OeniH Gafanay YLWIiH PEeKypCUBTI Tpaneuus epexeciH
navganaHblHbl3. Byn HoTuXere XXeTy YLiH KaHwa 6enik KaxeT?
Wewwyi:
## exampled
import math
from trapezoid import *

def f(x): return math.sqrt(x)*math.cos(x)

lold = 0.0

for k in range(1,21):
Inew = trapezoid(f,0.0,math.pi,lold,k)
if (k> 1) and (abs(Inew - lold)) < 1.0e-6: break
lold = Inew

print("Integral =",Inew)

print("nGenik =",2**(k-1))

bargapnamaHblH, HOTUXeECI
Integral = -0.8948316648532865
nbenik = 32768
[lemex, fonﬁcosx dx = —0.894 832 mHTerpansl 32 768 GenikTi kaxeT eTeai. basy

XUHaKTbINbIK f(x) Gapnblk TyblHAbINAPbIHBIH x = 0 Ke3iHge CUHrynsapnbl GonybiHbIH,
HaTWxeci 6onbin Tabbinagbl. Oemek, katenik (7) Tengeyne KepceTinreHgen apekeT
etnengi: E = c;h? + c,h* + c3h® + -+-, Bipak Gormkay MymkiH emec. MyHaan cunatTarbl
KMbIHOBIKTapAb! XWi anHbIManbliHbl ©3repTy apKbifbl Xotofa bonagbl. byn xafganga 6i3
KerneciHi eHrizemis t = v/x 6yaaH dt = dx/2+v/x Hemece dx = 2tdt. Onan 6onca,
T Vm

f\/}cosxdx = f 2t%cost? dt
0

0

OH XakTafbl HTerpanabl 6aranay 4096 GenikneH askranagsbl.

PomGepr nHterpangaybli



PombGepr WHTerpangaybl Tpaneuus dopmynacbIH PvyapacoH
aKcTpanonsaumsacbiMeH bipiktipei (5.1-cabakTbl KapaHbi3). AngbiMeH
Ry =1
GenrineyiH eHrizenik, MyHaa GypbiHFblgan I; MaHi 271 Geniktep apKbifbl PEKYPCUBTI
Tpaneuna popmynacbiMeH ecenTenrex f:f(x)dx XyblK MOHIH 6ingipeai. Ecke cananblik,

6yn xyblkTayaafsl kateniri E = ¢ h? + c,h* + c3h® + -, MyHOafbl

b—a

h = 2i—1

GenikTiH eHi.

PombGepr uHTerpangaybl Tpaneuus dopmynacbiHaH R;; =1I; (Bip 6enik) xaHe
R,, =1, (exi Genik) ecenteyaeH Gactanagbl. Keneci c;h? »eTekwi katenik MyLUeci
PuyapacoH akcTpanonauyuacsiMeH xonsinagel. (5.1.9) teHaeyperi p = 2 (bacwubl katenik

MyLLeferi KepceTkill) nanaanaHbin, HaTWXeHI R, , Aen 6enrinen oTbipbIn,

2 RZ 1 - R1,1 4‘ 1
Ry, = 22 _1 §R2,1 - §R1,1 (@
anambl3. HaTmxenepai keneci MmaccuB TypiHOe cakTay bIHFansbl
Ry ]
R2,1 RZ,Z

CopaH KkewiH keneci kagam Rz, = I3 (TepT 6enik) ecentey xaHe PuyapacoH

9KCTPaNoONAUMACHIH R, ; XoHe R3 ; apKbinbl kanTanay, HoTWXeHi R; , peTiHae cakray:

4 1
R3,2 = §R3,1 - §R2,1 (b)
Ocebl yakbITka geuiH ecentenreH R MaccuBiHiH, anemMeHTTepi
Rl,l
R2,1 RZ,Z
R3,1 R3,2

EkiHwi 6afaHHbIH eki anemeHTiHOe nOe c,h* kaTeniri 6ap, OHbl PuuyapacoH
aKCTpanonsaumdacsiMeH ae xotora 6onaabl. (5.1.9) TeHaeyiHae p=4 nanganaxbin, 6i3

24R3 2 = RZ 2 16 1
= ' —=—R Ry, ©

Ron = —2 2% _
33 24— 1 15 ** 15
anambli3. byn HaTtuxke 0(h®) kaTeniriHe ne. EHAi MaccuB Kenecire aeiiiH keHeen;
Rl,l
R2,1 R2,2

R3,1 R3,2 R3,3

EcentepaiH Tafbl 6ip anHanbiMbiHaH KeriH 6i3 anambi3



[ R11 1
|Rax Rap

lR3,1 R3,2 R3,3 J
R4,1 R4-,2 R4-,3 R4-,4-

MyHdarbl R,, kateci O(h®). WHTerpanabiH eH pden 6Gafanaybl apkawaH matpuua
AnaroHanbHbIH, COHfbl MyLLeci ekeHiH Gamkayra Gonagbl. Byn ypaic eki Tisbekrec
AnaroHanbAbl  MyLLUenep apacblHOafbl arbipMallbifblk  KETKINiKTi a3  GonfaHwa
Xanfacagbl. byn cynbaga kongaHbinaTblH Xanmnbl 3KCTpanonsaums doopmMynacsl

Ri,j=4] 1RZJ.‘_11__I§"‘1""1, i>1, j=23.,i (13a)
(13a) TeHgeyaiH CypeTTiK KOpiHiCi

Ri 1,

o (13b)
.

EJ

&J—l — f

MYHJafbl O XoHe B KebenTKiWTepi j-re keneci Typae Tayenai:

] 2 3 4 5 6

a -1/3 | -1/15 | -1/63 | -1/255 -1/1023
B 4/3 16/15 | 64/63 | 256/255 | 1024/1023

YwoOypbIWTbl MaccuB KOSIMEH ecenTteyre biHFannbl, 6ipak Pombepr anropuTmiH
KOoMMbloTepae icke acbipy 6ip enwemai R’ maccuBiHAe Xy3ere acbipbiiiybl MyMKiH. BipiHLui
aKcTpanonsAunsgaH Kenid, (a) TeHAIKTI kapaHbl3, Ry ; eHAi ellkallaH nanganaHbinmanbi,
COHAbIKTaH OHbl R,,-re aybiCTbipyfa 6onagbl. HaTuxeciHoe 6i3ge keneci maccusTi

anambi3

Ri = Rz,z
Ré = R2,1

EkiHWi akcTpanonaumsa keseHiHge, (b) xaHe (C) TeHOeynepMeH aHbiKTanfaH, Rs,

R, 1-0iH OpHbIHA Xa3apbl, an Rz 3 R, ,-Hi aybICTbipapl, OCbiNanLla Maccus Kypambl

Ri = R3,3
Ré = R3,2
Ré = R3,1

xoHe T.6. Ocbinaniwa, R; opKallaH eH akCbl afbiMAarbl HOTWXKEHi kaMTuabl. K-Li

arHanbIM YLWiH 9KCTpanonaums gopmynacsl



Ak—JR! —R!
" j+1 j .

romberg moayni

Pombepr mHTerpangay anroputmi romberg dyHKUMACHIHAA Ky3ere acbipbiniagbl.
On wHTerpangbl XeHe navganadbinFaH Oeniktep caHblH KaWTapagbl. Puyapacod
3KCTpanonsaumacskl richardson gyHKUMSICbI apKbifbl XKy3€ere acbipbiiiagbl

## module romberg

”” |,nPanels = romberg(f,a,b,tol=1.0e-6).
f(x)-TbIH X = a-gaH b-re geniHri Pombepr nHterpanysbl.
WHTerpanabl XXeHe nanganaHbinFaH 6enikTtep caHblH kanTapagbl

import numpy as np

from trapezoid import *

def romberg(f,a,b,tol=1.0e-6):
def richardson(r,k):
for j in range(k-1,0,-1):
const = 4.0**(k-j)
rj] = (const*r[j+1] - r[j])/(const - 1.0)
return r
r = np.zeros(21)
r[1] = trapezoid(f,a,b,0.0,1)
r_old =r[1]
for k in range(2,21):
r[k] = trapezoid(f,a,b,r[k-1],k)
r = richardson(r,k)
if abs(r[1]-r_old) < tol*max(abs(r[1]),1.0):
return r[1],2**(k-1)
r_old =r[1]
print("Pombepr kBagpaTypachl XXvHakTanmanabl")

MbICAI 5
PomGepr wuHTerpangaybiHaarbl Ry, Wwamackl 271 GenikneH (10) TeHaeyaderi

CumncoHHbIH, 1/3 Kypama dopmynacbiMeH Gipaen ekeHiH KepCeTiHi3.



Wewwyi. Ecke canambik, Pombepr uHTerpanbliHaa Ry, = I, Wwamacbkl n = 2¢71
Beniktepi 6ap kypama Tpaneums dopmyracbl OONbIHLWA anblHFaH XyblK MHTEerpangpbl
Genrinengi. TyniHaepaiH abcuuccanapblH - Xo,Xq,...,X, apkblnbl 6enrinen, 6i3

(5)TeHaeygeri kypama Tpaneumsi dopmynacbiHaH KeneciHi anambi3

N h
Rp,=1 = [f(xo) +2 2 flx) + f(xn)] >

BenikTep caHbIH eki ecere azantkaHga (benik eni 2h), Tek xyn cangbl abcunccanap

FaHa Kypama Tpaneuunsa doopmysiacbiHa eHefi

Ryq11 =11 = [f(xo) + 2 z flx) + f(xn)] h

i=24,..

PuyapacoH akcTpanonauusicblH kongaHbin,

4 1 4= 2 © 1
A O ), 160+ 52 Fo) +3£ )|
i= 1=2,4,...

(10) TeHOeyMeH carkec kenepi.

MbBICAIJl 6
fonf(x)dx MoaHiH 6aFanay ywiH Pombepr nHterpangaybiH nanganaHblHbl3, MyHAAfbl
f(x) = sin(x). TepT oHAbIK TaHOAMEH >XYMbIC Xacay Kepek.

Wewyi. (96) Tenaeyneri pekypcuBTi Tpaneums dopmynacbiHaH

Ryy = 1(m) =2 [1(0) +1(0)] = 0

Ryy = 1(1/2) = %I(n) + %f(n/z) — 15708

Ry, =1(m/4) = %I(n/Z) +—[f(n/4) + f(3r/4)] = 1.8961

Ry = 10c/8) = 21(t/4) + 2 [f(n/8) + f(3/8) + f(5/8) + f (T /8)]

= 1.9742
anambl3. (13) TeHaeygeri akcTpanonsaums popmynanapbliH Kongasbin, 6i3 eHai keneci

KeCTeHi Kypa anambi3:

0

1.5708  2.0944

[R3,1 R3;, R33 J 1.8961 2.0046 1.9986

Ry1 Ruz Ruz Rys 1.9742 2.0003 2.0000 2.0000

—

~
R
=

e e ]



Mpoueaypa XuHakTanfaH cusKTbl. [leMek, fonsin(x) dx = Ry, = 2.0000, 6yn, spuHe,

AYpPbIC HOTUXeE.

MbICAN 7

foﬁbczcosx2 dx MaHiH GafFanay ywiH Pombepr vHTerpangayblH nanganaHbliHbI3

XoHe HaTuxenepai 4-mbicasiMeH canbICTblPbIHbI3.
Wetrnyi:
## example7
import math

from romberg import *
def f(x): return 2.0*(x**2)*math.cos(x**2)

,n = romberg(f,0,math.sgrt(math.pi))
print("Integral =",1)

print("numEvals =",n)

bargapnama HoTUXeci:

Integral = -0.894831469504

nPanels = 64

Pombepr nHTerpangaybl Tpaneums dopmyrnacbiHa kapafaHga aHafypribiM TUiMAi
€eKeHi aHblK 4-mbicangafbl Tpaneunsa popmynacsl ywiH 4096 GenikneH canbiCTbipFaHga

64 Genik faHa KaxeT 6onabl.
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