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INTRODUCTION

General description of the research
This work is devoted to the study of the effects of nonlinear vacuum electrodynamics
and general relativity on the passage of the front of electromagnetic waves through the
magnetic field of the magnetar.

Relevance of the topic

It is obvious that according to modern theoretical models, vacuum
electrodynamics is a nonlinear theory. This theory is studied in two sections: nonlinear
optics, which studies nonlinear electrodynamic (NLED) processes occurring in
material media, and NLED of vacuum, which studies similar processes occurring in a
vacuum in the presence of strong electromagnetic fields.

Experiments on inelastic scattering of laser photons on gamma quanta,
conducted at the Stanford linear accelerator, confirmed that vacuum electrodynamics
has nonlinear properties. Many laboratory experiments were performed on Earth to
observe the nonlinear effects of quantum electrodynamics [1,2]. In laboratory
conditions, observation of the effects of nonlinear vacuum electrodynamics is possible
only in experiments in which the relative measurement accuracy should be at the level
of 10" — 10%°. Only precision ring lasers and their application in precision optical
measurements can provide such accuracy [3]. Although the accuracy of the instruments
measuring NLED effects at present does not allow us to study the effects in the vacuum
of NLED. Therefore, the nonlinear electrodynamics of vacuum is much less known. At
the same time, under conditions of extremely high magnetic fields, unattainable in
terrestrial laboratories, charged and magnetized astronomical objects are likely to
provide a more detailed understanding of the nonlinear effects of electrodynamics
[4,5]. Therefore, there is an increasing interest in astrophysical compact objects with
high levels of electromagnetic field, in particular, in charged black holes and
magnetars. The propagation of a weak electromagnetic wave in an external
electromagnetic field is accompanied by several NLED effects, such as nonlinear
electrodynamic bending of rays. Several works have been done to analytically and
numerically study the angle of refraction of the EM beam passing through the magnet.
In these works, the refraction angles of the beam are determined according to the
boundary conditions and some models of nonlinear electrodynamics and are compared
with the Shwarzschild case. At the same time, studies on data analysis of the data
obtained by satellite telescopes also evaluated EM beam polarization, values of EM
beam flux in real magnetars, and beam deflection angles. However, there are no
quantitative studies of the refraction angle, beam deformation and flux densities of the
EM beam on a non-equatorial surface in a combination of gravity and vacuum
nonlinear electrodynamics that can be registered using high-precision detectors. Of
course, the comparison of the results of these numerical studies with the data recorded
by the detector in the near future has a great chance to gain a deeper understanding of
the nonlinear electrodynamics of the vacuum. Therefore, the importance of research in
this regard is considered very necessary now. will be relevant.

Connection of the dissertation topic with the plans of scientific works:



The dissertation work was completed by the plans of fundamental research work
(R&D) of the Scientific Committee of the Ministry of Education and Science of the
Republic of Kazakhstan “Grant financing of scientific research” on the topics: “Effects
of nonlinear electrodynamics of vacuum and general relativity on magnetars” (2022-
2024, code AP14869524 No. Agreement No. 253/30-22-24 dated October 18, 2022).

The goals of the research: The aim of the study is a numerical investigation of
combined gravitational and nonlinear magnetic lensing of electromagnetic radiation on
the dipole magnetic field of a magnetar.

To accomplish this aim, it is essential to address the following objectives:

1. Study the processes of beam deflection in the plane of the dipole axis and the
plane perpendicular to it under the influence of gravitational and magnetic fields.
Determine the dependences of the deflection angle on the impact distance and magnetic
field intensity for different distances (15-100 km) and magnetic fields in the conditions
of a strong magnetar (B = 10"* G).

2. Study the deformation of the radiation front passing through the dipole magnetic
field of the magnetar to identify patterns of change in its shape. Estimate the degree of
deviation from the ideal circular shape and approach to an ellipse, and determine the
key parameters influencing this deformation.

3. Conduct a study of changes in the distribution of the energy flux of the radiation
front as it passes through the magnetic field of the magnetar. Determine the ratio of
energy at the input and output of the front and identify the factors influencing the
minimum and maximum of the energy flows.

The object of the research: dipole magnetic field of a magnetar, gamma-ray
burst, magnetar.

The subject of the research: combined gravitational and magnetic lensing
when an EM radiation front passes through a magnetar.

Research methods: The analytical portion of the research relies on the
principles of general relativity and techniques from differential geometry, in addition
to employing perturbation theory methods for obtaining approximate solutions. The
numerical analysis mainly utilizes the Runge-Kutta and Adams methods, as well as
spectral methods tailored to the characteristics of the equations being studied.

Scientific novelty: The uniqueness and innovation of the dissertation are
demonstrated by the fact that;

— electromagnetic radiation passing through the combined gravitational and dipole
magnetic field of the magnetar is deflected by a large angle in areas adjacent to the
magnetar and by a small angle at a greater distance from it. When the dipole magnetic
field strength on the surface of the magnetar approaches a critical value, the influence
of nonlinear electrodynamics becomes significant;

— the combined gravitational and dipole magnetic field causes the electromagnetic
radiation front to deform into an ellipse as it passes through the magnetar's
magnetosphere. This phenomenon is not observed in an isolated gravitational field;

— as a result of the significant influence of the combined gravitational and dipole
magnetic field on the flux density of gamma quanta passing through the magnetar's
magnetosphere, a redistribution of this flux occurs.



Theoretical and practical significance of the dissertation. The results
obtained in this dissertation will be highly valuable for studying the effects of nonlinear
vacuum electrodynamics. Moreover, understanding the characteristics of focusing and
intensity distribution of electromagnetic beams that pass through the magnetosphere of
a magnetar will help confirm and explore vacuum NLED effects in distant
astrophysical objects. The research conducted in this dissertation holds both theoretical
and practical significance for expanding our knowledge in the fields of relativistic
astrophysics, cosmology, and vacuum NLED physics.

Defence provisions:

1. The deflection of rays caused by both the gravitational and dipole magnetic
fields is 86 degrees and 3.36 degrees, respectively, for an impact distance between 15
and 100 km, with a magnetic field strength of B = 10" G.

2. The deformation of the wavefront A= "max—Tmin (dimensionless quantity) of

Tmax
electromagnetic radiation caused by the gravitational and dipole magnetic fields of the

magnetar is 0.07.

3. Due to the combined effects of gravitational and dipole magnetic lensing, the
flux density of the electromagnetic beam from GRB091006360, measured 30
kilometers away from the magnetar (Swift J1822.3-1606), increases by 1.83 times
compared to its initial value.

Reliability and validity of the results: The obtained results are confirmed by
publications in leading scientific journals with an impact factor and journals
recommended by the Committee of Education and Science of the Republic of
Kazakhstan. Additionally, the presence of publications in the collection of materials
from domestic and foreign international scientific conferences further supports the
validity of the results. The sources for the research are the original scientific works
listed in the bibliography.

Personal contribution of the author: Throughout the research process,
including literature reviews, conducting relevant investigations to address research
tasks, and obtaining satisfactory results, the author worked independently. However,
the author consulted with supervisors to define tasks that align with the research topic
and to analyze the results obtained.

Approbation of the dissertation.

The results of the work were presented and discussed at the following local and
foreign international conferences:

- at the scientific seminars of the Theoretical and Nuclear Physics Department
at Al-Farabi KazNU;

- at the International Scientific Conference of Students and Young Scientists
"FARABI ALEMI", Almaty, April 6-8, 2023;

- at the International Scientific Online Conference «Sixteenth Marcel
Grossmann Meeting» Rome, Italy, July 6-11, 2021;

- at the International Conference Abdildin readings (Actual problems of modern
physics) Al Farabi Kazakh National University, Faculty of Physics and Technology,
Almaty, Kazakhstan, April 12 - 15, 2023;



- at the conference of "New trends in theoretical physics", October 23-28,
National University of Uzbekistan (NUUZ), Tashkent

- at the International Conference on Theoretical Physics and Astrophysics
(ICTPA-2024), Institute of Fundamental and Applied Research, Tashkent, Uzbekistan,
13 - 18 May 2024.

Publications: According to materials presented in the dissertation 7 publications
have been published in total: one article in journal indexed in: Web of Knowledge
(Thomson Reuters, USA), Scopus (Elsevier, Netherlands); 4 articles in journals
recommended by the Ministry of Science and Higher Education of the Republic of
Kazakhstan; 2 publications in the collection of international scientific conferences.

Articles with a high impact factor in the Thomson Reuters database or
publications included in the international scientific database Scopus:

1. Beissen, N., Abishev, M., Toktarbay, S., Yernazarov, T., Aimuratov, Y.,
Khassanov, M. Nonlinear electrodynamical lensing of electromagnetic waves on the
dipole magnetic field of the magnetar //International Journal of Modern Physics D. —
2023. —T.32.—Ne. 16. — C. 2350106-142. (IF: 3.8, SCOPUS 80)

Articles in publications recommended by Committee for Quality Assurance in
the Field of Science and Higher Education of Republic of Kazakhstan:

1. Beissen, N., Abishev, M., Toktarbay, S., Yernazarov, T., Utepova, D.,
Zhakipova, M. The Exploring nonlinear vacuum electrodynamics beyond Maxwell’s
Equations //International Journal of Mathematics and Physics. —2023. —T. 14. — Ne. 1.
—C. 61-70.

2. Beissen, N. A., Utepova, D. S., Kossov, V. N., Toktarbay, S., Khassanov, M.
K., Yernazarov, T., Seydalieva, M. The influence of deformation in compact objects
on redshift and radar echo delay //Recent Contributions to Physics. —2024. — T. 88. —
No. 1.

3. Beissen, N., Abishev, M., Toktarbay, S., Yernazarov, T., Khassanov, M.,
Utepova, D., Abduali, A. An overview of light ray deflection calculation by magnetars
in nonlinear electrodynamics //Bulletin of the Karaganda University" Physics Series".
—2024. - T. 11429. — Ne. 2. — C. 65-71.

4. Beissen, N. A., Utepova, D. S., Kossov, V. N., Toktarbay, S., Khassanov, M.
K., Yernazarov, T., Imanbayeva, A. K. Comparing the efficiency of GPU and CPU in
gravitational lensing simulation //International Journal of Mathematics and Physics. —
2024. —T. 15.— Ne. 1. - C. 49-56.

5. Yernazarov T., Abishev M., Aimuratov Y. Correspondence of gamma
radiation coming from GRBs and magnetars based on the effects of nonlinear vacuum
electrodynamics //The Sixteenth Marcel Grossmann Meeting on Recent Developments
in Theoretical and Experimental General Relativity, Astrophysics and Relativistic
Field Theories: Proceedings of the MG16 Meeting on General Relativity Online; 5-10
July 2021. —2023. — C. 4401-44009.

The structure and scope of the thesis: The dissertation includes an
introduction, two chapters, and a reference list containing 116 sources. The main text
covers 111 pages and features 27 figures.



1 DEFLECTION OF RAYS IN A SUPERSTRONG MAGNETIC FIELD IN
NLED OF VACUUM

1.1Methods for calculation of ray propagation in NLED.

Nonlinear electrodynamics (NLED) in intense fields is a captivating area of
study in modern physics, investigating the complex interplay between quantum fields
and electromagnetic forces. This concept is based on viewing the vacuum not as space
but as a quantum field that can produce particles when exposed to strong
electromagnetic fields. The historical journey towards comprehending NLED in a
vacuum began with the establishment of the principles of quantum mechanics and
quantum electrodynamics in the early twentieth century. The contributions of Max
Born and Leopold Infeld in 1934, as well as Werner Heisenberg and Hans Euler in
1936, were crucial in shaping the evolution of nonlinear electrodynamics and field
theory. The theory proposed by Born and Infeld presented an innovative outlook on
electrodynamics, advocating a revision of Maxwell's equations to resolve infinite
values and introduce a limit on the maximum strength of the electromagnetic field.
These concepts significantly impacted field theory advancement and provided novel
methodologies for investigating the interaction of powerful electromagnetic fields with
vacuum. Heisenberg and Euler introduced a framework that facilitated the
comprehension of quantum phenomena in the electromagnetic field, representing a
significant advancement in studying the interaction of intense fields with the vacuum
[1]. They formulated equations that described how a vacuum containing virtual
particles could give rise to real particles under specific circumstances. This
groundwork laid the foundation for further exploration of the phenomenon of particle
creation from the vacuum.

Vacuum birefringence, which is another quantum effect, manifests itself in the
presence of intense magnetic fields, causing the vacuum to exhibit birefringent
properties towards low-energy photons. The PVLAS project [2], for example, sought
to verify vacuum birefringence by employing the strong magnetic field of a permanent
magnet in conjunction with optical laser photons. Similarly, there have been
suggestions to employ ultra-powerful laser fields in combination with X-ray free
electron laser photons to study this phenomenon. These investigations involve cutting-
edge technologies such as ultra-powerful lasers, X-ray free electron lasers, and highly
precise X-ray polarimetry, yet they concentrate on fields that are below the critical
threshold.

Current technologies, including advanced lasers and particle accelerators [3,4,5]
open up new avenues for experimentally exploring NLED in space. These experiments
have the potential to address fundamental questions in quantum mechanics and general
relativity, providing fresh perspectives on the nature of vacuum, particle creation, and
vacuum energy. The implications of these investigations go beyond theoretical interest,
hinting at possible ways to develop alternative energy sources, enhance our
understanding of superconductivity, and drive advancements in quantum technology.
Therefore, the study of NLED in a vacuum under intense fields remains a crucial and
promising field of physics, promising novel discoveries and technological progress.
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Stephen L. Adler's research [6], which focuses on photon splitting and dispersion
in strong magnetic fields, offers a thorough examination of the profound effects of
intense magnetic fields on photon characteristics, with a specific emphasis on the
photon splitting process. Adler explores photon absorption and the rules governing
polarization in a constant magnetic field. A key discovery of the study is the possibility
of creating linearly polarized gamma rays through photon splitting. Furthermore, Adler
investigates the influence of dispersion on photon absorption and splitting, providing
detailed calculations of absorption coefficients. This research highlights the intricate
nature of photon interactions under extreme magnetic field conditions, which is
particularly relevant for understanding phenomena related to pulsars and other cosmic
objects.

NLED splits into two primary areas: nonlinear optics, focusing on the complex
electrodynamic behaviours within materials, and vacuum nonlinear electrodynamics,
which investigates similar behaviours but in empty space under strong electromagnetic
conditions [7]. Currently, nonlinear optics [8] and its effects are widely used in various
theoretical and practical research in physics, leading to the development of devices that
utilize these phenomena. However, the study of vacuum nonlinear electrodynamics is
not as advanced. Typically, Maxwell's electrodynamics, which operates linearly in a
vacuum, is recognized for its precise predictions across many topics and laid the
foundation for special relativity, altering the traditional views of space and time
established by Newtonian mechanics. Yet, certain fundamental physical principles
suggest that Maxwell's electrodynamics is just an initial, simplified version of a more
complex, nonlinear vacuum electrodynamics. This simplification holds true
particularly in conditions of weak electromagnetic fields [9,10,11], especially when

electromagnetic field strengths B and E are much less than the quantum
electrodynamics threshold B, = m§c®/eh = 4.41 - 10'3G. Werner Heisenberg and
Hans Heinrich Euler were the pioneers behind the concept of NLED in a vacuum,
building on Gustav Mie's fundamental electromagnetic principles [12,13]. With the
advancement of high-power laser technology, several experiments have been
conducted to test these theories, affirming that vacuum electrodynamics is indeed
nonlinear [14-19]. Despite numerous experiments aiming to detect nonlinearity under
strong magnetic fields, conclusive evidence has yet to be found.

An alternative approach for investigation involves examining cosmic-scale
phenomena, where astronomical events might reveal more about NLED. Over the past
decade, various NLED models, including rational, arcsin [20], arctangent [21], Mod-
Max [22], among others [23, 24, 25], have been proposed, each offering unique insights
for further exploration. Recent reviews have focused on the properties of nonlinear
vacuum electrodynamics, light coupling phenomena, and observational data on
galactic pulsars and their magnetic fields [26, 27, 28]. The identification of magnetars,
with magnetic fields ranging between 10'* and 10%° Gauss, followed the 1979
discovery of a massive flare from SGR 0526-66 [29], leading to the term "magnetar"
coined by Duncan and Thompson in subsequent research [30, 31, 32]. Additional
studies have investigated the formation of virtual particles in the magnetosphere of
axisymmetric pulsars [33] and the combination of nonlinear electrodynamics in



vacuum with gravitational effects [34], especially in the context of magnetars and black
holes [35-37]. These investigations into the interaction between electromagnetic and
gravitational forces offer new perspectives on astrophysical phenomena, contributing
to theories of black holes and addressing electric field singularities at their centres [21].

Experimental advancements in the investigation of vacuum nonlinear
electrodynamics have led to the exploration of light scalar and/or pseudoscalar particles
that interact with two photons by studying the propagation of a laser beam (1 =
514 nm) in a transverse magnetic field [38]. The study set a constraint of
3.5 x 107%3rad on the potential optical rotation of the beam's polarization for a
distance of 2.2 km in a magnetic field of 3.25 T. The researchers inferred that the
coupling g,, < 3.6 x 10711GeV~! at a 95% confidence level, assuming m, <

10meV. Similar limitations on the absence of ellipticity in the transmitted beam can be
derived. Additionally, an investigation into photon regeneration in a magnetic field
resulted in a restriction of g,, < 6.7 x 107"'GeV~" for the same mass range of

particles. The authors extensively discuss the theoretical foundation for the quest for
such particles, including the anomalous component of the triangle diagram, which
enables particle generation by photons moving through a static magnetic field via the
Primakoff effect. The study employed an Nd:YAG laser with a wavelength of
1064 nm, along with polarizers, a photoelastic modulator, and a photodiode for data
acquisition. The calibration of the equipment using the Cotton-Mouton effect on
oxygen and helium at low pressures to showcase the system's sensitivity is also
addressed. The experimental setup involved the application of time-varying magnetic
fields and a high-Q Fabry-Perot cavity. The authors elaborate on the experimental
techniques and configuration, incorporating the wuse of FEuler-Heisenberg

electrodynamics, where §; = 4,5, = ﬁ, and «a represents the fine structure constant.

They also present proposed experimental methods and setups, including Nd:YAG
lasers with a wavelength of 1064 nm, polarizers, photoelastic modulators, and
photodiodes for data collection. A significant part of the review discusses the
calibration of the apparatus using the Cotton-Mouton effect on oxygen and helium at
low pressures to demonstrate the sensitivity of the system. Data were gathered by
rotating two magnets at frequencies ranging from 2.4 to 3 Hz for 210 hours, confirming
a notable enhancement in measuring magnetic birefringence in vacuum and
establishing new boundaries for millicharged particles.

In the realm of astrophysics, neutron stars, particularly magnetars [32, 39, 40,
41], which are neutron stars with extremely strong magnetic fields, may exhibit
magnetic fields that approach or even surpass the critical threshold. The exploration of
nonlinear electrodynamics in vacuum regions surrounding astrophysical bodies with
intense magnetic fields, such as pulsars and magnetars, is becoming increasingly
prominent. This field of study delves into phenomena like the generation of multiple
harmonics by rotating pulsars [42,43], and the influence of a pulsar's swift rotation on
the delay of X-ray emissions near its surface. Magnetars, a specific category of neutron
stars characterized by their remarkably powerful magnetic fields, play a pivotal role in
these investigations. These celestial objects, which emit X-ray and gamma-ray
radiation, were initially categorized as Soft Gamma Repeaters (SGR) and Anomalous
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X-Ray Pulsars (AXP) [44, 40, 31, 39]. The detection of a colossal flare from SGR
0526-66 in 1979 [29] played a crucial role in the recognition of magnetars, which
exhibit magnetic fields ranging from 10'* to 10> Gauss [30-32].

In a different study, the authors investigate the impact of vacuum birefringence
in the presence of strong magnetic fields [37]. They analyze how photons interact with
virtual electron-positron pairs within a magnetic field-contained vacuum, focusing
primarily on how strong magnetic fields affect the polarization and dispersion
characteristics of the vacuum. To study this phenomenon, a modified effective
Lagrangian is utilized, which considers contributions from both the EM field and loop
corrections arising from electron-positron pairs. This methodology allows for the
computation of alterations in the refractive index of the vacuum when subjected to a
strong magnetic field. Notably, these variations can result in the observable occurrence
of vacuum birefringence [45], which is experimentally detectable. The research also
investigates the influence of quantum corrections on the electrodynamical features of
the vacuum. The authors explore how the magnetic field impacts vacuum polarization
and propose using this effect to investigate the fundamental aspects of quantum
electrodynamics. They conduct a theoretical examination of the feasibility of detecting
this phenomenon, making the study relevant for theoretical physicists and experimental
researchers alike. In essence, this paper significantly enhances our comprehension of
intricate quantum electrodynamical processes under extreme magnetic field conditions
and introduces new avenues for exploring the quantum characteristics of the vacuum.

In a different investigation, the emphasis lies on the creation of pairs and the
alignment of the vacuum by particles of any spin possessing electric dipole moments
[46]. The research provides precise solutions to wave equations for particles of any
spin with both electric and magnetic dipole moments in a steady and uniform
electromagnetic field. The author also computes the likelihood of pair production of
particles by an external electromagnetic field using these precise solutions. The
research examines the imaginary component of the effective Lagrangian for
electromagnetic fields and determines nonlinear adjustments to the Maxwell
Lagrangian, considering the alignment of the vacuum by particles of any spin.

Another research work explores the phenomenon of particle pair generation from
the vacuum through the use of high-intensity lasers [47]. The researchers concentrate
on the dynamic Schwinger effect, which is linked to the non-perturbative nature of
quantum electrodynamics. They investigate the circumstances under which vacuum
particle pairs can be produced and eliminated in intense electric fields produced by
intersecting laser beams. The study particularly examines the impact of the duration
and intensity of laser pulses on the processes of pair creation. Furthermore, the research
delves into how the density of the plasma and its electromagnetic characteristics can
be employed to experimentally confirm the Schwinger effect.

The paper by Novello investigates the behavior of light in the realm of nonlinear
electrodynamics within the framework of modified quantum electrodynamical
vacuums [48]. The central focus of the research is to examine the impact of nonlinear
adjustments to Maxwell's equations on the geometry of spacetime and, consequently,
the paths taken by photons. The authors illustrate that the equation governing the
propagation of light can be characterized in relation to alterations in the effective
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geometry of the underlying spacetime structure. In order to arrive at these findings, the
authors introduce a general representation of this effective geometry and delve into the
novel implications stemming from this approach. They employ a modified Lagrangian
that is dependent solely on two invariants of the electromagnetic field. This enables
them to depict the transmission of electromagnetic waves as if the metric configuration
of the backdrop had transitioned from Minkowski to an alternative effective metric,
contingent on the behavior of the background electromagnetic field.

The research discussed in this paper focuses on the propagation of light within
the framework of nonlinear electrodynamics [49]. Particularly in the presence of strong
magnetic fields, it is crucial to investigate how nonlinear effects influence the
characteristics of light transmission. The study commences by outlining the
fundamental theoretical concepts related to light propagation in nonlinear media. The
author elucidates on the modified Maxwell equations that consider the impact of
intense magnetic fields on the dynamics of electricity. These equations not only
describe conventional light properties like speed and direction of propagation but also
more intricate phenomena such as double reflection. It is noted that the distribution of
light varies based on its polarization, leading to diverse paths of light propagation with
varying polarizations [50,51], in nonlinear mediums. This results in birefringence,
where light passing through such a medium split into two rays with distinct properties.
To validate their theoretical findings, the authors employed numerical techniques to
analyze different conditions and parameters of nonlinear electrodynamic
environments, demonstrating how alterations in these parameters affect the properties
of light propagation. Through these computations, one can assess the influence of
nonlinear electrodynamic processes on light and anticipate novel phenomena that may
arise under extreme propagation conditions. Consequently, this study integrates
theoretical advancements with numerical simulations to comprehensively examine the
consequences of nonlinear electrodynamics on light transmission. This investigation
contributes to a better comprehension of the physical mechanisms in intense magnetic
fields and holds relevance for diverse fields in physics and astrophysics.

The research conducted by Eduardo Battaner and colleagues focuses on
investigating the impact of magnetic fields on the transmission of cosmic rays [52].
The central concept is that specific magnetic field configurations, generated by diverse
astrophysical entities, have the ability to function as magnetic lenses, akin to
gravitational lenses, albeit with several notable distinctions. The authors examine a
basic setup involving a consistent azimuthal magnetic field within a disk-shaped entity
and illustrate how such a lens can alter the path of cosmic rays in a predictable
geometric manner. It is demonstrated that the lens is effective within a particular
segment of the cosmic ray spectrum and can exhibit either converging or diverging
behavior, contingent upon the orientation of the magnetic field and the charge of the
cosmic ray. The authors explore how the depiction of a monochromatic point source
can manifest as one, two, or four points based on the relative positioning of the source,
observer, and center of the lens. In cases of perfect alignment and a lens situated in the
orthogonal plane, the image transforms into a ring. Additionally, the study reveals that
the presence of a lens may introduce subtle fluctuations and asymmetries in the
abundance of matter and antimatter in the emissions from remote sources. This study
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introduces the notion of a cosmic magnetic lens, which could offer insights into
potential patterns observed in the cosmic ray flux across various energy levels.

In a different study, the vacuum is explored as a nonlinear optical medium within
the context of the standard model of particle physics, examining phenomena expected
to occur at low energies. This includes effects foreseen by quantum electrodynamics
for photons with energies below the electron's rest mass. The document emphasizes
that despite the theory's long history, experimental validations of these anticipated
effects were lacking until recently [14]. Nevertheless, advancements in field sources
and technical capabilities suggest that investigating vacuum nonlinear optics will soon
be feasible for researchers. The manuscript delves into foundational theories, such as
the general formalism and the effective Lagrangian of QED, as well as the tools and
techniques involved, like light sources and electrostatic fields. It also addresses
phenomenology and associated experiments, covering topics such as three- and four-
wave mixing, magnetic birefringence in vacuum, and the experimental methodologies
employed. The authors detail the experimental setup, which incorporates Nd:YAG
lasers, polarizers, photoelastic modulators, and photodiodes for data acquisition, along
with calibration procedures utilizing the Cotton-Mouton effect. The paper extensively
examines the experimental approaches and outcomes, which include data gathering via
rotating magnets and enhancements in the measurement of magnetic birefringence in
vacuum. These developments bring us closer to theoretical projections and establish
new thresholds for millicharged particles.

An important experiment that demonstrated vacuum birefringence involved
measuring optical linear polarization from the isolated neutron star RX J1856.5-3754
using the Very Large Telescope (VLT) [53, 54]. The data obtained supported the
existence of vacuum birefringence, a phenomenon predicted by quantum
electrodynamics (QED) in the presence of strong magnetic fields around the star. The
"Magnificent Seven" (M7) are a group of radio-quiet isolated neutron stars identified
by their thermal surface radiation in soft X-rays. Due to the high magnetic fields
(around 1013 Gauss) assumed to surround these stars, it is expected that the radiation
emitted from them would exhibit significant polarization, regardless of the mechanism
responsible for the thermal radiation. However, the detection of a high degree of
polarization can only be achieved if QED polarization effects are present in the
magnetized vacuum surrounding the star. Thus, observing strongly linearly polarized
signals would serve as the first observational evidence of QED effects in regions with
strong magnetic fields. The experimental setup involved an Nd:YAG laser with a
wavelength of 1064 nm, polarizers, a photoelastic modulator, and a photodiode for
data acquisition. The calibration of the equipment was performed using the Cotton-
Mouton effect on oxygen and helium at low pressures to showcase the system's
sensitivity. Data collection was carried out by rotating two magnets at frequencies
ranging from 2.4to3 Hz over a period of 210 hours, demonstrating significant
advancements in measuring magnetic birefringence in vacuum and establishing new
constraints for millicharged particles. The experimental configuration incorporated
time-varying magnetic fields and a high-Q Fabry-Perot cavity. The authors detailed the
experimental techniques and setup, including the application of Euler-Heisenberg
electrodynamics, where ; = 4, [, = a/(45m), and a represents the fine structure
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constant. The observed optical rotation of the beam's polarization aligns with the
presence of vacuum birefringence as anticipated by QED. This research represents a
significant progression in understanding the interaction between light and magnetic
fields in the cosmic vacuum, offering new avenues for investigating quantum
electrodynamics in extreme conditions.

Various models have been proposed and investigated to depict the nonlinear
behavior of vacuum electrodynamics [21-24]. These models correspond to different
phenomena observed in astrophysics and cosmology. Some of these models examine
the refraction or birefringence of an electromagnetic beam within a vacuum under a
strong field [20,55]. By employing analytical solutions of the nonlinear field equation,
it becomes feasible to derive the wave equation and ascertain the refractive indices for
two polarization modes: parallel and perpendicular [20]. Consequently, in the presence
of birefringence in vacuum (y # 0), the refractive index for the parallel case is given
by:

n :\/1+ YByv1— (BB;)? (1.1)

2C +/1— (BBD?

Hence, the refractive index is contingent on the phase velocity in parallel polarization.
On the other hand, the refractive index for the perpendicular case is:

n, =.Jep=1. (1.2)

Here, c = 1, and ¢, u represent the electric and magnetic permeability of vacuum,
respectively. Through this approach, both analytical and numerical values of the
refractive indices have been computed for scenarios involving a strong magnetic field
and a weak electric field, as well as weak magnetic and electric fields, by utilizing the
effective Lagrangian derived from the sum of the Lagrangians of the first and second
contour macroscopic field [37]. In a separate study, analytically calculated refractive
index values were obtained for the effective nonlinear Lagrangian, which combines
approximations of the Born-Infeld and Heisenberg-Euler Lagrangians [56].

2

B
TlJ_=\/1+B2B2, Tl": 1+)/_2 (13)

Here is B the induction of external magnetic field. The results obtained are compared
with the observatory results. In the same way, refractive indices values can be obtained
depending on the types of Lagrangians of NLED [11].

The following study offers a comprehensive analysis of the influence of
nonlinear vacuum electrodynamics on the polarization of light [57]. The research
delves into a category of Plebanski theories that elucidate nonlinear phenomena in a
vacuum. Particular emphasis is placed on investigating the rotation of the polarization
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plane in different spacetimes within the realm of general relativity and electromagnetic
fields. The authors present an elaborate theoretical exploration that includes
formulating equations to examine phenomena like birefringence and polarization
dispersion in a vacuum. This research significantly enhances our comprehension of
how light interacts with intense magnetic and electric fields.

In a subsequent scholarly publication, researchers delve into the concept of
photon time delay within a magnetized vacuum, taking into account radiative
corrections within a single loop approximation process [58]. The primary focus of the
investigation lies in the transmission of photons within the magnetosphere of a neutron
star, conceptualized as a magnetized vacuum. The study introduces a modified photon
dispersion equation incorporating the self-energy of the magnetized photon within the
transparency region. The resolution of the dispersion equation is articulated through
analytical functions. The study reveals that as the magnetic field strength increases, the
phase velocity of photons diminishes, causing the dispersion curve to progressively
diverge from the light cone. A notable aspect of the research is the exploration of how
photon time delay varies with magnetic field intensity and distance, employing a
magnetic dipole configuration. A significant discovery is that photons of higher energy
encounter lengthier time delays, challenging conventional understandings of photon
delay in the interstellar medium. The methodology entails solving the dispersion
equation with radiative corrections stemming from the self-energy of the magnetized
photon, employing hypergeometric functions for computations. The analysis is carried
out within the framework of a magnetic dipole model for the magnetosphere,
considering different scenarios based on magnetic field strength and distance from the
source. The paper also delves into the potential implications and practical applications
of the findings, particularly in comprehending photon behavior under the extreme
magnetic field conditions of neutron stars. This study makes a substantial contribution
to the realms of astrophysics and quantum electrodynamics, offering a fresh
perspective on phenomena within neutron star magnetospheres.

The research conducted by A. S. Habibina and H. S. Ramadhan is centered on
exploring the geodesic paths of electrically charged black holes using polynomial
Maxwell Lagrangian models associated with NLED [45]. Various models proposed by
Kruglov, Ayon-Beato-Garcia, and others are investigated in this study. The focus is
particularly on analyzing the stable trajectories of photons around extremal black holes,
in contrast to ReissnerNordstrom black holes. Additionally, the study examines how
NLED affects the bending of light rays by black holes, unveiling adjustments to the
angle of slight deflection.

The research focuses on investigating how high-intensity electromagnetic waves
interact with particles within a powerful magnetic field setting. When the wave's
amplitude surpasses the magnetic field's strength, particles can gain energy through
multiple resonant interactions, quickly reaching the radiation reaction threshold [28].
This results in substantial wave scattering. These phenomena play a crucial role in the
theoretical frameworks of Fast Radio Bursts (FRB) and magnetars, as particles
accelerated by the waves emit gamma rays that may initiate electron-positron cascades.
Instead of dissipating entirely, the waves can provoke X-ray bursts.
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The research conducted by Chul Min Kim and Sang Pyo Kim focuses on
investigating quantum electrodynamical phenomena like Schwinger pair creation and
vacuum birefringence in the presence of extremely powerful magnetic fields
surrounding highly magnetized neutron stars, based on the Goldreich-Julian pulsar
model [59, 60]. The study delves into the realm of strong-field physics, encompassing
Schwinger pair creation, vacuum birefringence, and the wrench effect, which is
anticipated to be observed through X-ray polarimetry in forthcoming space missions.
The research extensively examines quantum electrodynamics loop corrections,
resulting in nonlinear electrodynamics where the vacuum exhibits field-dependent
dielectric and magnetic properties, particularly in terms of the magnetoelectric
response. In scenarios with intense electric fields, the vacuum undergoes decay due to
the spontaneous generation of electron-positron pairs [61]. To investigate the impact
of vacuum birefringence on photons within the electromagnetic fields of neutron stars,
this study employs the Heisenberg-Euler-Schwinger (HES) effective action, which
incorporates quantum electrodynamics loop corrections and characterizes nonlinear
electrodynamics. The researchers derive a novel analytical expression for the HES
action, encompassing both supercritical and subcritical magnetic fields. The key
equation utilized in the research describes Schwinger pair creation [62] and the decay
rate of the vacuum in a constant electromagnetic field, as dictated by the HES action.

T
R (1 6,1 20) = KT (1) 1)
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where a; and b are dimensionless parameters that are directly related to the magnetic
and electric fields, B, represents the magnetic field strength at the surface of the
neutron star, and B, denotes the critical magnetic field value. The researchers analyze
the occurrence of Schwinger pair production in the presence of extremely strong
magnetic fields and induced subcritical electric fields [63], resulting in the significant
generation of electron-positron pairs within an astrophysical scale volume in Compton
units near the neutron star's north and south poles. The study also explores vacuum
birefringence effects on low-energy photons within intense electromagnetic fields,
which could lead to detectable polarization effects that are measurable using X-ray
polarization techniques. These findings have the potential to provide insights into the
electromagnetic field configurations of neutron stars and charged or magnetized black
holes.

Transitioning from an overview of modern approaches to investigating the
impacts of nonlinear electrodynamics in vacuum and gravity to an in-depth
examination of techniques for computing ray deflection angles and the occurrence of
double refraction within the framework of NLED in vacuum and gravity near dense
objects showcases the progression of our comprehension of the interplay between
quantum and gravitational effects. This section on methodologies signifies a crucial
advancement towards a more thorough examination and simulation of how light and
other particles behave in the extreme environments typical of compact celestial bodies.
The discussed computational techniques not only push the limits of our theoretical
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knowledge but also furnish valuable instruments for deciphering observed
astronomical occurrences, thereby enriching our insight into the fundamental laws of
the universe.

The study conducted by Viktor 1. Denisov et al. explores the nonlinear bending
of X-ray and gamma-ray beams in the magnetic fields of pulsars and magnetars [64 —
66]. The research delves into the impact of strong magnetic fields on the paths of
electromagnetic waves, particularly within the realm of vacuum nonlinear
electrodynamics. The authors introduce a theoretical framework to address the
phenomena that may occur in the extreme magnetic fields surrounding pulsars and
magnetars. By employing modified Maxwell equations, they describe how
electromagnetic waves propagate in these unique environments. The investigation
focuses on the influence of magnetic fields on the refraction and curvature of beam
trajectories, with a specific emphasis on the bending angles in the presence of intense
magnetic fields. The findings reveal that in the powerful magnetic fields of magnetars,
the degree of electrodynamical bending can be notably significant, potentially
observable in X-rays and gamma rays. This discovery marks a significant advancement
in comprehending the effects of magnetic fields on the transmission of electromagnetic
waves, with important implications for astrophysics and the exploration of pulsars and
magnetars. The authors also consider potential astronomical observations and
experiments to validate their theoretical projections and ponder the repercussions of
these phenomena on the broader comprehension of vacuum nonlinear electrodynamics.

The additional work conducted by Jin Young Kim and Taekoon Lee delves into
the phenomenon of light bending resulting from alterations in the quantum
electrodynamical vacuum induced by non-electric factors, like the magnetic field of a
neutron star [61,67,68]. The scholars examine how the magnetic field of a neutron star
can induce a refractive index gradient due to nonlinear electrodynamical effects, and
they compute the deflection angle experienced by light in close proximity to a
magnetized neutron star. Furthermore, they investigate how thermal radiation can also
cause light deflection, assuming the neutron star behaves as an isothermal black body,
and they estimate the deflection angles, comparing them with the gravitational
deflection angle. The variation in the speed of light within a QED vacuum [69,12]
affected by electric or magnetic fields, leading to an alteration in the light cone's
configuration, is discussed. The effective EulerHeisenberg Lagrangian is employed to
elucidate the interaction in a low-intensity field. The authors derive the equation
governing the trajectory of light traversing the modified QED vacuum, utilizing the
concepts of refractive index and Snell's law to elucidate the light's path in an uneven
medium.

1du
= (u X Vn) X u, (1.5)

where u represents the unit vector aligned with the direction of the light ray, s stands
for the distance parameter along the light trajectory, and n = ¢ /v denotes the refractive
index. The study investigates the deflection of light due to a magnetic dipole, taking
into account the dipole's orientation concerning the incident ray. The researchers
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calculate the horizontal (&) and vertical (§,) deflection angles by integrating the
trajectory equation. The analysis includes the deflection of light caused by black body
radiation emitted from a neutron star, utilizing the general formula proposed by Dittrich
and Gies[70] to ascertain the changes in velocity and refractive indices for soft photons
traversing through modified QED vacuums. The findings indicate that the deflection
induced by the magnetic dipole field prevails over the deflection caused by radiation
for impact parametres b < 1037y, yet both deflection angles are notably smaller than
the gravitational deflection.

In the study conducted by V.I. Denisov et al.[66,71,72], the influence of vacuum
nonlinear electrodynamics on the emission and slowing down of the rotation of rapidly
rotating pulsars is examined using a theoretical framework rooted in quantum
electrodynamics within the postMaxwellian approximation. By employing NLED
equations, the researchers investigate the electromagnetic fields surrounding pulsars
that exhibit intense magnetic fields capable of displaying quantum electrodynamical
phenomena. The authors develop mathematical expressions for the brightness of pulsar
emissions, taking into account adjustments resulting from nonlinear quantum
electrodynamics effects. The primary methodological strategy involves the utilization
of linearized equations to address minor nonlinear modifications to Maxwell's
electromagnetic equations. This approach facilitates the computation of corrections to
the electromagnetic emissions from pulsars and the evaluation of their influence on the
overall rotational dynamics of the pulsars. The theoretical investigation hinges on
solving equations governing the electromagnetic field within the post-Maxwellian
approximation, which incorporates corrections associated with vacuum nonlinear
electrodynamics. The study evaluates how these corrections affect the deceleration of
pulsar rotation, consequently altering their radiative characteristics. A crucial aspect of
the analysis involves determining the energy flow density (Poynting vector) and
emission brightness by utilizing equations pertaining to polarized vectors and
polarization tensors that consider the effects of vacuum nonlinearity. These
computations aid in understanding the role of nonlinear effects in the broader context
of pulsar emissions. An essential component of the methodology is the use of an
approximation to quantify emission brightness, which encompasses adjustments
originating from vacuum nonlinear electrodynamics. These adjustments are elucidated
through parameters of post-Maxwellian electrodynamics and enable an examination of
the impact of nonlinear effects on pulsar emissions in the presence of strong magnetic
fields.

The research conducted by Abishev et al. investigates the nonlinear impacts of
vacuum electrodynamics within the magnetic quadrupole field of a pulsar, with a
specific emphasis on the behavior of electromagnetic waves in this particular setting
[73]. The study is carried out using the parameterized post-Maxwellian vacuum
electrodynamics framework and employs the eikonal approximation. The primary
objective is to analyze the propagation of electromagnetic pulses within the intense
magnetic field of a pulsar, transmitted through two normal modes characterized by
orthogonal polarizations. One of the pivotal equations highlighted in the paper pertains
to the polarized elements of the magnetic field in the quadrupole approximation, which,
under the Maxwellian approximation, can be represented as:
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where R, represents the radius of the neutron star, B is a constant with the dimensions
of magnetic induction, and ¢; and ¢, denote angles that define the particular geometry
of the quadrupole magnetic field. The researchers subsequently convert this setup into
a rectangular Cartesian coordinate system and derive equations for the elements of the
magnetic induction vector within the quadrupole field:

5B, R
x = Ter7

[x(r? = 5z%)f; + 2z2(5x% —r?)f, + x(52z% — 3r%2 + 10y?)f3], (1.7)

where By, f1, f>, and f; represent parameters that determine both the strength and
direction of the quadrupole field. The authors also examine the impact of magnetic
dipole and quadrupole fields [74] on the transmission of electromagnetic waves, which
can lead to variations in the time taken for waves to travel between the source and
receiver due to the nonlinear electromagnetic influence of these fields. The authors also
explore how these fields affect the polarization characteristics of electromagnetic
pulses, including the linear polarization of the initial segment of the pulse and the
elliptical polarization of the subsequent portion. This research highlights the
importance of accounting for the nonlinear effects of vacuum electrodynamics when
studying the propagation of electromagnetic waves in the intense magnetic fields of
pulsars and magnetars, offering new insights into these celestial bodies.

Romero and colleagues' research explores the photon time delay in a magnetized
vacuum, taking into account radiative corrections within the framework of a single-
loop process [58]. The primary objective of the study is to examine how photons
propagate in the magnetosphere of a neutron star, which is conceptualized as a
magnetized vacuum. The study introduces a modified photon dispersion equation that
incorporates the self-energy of the magnetized photon within the transparency region.
The solution to this dispersion equation is presented through analytical functions. The
researchers observed that as the magnetic field strength increases, the phase velocity
of photons decreases, causing the dispersion curve to deviate further from the light
cone. A notable aspect of the investigation is the analysis of how photon time delay
varies with the magnetic field strength and distance, employing a magnetic dipole
configuration. A key discovery is that photons of higher energy encounter longer time
delays, challenging conventional assumptions about photon delay in the interstellar
medium. The methodology involves solving the dispersion equation with radiative
corrections derived from the self-energy of the magnetized photon, utilizing
hypergeometric functions [75,76,77] for computations. The analysis is carried out
within the framework of a magnetic dipole model for the magnetosphere, considering
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different scenarios based on the magnetic field strength and distance from the source.
The article also explores the potential implications and practical applications of the
findings, particularly in enhancing our comprehension of photon behavior in the
extreme magnetic fields of neutron stars. This study makes a significant contribution
to the realms of astrophysics and quantum electrodynamics, offering fresh insights into
the processes occurring within neutron star magnetospheres.

The paper authored by Jin Young Kim delves into a detailed examination of how
the Coulomb charge impacts the path of a light beam within the framework of Born-
Infeld electrodynamics, a nonlinear theory of electromagnetism aimed at resolving the
divergences arising from the selfinteraction of charged particles and establishing a
theoretical framework consistent with quantum mechanics principles[78]. The research
primarily focuses on mathematically modeling and analytically determining the
deflection angle of light beams as they pass close to Coulomb charges. In contrast to
the linear propagation of light in classical electrodynamics and the weak gravitational
lensing[79] in general relativity [80, 81, 82, 83], in Born-Infeld nonlinear
electrodynamics, light undergoes deflection due to its interaction with the
electromagnetic fields produced by Coulomb charges. The primary methodology
employed in the study involves solving the Born-Infeld field equations through
approximate integration techniques and numerical analysis. Kim makes specific
assumptions and sets boundary conditions that mirror the real-world scenario of light
interacting with a charge, and employs perturbation theory methods to calculate
adjustments to the light's trajectory induced by the electromagnetic field. The author
details the process of deriving and scrutinizing solutions, with a particular emphasis on
the physical interpretations of the derived quantities and their reliance on the charge
and light parameters. By comparing the outcomes with analogous effects in other
theories, distinctive characteristics of the interaction between light and electromagnetic
fields within Born-Infeld electrodynamics are identified. A significant portion of the
study revolves around forecasting experimental outcomes and the feasibility of
observing the described effects in astrophysical environments, such as in proximity to
compact stellar objects[84,85,86] where intense electromagnetic fields can lead to
noticeable light deflection. Consequently, the paper makes a noteworthy contribution
to advancing the comprehension of intricate interactions between light and
electromagnetic fields in nonlinear mediums, pushing the boundaries of contemporary
physics and opening up new avenues for theoretical and experimental investigations in
this domain.

The following research conducted by Kim et al. delves into the phenomenon of
vacuum birefringence resulting from the interaction of the vacuum with supercritical
magnetic fields and subcritical electric fields [87]. The investigation is centered on
elucidating the birefringence effect, taking into account the impact of a mild electric
field in conjunction with an immensely strong magnetic field. The authors introduce a
comprehensive analytical representation for the one-loop effective Lagrangian in the
presence of combined magnetic and electric fields, building upon the specific formula
for the one-loop effective Lagrangian under arbitrarily intense magnetic fields. This
formulation is subsequently employed to deduce the polarization and magnetization of
the vacuum, enabling the determination of the dielectric permittivity and magnetic
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permeability for weak probing fields. Ultimately, the researchers ascertain the
refractive indices and corresponding polarization vectors for scenarios involving
parallel magnetic and electric fields. The proposed model anticipates that an electric
field aligned with the magnetic field diminishes birefringence and alters the orientation
of the polarization vectors.

In a different fascinating study outlined in [88,89,90], diverse approaches for
determining the deflection angle of light rays are examined, particularly when they
traverse the equatorial plane of a magnetic dipole. The paper presents essential
equations that elucidate the procedure for computing the deflection angle of light rays
in the framework of generalized Born-Infeld electrodynamics and employing the
GBTI[91]. Effective refractive indices:

2B? 2B?
nlzl-l_F’ Tl”z1+7. (1.8)

The following equations illustrate the relationship between the refractive index and the
properties of the magnetic field generated by the magnetic dipole. Here, B represents
the magnetic field, whereas [ and y are the parameters linked to this field. The formula
for the deflection angle of light is also provided.

157 B>

NG, = ————.
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(1.9)

In this formula, A8, denotes the light's deflection angle, B stands for the magnetic
field's strength, S is a factor related to Born-Infeld electrodynamics, and b represents
the impact parameter. The minus sign signifies that the deflection happens towards the
magnetic dipole. By employing the Gauss-Bonnet theorem for computing the
deflection angle:

A9=:1I)Kd5, (1.10)

here, K represents the Gaussian curvature, dS stands for an area element on the surface,
and the integration is performed over the domain D, which covers the vicinity of the
magnetic dipole. This equation enables the determination of the angle of deflection of
the light by utilizing spatial geometry. These expressions illustrate the connection
between the electromagnetic and geometric characteristics of the magnetic field and
how they impact the bending of light beams. It is worth mentioning that the methods
and formulas employed in the analysis are tailored to specific scenarios: the equatorial
plane and a single light ray, while not accounting for birefringence.

In a different study, techniques for computing the deflection angle of light as it
travels through the magnetic field created by a magnetic dipole are elaborated within
the framework of generalized Born-Infeld NLED and the general theory of
relativity[92, 34, 93, 94]. The analysis commences with the fundamentals of geometric
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optics, where the trajectory equation of light, derived from Snell's law, is adjusted to
accommodate the variation in the refractive index within the magnetic field. This
methodology enables the precise computation of the angle of slight deflection of light,
assuming the light beam traverses the equatorial plane of the magnetic dipole.
Additionally, the paper presents a functional action for generalized Born-Infeld
electrodynamics, encompassing both classical and quantum amendments to
electrodynamics, enabling the incorporation of effects linked to intense magnetic
fields. This functional action results in modified equations of motion that depict the
propagation of light in such scenarios. A crucial aspect of the analysis involves the
utilization of geodesic equations for determining the deflection angle of light,
considering general relativistic implications. These equations facilitate the evaluation
of light deflection under the influence of gravitational and magnetic fields surrounding
celestial bodies like magnetars, illustrating how the deflection angle relies on the mass
and magnetic moment parameters of the entity. To sum up, the paper deliberates on the
potential application of these theoretical findings in astrophysics, specifically in
estimating the deflection angle of light within the potent magnetic fields of magnetars.
This approach underscores the importance of a holistic examination of classical and
quantum effects in electrodynamics and the general theory of relativity to gain
profound insights into astrophysical phenomena.

Another research on birefringence and light polarization in dense objects [51, 95,
96, 97, 98] has delved into the bending angles and temporal delays of polarized light
during light deflection [71, 88, 99-105]. Both theoretical and computational
assessments of the light bending angles have been presented [92]. Nonetheless, these
investigations primarily concentrate on the equatorial plane of the magnetosphere. By
utilizing the trajectory equation of geometrical optics, the bending angles of rays
traversing magnetic and electric fields were characterized and contrasted with those in
the gravitational field [104,105]. Furthermore, by employing the effective geodesic
equation for a single photon, the values of the impact parameter corresponding to the
bending angle for various ratios of the impact parameter to the magnetar radius were
analytically determined and juxtaposed concerning gravitational and magnetic fields
[71,92,101]. It is acknowledged that exploring different NLED models beyond those
examined in the current study is crucial. Models like rational, arcsin, arctan, Born-
Infeld type, and others possess unique features and implications that necessitate further
investigation. Nevertheless, it is crucial to stress that this exploration goes beyond the
scope of this paper. Given the significance of experimental or observational validation
of nonlinear electrodynamic effects, studies proposing alternative approaches and
uncovering novel effects are pivotal. While analytical computations of the bending
angles of electromagnetic radiation traversing magnetar fields and their temporal
delays in the equatorial plane have been conducted [92,100,103] computations for
regions outside the equatorial plane remain uncharted.

1.2Deflection of rays in a uniform magnetic field in a NLED vacuum.

In the NLED of Born-Infeld, the nonlinearity of the equations "activates" in
areas of strong fields and suppresses the unbounded growth of the field. Indeed,
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consider a point particle. Since the problem possesses spherical symmetry, in this case,
the equations of Born-Infeld NLED take the form:

1
4mra?

L = — [\/1 + a2(B2 — E?) — a*(B2E2) -1 (1.11)

where a — constant having a dimension inverse to the dimension of magnetic field
induction.

1d S
—7-[r?D,] = 4nq8(F), rot E = 0. (1.12)

From the equation of this system, it follows that D, = q/r?2. The material equation in
the static spherically symmetric case takes the form: D, = E,./{/1 — a?EZ. Solving this

equation for E,., we obtain: E, = D,./\/1 + a?D?.

Substituting the explicit expression for D, into the right side, we have: E, =
q/\J7* + a?q?. Investigating this expression, for r >> alq| it takes the Coulomb
form E, = q/r?, remaining finite as v — 0: E,, = q/(|q|a). Therefore, the energy of
the electrostatic field of a point charged particle in the nonlinear electrodynamics of
Born-Infeld is also a finite quantity. Then, the nonlinear electrodynamics of the
vacuum, which is a consequence of quantum electrodynamics (the Heisenberg-Euler
electrodynamics), its Lagrangian, field equations, and dynamic characteristics are
considered.

The equations of the electromagnetic field in the nonlinear electrodynamics of
Heisenberg-Euler without sources are analogous to the equations of macroscopic
electrodynamics of continuous media:

Ley = ——[B? — E?| + ———=5{(B? —E?)” + 7(BE)?*{, 1.13
B = gl ]+360n235{( ) +7( )} (1.13)
tH=—22 divD = 0,D = 4 = (1.14)

ro RPTE ivD=0,D= naE, .
tE= -2 GivB=0,H = —4n (1.15)

rotE = v ivB=0,H= naB. .

Using expression (16), it is not difficult to obtain the expansions of the D and H vectors
in terms of powers of B/B, and E /B, with post-Maxwellian accuracy of the first order:

a
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{2(E? — B®)E + 7(BE)B}, (1.16)
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H=B+ {2(E?2 — B%)B — 7(BE)E}. (1.17)

451 32

The system of electromagnetic field equations in the nonlinear electrodynamics of
Heisenberg-Euler has an exact solution in the form of a plane elliptically polarized
wave.

E = E; cos(Qt — Kr) + E, sin(Q0t — Kr),

2

(E,E,) =0, B = [KE],?—Z = K?, (KE,) = (KE,) = 0. (1.18)

c
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The invariants of this wave are equal to zero. Finally, parameterized post-Maxwellian
electrodynamics of the vacuum is considered as a generalization of nonlinear models
in the case of weak fields.

There are other models of nonlinear electrodynamics. Current experiments
cannot resolve the question of which theory is most adequate to nature. To select the
nonlinear electrodynamics most adequate to nature, it is necessary to calculate
nonlinear effects in various theories and compare their predictions with the results of
corresponding experiments. To facilitate such calculations in the approximation of a
weak electromagnetic field, we propose using a parameterized post-Maxwellian
formalism, which, in a certain sense, is analogous to the parameterized post-Newtonian
formalism in the theory of gravity, applied to calculate various gravitational effects in
the weak field of the Solar System.

The fundamental premise of such formalism is considered to be that the
Lagrangian of nonlinear electrodynamics in vacuum is an analytical function of the

invariants J; = (E? — §2) /Biu], = (EB)? /B2, at least in the vicinity of their zero
values. Therefore, in the case of a weak electromagnetic field J; << 1,], << 1, this
Lagrangian can be expanded in a series by the whole powers of these invariants:

=_‘§§: i Ly, (1.19)

n=0 m=0
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Since as J; = 0,/, » 0 the theory with Lagrangian (1.13) must transition into
Maxwell's electrodynamics, then Ly, = 0, L1, = 1. With this approach, each nonlinear
electrodynamics corresponds to a well-defined set of post-Maxwellian parameters L, .
From the perspective of experiments conducted in a weak electromagnetic field, one
nonlinear electrodynamics will differ from another only in the values of these
parameters.

Thus, the post-Maxwellian formalism, abstracting from the details of any
particular nonlinear electrodynamics, its equations, hypotheses, and postulates, in other
words, everything that constitutes its complete theoretical framework, takes only the
final result: the Lagrangian expansion, which, according to the given theory, is valid in
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the approximation of a weak electromagnetic field. Further analysis of theories and
determining how their predictions match experimental results is of a general nature and
formally boils down to answering two questions: what values of post-Maxwellian
parameters does the studied theory have and what are these parameters according to
the results of corresponding experiments. Therefore, one of the tasks facing this
formalism is to identify those nonlinear electrodynamics that are consistent with
experiments conducted in a weak electromagnetic field.

However, from our point of view, the opportunity provided by this formalism for
systematic calculation of nonlinear electrodynamical effects, regardless of any
nonlinear theory, holds equal importance: the task of theory and experiment in this case
should not only be the search for a particular effect that disproves a certain nonlinear
electrodynamics, but also systematic calculation and conducting experiments with the
aim of testing the hypothesis of the Lagrangian's analyticity near J; = 0,/, = 0 and
subsequently determining with the required accuracy the values of all post-Maxwellian
parameters.

As aresult of implementing this program, a generalized post-Maxwellian theory
of the electromagnetic field capable of describing all experiments in a weak
electromagnetic field may be constructed. It is quite clear that this theory will not be
able to answer many questions about the properties of nonlinear electromagnetic
interaction and its primary purpose will be to describe one of the limiting cases of
precise nonlinear electrodynamics - the approximation of a weak electromagnetic field.
After successful implementation of this program, any nonlinear electrodynamics
claiming to adequately describe reality must transition into this post-Maxwellian
theory in the limit of a weak electromagnetic field.

Since it is quite evident that, given the current level of development in
experimental techniques, such a program can only be implemented for a few of the first
coefficients of expansion (1.19), let us write down the expression, limiting ourselves
to the accuracy necessary for our purposes.

1 - — - — — =
L= —[E?— B2 + ¢ ni(E? - B2)" + 4n,(BEY?| +

— P 3 - — - >
+82 |y (E? - B?)” + na(E? - B?)(BE)?] +
+83|ns(E? — B?)" + n6(E? — B?) (BE)? +n,(BE)*|, (1.20)
where & = 1/B§, a 1Mq,M2,M3,M4,Ms, N6, 7 - dimensionless post-Maxwellian
parameters.

In the Born-Infeld theory, these parameters take the form:
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and the rest can be found if you use the higher approximations of the theory of quantum
electrodynamic excitations.

The equations of the electromagnetic field in nonlinear electrodynamics are
analogous to the equations of macroscopic electrodynamics:

_ 10D - . 10B -
rotH =——, divD = 0,rotE = ———, divB =0, (1.23)
c ot c dt

different from them in terms of vectors D and H Using the expression (1.20), it is easy
to obtain the expansion of these vectors in powers of € up to and including &3:
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+2n6(E? - B2) (BE)B + 4n,(BEY*B}, (1.26)

i = _4nz_g, = B+ an{¢[am, (B2 — 52)B — 8, (BE)E] +
+82 [6n, (B2 — B2) B2, (BB — 20, (B2 — B2)BE)E] +
+8% [8n5(E2 - B2) B + 4n5(E — B2)(BE)?B -

~2n6(E? - B2) (BE)E — 4n,(BE)’E]}. (1.27)

Based on the analysis, the eikonal equation for a weak electromagnetic wave
propagating in an external electromagnetic field according to the laws of post-
Maxwellian electrodynamics is derived.

The vector B and E in the approximation of geometrical optics can be written
as:

B=B,+ Eexp[—i(wt — %F)] ,E=FE, + éexp|—i(wt — l_c)F)], (1.28)

where w - frequency, k - wave vector and we will consider vector b and & as the weakly
varying functions t and 7 compared to the function of exp [i(wt — k7)].

By restricting our analysis to the linear approximation of the vectors b and e,
and utilizing expressions (1.26, 1.27, 1.28), we simplify the first equation in (1.23) to
the following form:

N w | - — - -
[kb] + —é+ Arc{&{an,(E¢ — BZ)[kb] + 8n1Q.[kB,]| —
- > 8(1) = 4(1) = = ->
_8772Q2[kE0] + 7771Q1Eo + 7771(5'5 - Bg)e +
2 o

8w — - - - o> 2 o
+=21,0,Bo + &2 {ons (B2 — B3) [KB) + 204(BoFy) [b] +
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+24U3Q1(Eg - §3)[§§0] + 41,0Q- (§0E>0)[§§0] -

—4n,0, (§0E>0)[i€§0] - 2774Q2(Eg - §3)[i€§0] +
6w o, .2, 24w S oo

+ =3 (B3 — B3) & + —n;: (B - B3)Fo +

20 ,- -2, 4w - 52 4o = o\
+T774(BOE0) e+ TnélQZ(BOEO)EO + TTI4Q1 (BOEO)BO +

+220,0,(83 - BB} +
+&3 [8y5(E2 — B2)"[kB] + 480504 (E3 — B2) [kB, ] +
+ane(E2 — B2)(B,E,) [kb] + 81601 (BoEy) [k Bo] +
+8n6Q2(E§ — B3)(BoEo) kB, ] —
—8n5Q1 (E3 — B3)(ByEo)[KEo] -
—206Q,(E2 — B2) [k, — 12n,0,(BoE,) [KE,] +

8w 5, 5.3, 48w N
+—-ns(E¢ —Bj) é+——nsQ:(E5 — Bg) Eo +

4w 5, o \,= 242, Bw = 5 \25
+T776(Eg - Bg)(BoEo) e +T776Q1(BOEO) Eo +

8w o e s
+T776Q2 (Eg - B(%)(BOEO)EO +

8w o > o> <
+7776Q1 (Eg - Bg)(BoEo)Bo +

2w - —oN 2 =
+T776Q2(E§ - B(%) B,. (1.29)

where the notations have been introduced:
Ql = (é)ﬁo) - (Eﬁo), QZ = (Bﬁo) + (§Oé)) (1.30)
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Substituting the relation (1.28) into the third equation system (19), we will have: b=

C[Eg] /w. Using this equality, we eliminate the vector b from expression (1.29). As a
result, we arrive at a homogeneous system of three linear algebraic equations with
respect to the three components of the vector €, which can be conveniently written in
tensor form:

N*%ep =0 (1.31)

where

w? o w
et = 4, {kakﬁ + <F - k2> 50‘/3} + A, {Ngzvg +— [ngzv,f +

2 wr
+NZES | + = Eg‘Ef} + 4, {NgN,f -= BYNE + NEBY |+ = Bg‘Bﬁ}

+As {% |BENE + NgBY| - [Ngng + NgNE | -
= [EgNﬁ + NgE”’] +— [B“Eﬁ + E“BB]} (1.32)
and for brevity, the following notations have been introduced:

Ao =1+ 4 {4n,E(E3 — B3) + 6n;62(E3 — B3) +
+20462(BoEy) + +8n583(E3 — B) + 4ne8®(BoBo) (B3 - B3)},  (1.33)
Ay = 47 {81, € + 24my€% (3 — B3) + 480563 (B3 — B2)” + 8168 (BoFy) |, (1.34)
Ay = 4m {B,€ + 21,62(EZ — B2) + 268 (B3 — B3) + 1201,63(BoEy) |, (1.35)
Az = 4n{4n,&%(B,E,) + 8ns&3(E3 — B2)(B,E,)}, (1.36)

IVE == [EE)O]’]VB == [I_{)EO]’ (138)

5%F - the Kronecker symbol, which in Cartesian coordinates of Euclidean space is a
metric tensor.
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For the existence of nontrivial solutions to the system of equations (1.31), it is
necessary to require that

det||[TI*A]| = 0 (1.39)

The most straightforward method to compute the determinant of tensor (1.32) involves
leveraging formulas from tensor algebra concerning the powers of a second-rank tensor
and its determinant. The determinant of a second-rank tensor in three-dimensional
Euclidean space can be expressed as:

203y — 3Ny + ) =0, (1.40)
where
H(N) = Ha1ﬁ1631azna’2326320-’3 H“NﬁNSﬁNCH' (14’1)

Utilizing expression (1.32) and forming powers of the tensor I1*#, and after canceling
out w?A,/c?, we arrive at the following dispersion equation:

4
S {A[BoBo] + 424083 + A1AoE} + A3 + 24045 (BoFy )} -

2 RIBBol)AB2 + B3 + Ao + A0} +
2 . - s 25
+— Al Bo] BE — 4,40BER? — Ay(kE, ) BE -

— A, AEZR? + A,B2[KE,| — AE2(RB,) +
+24,k2(ByEy)” — 243K2 — 440 Ask2(B,E,) +
Aok Bl +4au(R[E, Bl) +Adolk Byl -
~aA0(k Ey)" = A2Ao(k By)'}——(K[E, By])x

% {A4[k Bol” — AsAok? — A,A0K? + AL[K E,]” -

__(k[Eo Bo]){A4[k Bo] — 414 K2 — A4 K2 +A4[k Eo] o
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_A4(i€§0)2 - A4(i€§0)2} - A4i€4(§oﬁo)z + A%EAL + 2A0A3i(.>4(§0§0) -
_AzAOEZ [ié EO]Z - Alel_{)Z [ié §0]2 + AlAOEZ (E Eo)z +
"'AZAOE2 (E §0)2 + A4[E Eo]z[iE §0]2 a
_A4[E E)o]z(’_{) Eo)z -
- 5 12,5 — \2 = = (2,5 o 2
—Aulk B, (k B,) +A4(kB,y) (kEy) =0, (1.42)

where A4 = AlAZ - A%
The solution w = w(ié) for this equation is to be sought in the form of an

expansion in powers of ¢, similarly to the expansion of the Lagrangian (1.20) being
considered.

w = ck[1 + néF + m2&%U + n3&83W], (1.43)

where F, U u W - unknown functions.

Now, let's substitute this expansion into the dispersion equation (1.42). Since the
Lagrangian (1.20) is specified with accuracy up to terms proportional to &3, inclusive,
we will also omit unreliable terms ~ é* when conducting the calculations. As a result,
we obtain an expression containing 128 terms and having the form of an expansion in
powers of ¢, which we will not write out due to its complexity.

In this expression, terms proportional to the zeroth and first powers of ¢ are
absent. Terms proportional to é2, contain only one unknown function F, and terms
proportional to &3 contain functions F and U, and do not contain the function W. It
should be noted that among all the parameters 14,1,,73,14,M5, ¢ and 71, only
parameters 11,15, 13, N4 are included in this expression, the rest were incorporated as
coefficients into higher powers of ¢ and therefore were discarded.

By setting the coefficients of this expansion in powers of ¢ to zero, we obtain
two equations with respect to the two unknown functions F and U. In the lowest
approximation, we have:

{FI 16, [2k(k[E, B)-[k Bol ~[k E]']}x
x {Fk?> =16, [2k(K[E, Bo))—[k B) —[F EJ|}=0. (149

Upon resolving equation (26), we derive two solutions:

16 Srn o > o .
F, = k;h {Zk(k[Eo Bo])_[k Bo]z_[k Eo]z}' (1.45)
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167,

FZ == k2

{2k(R[E, Bo))-[k Bl ~[k ElY}. (1.46)

Therefore, according to the nonlinear electrodynamics of the vacuum in a constant and
uniform electromagnetic field, the propagation of two types of "weak" plane
electromagnetic waves with frequencies is possible.

on = ck{1 + I ok (E[E, B -[F BN -[F BF]) @

611, ¢
2

wy = ckf1+ NS [ok(R[E; Bol) -8 Bol’ —[F Bl s
which, in the general case, differ by terms proportional to &.

Starting to analyze the obtained relations (1.47, 1.48), we note first of all that for
n, =1, the expressions for w; and w, coincide up to terms proportional to £2. In this
case, only one type of electromagnetic waves can propagate in each direction. This
means that nonlinear electrodynamics, the post-Maxwellian parameters of which
satisfy the relation 7, = 74, is in a sense a distinguished theory among other nonlinear
electrodynamics.

An example of such a theory, in particular, is Born-Infeld electrodynamics, the
post-Maxwellian parameters of which satisfy the indicated relationship. If we had used
the exact expression for the Lagrangian, rather than its post-Maxwellian expansion, it
would have led to the exact dispersion equation

w, = w, = ck {1 +ﬁ[2k(k[EO B)-[r B, -[k 50]2]}, (1.49)

which shows that in Born-Infeld electrodynamics, in the presence of constant and
uniform electromagnetic fields, only one type of electromagnetic waves can propagate
in each direction.

And finally, for nonlinear theories in which the post-Maxwellian parameters 7,
and 1, are equal to zero, the frequencies w, and w, differ from the Maxwellian value
ck by terms proportional to £2. Considering that at the maximum achievable fields in
laboratory conditions E, ~ B, ~ 108, the following estimates are valid:

§2BE ~ E2E¢ ~ £2(BoEy) ~ 1077, (1.50)

it can be stated that nonlinear electrodynamic effects in such theories are unlikely to be
observed experimentally in the near future.
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1.3Deflection of rays in a dipole magnetic field in a NLED vacuum.

In the following study, the authors focus on analyzing the effects of beam bending
and studying changes in phase and group velocities under the influence of external
fields. Particular attention is paid to the interaction of weak electromagnetic waves with
a neutron star's strong dipole magnetic and gravitational fields. As a basis for
describing the space-time metric, researchers use the Schwarzschild solution, which
allows for a deeper understanding of the processes that occur when electromagnetic
waves pass through such intense fields in the context of astrophysics:

T,

g
= 1 -,
Yoo -

T
9rr = — ’
rr r— rg
Joo = —T7,
9pp = —T7sin® 6, (1.51)

where 7, — is the gravitational radius of the neutron star. In this and other works,
calculations of the main nonlinear electrodynamic and gravitational effects are carried
out with quadratic accuracy in the parameter 7, /7 and linear accuracy in the parameter
n12EB2. To do this, the eikonal equation is derived for an electromagnetic wave
propagating in a magnetic dipole field. In the linear approximation, the solution to the
electromagnetic field equations describing the dipole magnetic field of a neutron star
has the form:

m
FYO = —%sin2 0,
2|m
Fg(zo) = %sin 6 cos 6, (1.52)

where m represents the magnetic dipole moment.

Next, an equation was obtained that is satisfied by the eikonal of a weak high-
frequency electromagneti.c wave propagating in the gravitational (1.51) and magnetic
(1.52) fields of a neutron star. The electromagnetic field tensor, included in the
electromagnetic field equations, in this case, was presented as the sum of the dipole

magnetic field Fi(ko) of the star (1.52) and the field of a weak electromagnetic wave

fik: Fix = Fi(ko) + fik.- (1.53)
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Using a linear approximation using a weak electromagnetic wave f;,, the
electromagnetic field equations are obtained:

\/—axn {\/_Qgrll;l} =0,

afmn afnk afkm
oxk T dx™ T ox™

=0, (1.54)
where

Ay = [1 + &(n — 2m)J5 ]fmn + 4¢n, [fmlF(O)F(O)

+F{63lﬁk (0) +F(0 Fl(kO)fkn] [ZE(TH 2n2) fix (0)] (0) (1.55)

Since this work examines the effect of the gravitational and magnetic fields of a
star on the rays of a weak electromagnetic wave, we found an equation that should
satisfy the eikonal in the case under consideration. For this, the tensor f,,,,, of a weak
electromagnetic wave is represented as:

fom = Anm (T, t)eiS(r,t). (1.56)
where, as usual, the amplitude A4,,,,(r,t) is a slowly varying function of coordinates

and time, and the eikonal S(r,t) is a rapidly varying function. As a result, the
derivatives of S turn out to be extremely large values, so that the condition is satisfied:

Ep Il (1.57)

Ay (1, t) 0S | > ‘aAnm(r, t)

Substituting expression (1.56) into equations (1.54), it is taken into account that
for points located outside the star, the following relations are satisfied in order of
magnitude:

(0) (0)

Inm
R

as S

0Gnm
or

0 0
OFm  Fum
or R’

where R is the radius of the star, A is the wavelength.

Since for high-frequency electromagnetic radiation R/A >> 1, then when
differentiating Q?f)” in equations (1.54) only derivatives of the eikonal S are left, as a
result, the equations of system (1.54) take the form of a homogeneous system of linear
algebraic equations:
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as
[1 +&0n — 2772)](0)] feramt

0 l 0
+4¢n; [f”l FS )F(O) + FHf FIS + FioF; lgc )fkn]

un 0S
+[2€(771 2n2) fik (o)]F(o) xn 0, (1.59)
aS aS aS
fap 50 foogpa t foa g5 =0 (1.60)

Multiplying the first equation of system (1.60) by dS/ dx° and eliminating the
components f,p from it using the second equation, we obtain a system of equations of
the form:

#f fop = 0. (1.61)

The eikonal equation, as is known, is a consequence of the condition that the
determinant of the matrix consisting of the components of the energy-momentum
tensor is equal to zero. Applying the rules of tensor algebra to express the result in a

form independent of the choice of coordinates, and simplifying it by discarding a factor
that does not affect the result, we obtained the eikonal equation.

dS\ /0SS /0dS as
G(l)G(z) <6xi> (axk) <6x"> (axm> =0 (1.62)

G(1 2) = = g% + ., FPEF. (1.63)

By using tensor algebra to obtain the result in a form invariant to the choice of the
coordinate system and subsequent simplification by eliminating unimportant factors,

the authors derive the eikonal equation:
. (0S\ [0S . (0SS [0S
k _ k _
itt (57) (5) = 0.6 (5) (5r) = (169
By placing the origin of coordinates at the center of the neutron star and directing

the z-axis along the vector of the dipole magnetic moment m, in the plane of the
magnetic equator, where 8 = /2, the polar coordinates r and ¢ are introduced.

(12 2) ) --DE) -5 +
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4, ,6m?[0S\* 1 (8S\*]
r= |G +=G5) | = (165
Solution with the variable separation method:
Tr
S=—-Et+ap + f ddr f(r), (1.66)

where the plus sign corresponds to the propagation of an electromagnetic wave from a
neutron star, and the minus sign to the star, £, and a are arbitrary constants and the
following notation is introduced:

E2 2r, 3r7 4 m?| a?
+ g+ g + 5771,2 ] (167)

f =31

Further, a certain ray of an electromagnetic wave with frequency w,, originating
at spatial infinity and having an mmpact distance b;,, is considered. As the ray
circumnavigates the neutron star in a clockwise direction, the integration constants &,
and «a, included in the expression, are written as:

) b1,2

80 = Wy, & = — (168)

Cc

Differentiating expression (1.67) concerning a and equating the result to some
constant ¢, the following equation is obtained:

_ p, F 20012 j _dr < (1.69)
TR 2#@##@ |

In this context, two electromagnetic waves are considered, one of which is
polarized in the plane of the magnetic equator of the neutron star, and the other is
perpendicular to this plane, propagating along rays that have identical aiming
parameters at R, — oo: b; = b, = b. Within the adopted accuracy, they found the
bending angles of these rays:

2r, 15mrf  15mn, ,ém?

6912 = — b 16b? 456 : (1.70)

The first two terms in this expression account for the gravitational bending of the
ray, while the last one represents the nonlinear electrodynamical bending. The minus
sign in expression (1.70) indicates that the gravitational and magnetic fields of the
neutron star in the plane of the magnetic equator act on electromagnetic waves as a
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converging lens. The angle ¢ between the asymptotes of these two rays, when R; =
oo, will be equal to:

15m(n, — 771)51112
4p6

Sp =69, — 8¢, = (1.71)

Nonlinear models of vacuum electrodynamics, where the post-Maxwellian
parameters 7, and 7, differ, predict that the phase v,, and group v, velocities of

electromagnetic signals in an external field will depend on their polarization.

Accordingly, electromagnetic waves polarized along the vector §0, propagate at the
speeds:

-

2N1¢ (> k
Vpn = c{l - kl [kBO]}, Vgr = C{E (1—2n,&B%) +

4an.¢
k

(Eﬁo)ﬁo}. (1.72)

For the electromagnetic waves polarized in the perpendicular plane:

-

213¢ -5 k
Vpn = c{l - kz [kBO]}, Vgr = C{E (1 —2n,EB3) +

4n,$
k

(Eﬁo)ﬁo}. (1.73)

Thus, with n; # n,, a signal of one polarization in the magnetic field of the neutron
star should outpace a signal of another polarization.

The derived formulas allow for an analysis of the nonlinear electrodynamical
effect of birefringence in an external field. The essence of the birefringence effect in a
vacuum external electromagnetic field lies in the dependence of the propagation speed
of electromagnetic signals in this field on their polarization. Therefore, if two signals
with two different polarizations are emitted at the same moment from a single source
and then pass through the field of a neutron star, they will not arrive at the detector
simultaneously. Consequently, measuring the delay time of an electromagnetic pulse
with one standard polarization compared to an electromagnetic pulse with another
standard polarization will allow for a more detailed verification of the predictions of
nonlinear electrodynamics of the vacuum. Since the magnetospheres of pulsars and
magnetars may contain matter that absorbs electromagnetic waves, hereafter, under
electromagnetic waves, we understand gamma-ray pulses, for which the
magnetosphere is transparent by definition.

In studying an electromagnetic wave moving in the plane of the magnetic equator
of the star, where 8 = /2, it is found that the eikonal equation for this wave, arising
from the equations of nonlinear electrodynamics by Heisenberg-Euler, varies
depending on its polarization.

For the electromagnetic wave polarized perpendicular to the plane 8 = /2, the
eikonal S; satisfies the equation
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(142 ) (@) - (- (&) - 23

yelmp” (651)2 42 (651)2 =0 (1.74)
45mBzre (\ or rz\oep/ | '
Whereas for the electromagnetic wave polarized in the plane of the magnetic equator,
the eikonal S, is satisfied by the equation:

R [ O R L

4 alm” (652)2 42 (652)2 =0 (1.75)

45mBzre (\ or rz\oe/ | '
Upon analyzing the first equation and employing standard formalism, the authors
effortlessly derive the ray equation for an electromagnetic wave with the first type of

polarization. By determining the distance to the nearest approach point of the ray as

b;, within the context of polar coordinates r and ¢ the following relationship is
established:

T
Fb r__ @ [1 2By (1.76)
=09 —+ =, )
0 ! rz\/F(r) rz\/F(r) roor?
where
2r, 317  7alm|? b1 T, Ty
Fr)=1+ " + 2 +457TB§7”6 2 1+ + (1.77)

Employing the ray equation in its original formulation, denoted as (1.76), proves
impractical for the intended purposes. Consequently, the researchers turn to Darwin's
method to transform the mentioned expression (1.76) into a format that better suits
their goals.

b
- , 1.78
r vV, + W sin¥; (@) ( )
where
v = T W 7a|m|? _|_5rg2 (1.79)
YU 2p, 7t T 90mB2bg  8b2 '
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2

T
Vi@ =¢p+¢, +5- 32b2 {30(¢ + 1) +sin2(e + ¢,)} —

cos(qo + @) —
1

2b
7a|m|? . |
" 2880rB2pp 0P T o) Fsind(@ +g) ~16sin2(p + )} (1.80)

The angle ¢, and the impact distance b; are identified as parameters, the variation of
which allows exploring the entire family of rays. Specifically, when the source of
electromagnetic waves is positioned at a point with radial distance r = R, and
azimuthal angle ¢ = m, then

2

=—ht 2b, O §1+—5{10(mr — &) +sin 2&,} +
32b
7a|m|? _ _
+ 2880mpzpg (00T T8 TSN+ 16sin 24 ) (1.81)

where to simplify the notation, the following designation is introduced as

by . 7alm|?> 517 1 (182)
$1 = aresiny - 90mBZbS  8bZ| 2b,) '

Utilizing the specified formulas, the authors easily calculated the angle of gravitational
and nonlinear electrodynamical bending of a specific ray:

5. 21, 7alm|*> 151y
Y1 T, T 48BZbS T 167

(1.83)

The negative sign in this expression indicates that the gravitational and magnetic fields
of the neutron star in the plane of the magnetic equator act on electromagnetic waves
like a converging lens.

Similarly, the authors developed equations for the rays of electromagnetic waves
of the second type of polarization. In this context, denoting the impact parameter of
such rays as b, the following is obtained:

b
" TV Wsin Y(p)’ (1.84)

where
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V=L w=1+ 2ajm/’ + 5rg2’ (1.85)
2b 45mB2b% ' 8b2
2
Y(p) =@+ ¢, + o8 9 cos(p + @y) — 3ng2 X
a|m|?

X {30((p + (p()) + Slnz(‘l) + (pO)} - 7207TB5b6 X

X {60(p + @) +sind(p + @) — 16sin 2(p + @y)}-. (1.86)
For a ray passing through the point r = R, ¢ = m, the angle ¢, is given by:

2

== _fo COS 60 32b2 {10(7'[ 60) + sin 2{0} +
p om0 - £ — sindg, + 165in 26, ] (1.87)
720nB258 T — &) — sin4¢, sin 2§, :

Where the notation is introduced

B (b . 2alm|> 517 1, (1.88)
So = aresim | L = s Bzbs  8b2| " 20 |

The bending angle of the electromagnetic ray with this polarization turns out to be less
than the bending angle given by equation (1.83):

2, alm|? _157rrg2
b 12BZbS  16b%

(1.89)

Finally, the authors provide a comprehensive analysis of how strong gravitational and
dipole magnetic fields of neutron stars affect the trajectories and speeds of
electromagnetic waves, focusing on polarization differences. The research
demonstrates significant ray-bending effects and changes in wave speeds caused by the
combined action of gravitational forces and nonlinear electrodynamics. The use of
metrics based on the Schwarzschild solution ensures an accurate description of
gravitational impacts, while the analysis of the dipole magnetic field's influence opens
avenues for understanding nonlinear electrodynamical effects. The authors discovered
that the differences in wave speeds with varying polarization in the presence of strong
magnetic fields offer new perspectives for astrophysical observations, which could
enhance our understanding of the structure of neutron stars' magnetospheres. This
study also emphasizes the importance of birefringence effects and the delay in arrival
times of pulses with different polarization, which could form the basis for experimental
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verification of nonlinear electrodynamics theories. The results of this research not only
reveal complex interactions between electromagnetic waves and extreme fields in
space but also enrich our understanding of the fundamental principles of quantum
electrodynamics and gravity theory.

The subsequent paper examines the effect of ultra-strong magnetic fields on the
bending of light, especially in the context of magnetars - neutron stars, the magnetic
fields on the surface of which exceed the critical value for quantum electrodynamics
(QED)[97]. The authors emphasize that the traditional approach using the Euler-
Heisenberg action assumes an asymptotic representation and is limited in its
applicability to weak fields [10], which makes it unsuitable for analyzing conditions of
super strong fields. Thus, to gain a deep understanding of the nonlinear electromagnetic
effects exhibited at fields above the critical QED threshold, it is critical to develop a
theoretical framework adequate for the high-field limit. The research aims to analyze
the bending of light beams in the context of extreme magnetic fields such as those
observed in magnetars. The authors of the study begin to analyze light bending under
conditions where electromagnetic field strength exceeds a critical QED threshold. They
emphasize the need for a complete action expression and take part in recent research
based on Schwinger's integral approach, which has explored an analysis series
representation of the one-row effective action of QED. In the case of electric or
magnetic fields exceeding this critical limit, light propagation through such extremely
strong electromagnetic fields differs from the state of the light cone established,
resulting in a speed different from c. To solve this problem, they used a well-defined
equation for the average light velocity of such extreme electric and magnetic fields,
originally proposed by Cho et al. [106].

The discussion further shifts to the phenomenon of light bending as it traverses
close to astronomical bodies endowed with electric or magnetic fields surpassing the
critical threshold. Theoretically, a charged black hole serves as a plausible source of
an ultra-strong electric field. On the other hand, for an ultra-strong magnetic field
source, magnetars are considered, with their surface magnetic field strength estimated
to be in the vicinity of 10'! T. Neutron stars are bound by a physical magnetic field
limit ranging between 10> T and 10" T [107]. Exceeding this boundary would lead to
internal fluid mixing and the subsequent dissipation of the magnetic field, underscoring
that no celestial bodies could sustain fields beyond this upper limit.

Given that quantum corrections in ultra-strong magnetic fields are expressed
through the index of refraction, light's behavior in such conditions can be analogously
modeled within the framework of geometric optics, treating it as propagation through
a classical medium. This approach allows for the trajectory of light to be formulated
using Snell’s law, as detailed in references [108]. It was assumed that the direction of
light photons goes from minus infinity to plus infinity along the Oh axis. At the same
time, the direction of the dipole's magnetic field is assumed to be along the z-axis.
Using these initial conditions and transforming the above equation (5), we obtain the
following light trajectory equation:

d?x d?y d?z

:0; - = N2 d_52=773'

e (20
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The magnetic field at a point located at a distance r along the equatorial line of a
magnetic dipole is described by

0y
B =By —3(~2), (1.91)

3

where B, represents the magnetic field strength at the neutron star's surface.

Figure 1.1 — Diagram illustrating the curvature of light around a magnetic dipole when
the photon trajectory lies along the dipole's equatorial plane.

Putting all constants in the refractive index equation and taking into account the linear
dependence of the refractive index value on the magnitude of the magnetic field, the
following equation was obtained by approximation:

r

7 = 14— +1) 4 — BO(T‘))3 (1.92)
fm = 2 g 1T @ 127 B, '

The equation that determines the deflection angle of light in a strong magnetic
field is written as follows:

[y’ (e0)| = tan ¢, = @py, (1.93)
a Byrg

= ——— 1.94

$m =734 B. b3 (1.94)
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Overall, the type of equation that determines the angle of deflection of light in an
ultra-strong magnetic field was analytically calculated using the expression of the
refractive index. At the same time, the author considere it useful to obtain a different
approximated form of the Euler-Heisenberg Lagrangian for a strong magnetic field.

In the following paper [78], when the magnetic field on the surface of a neutron
star i1s By, < B, the light deviation angle is calculated analytically and numerically
using the method of the GBT. Here, the generalized BI Lagrangian is used and only
the weak-field approximation is introduced. Based on the assumption that the direction
of the magnetic dipole coincides with the z-axis, the magnetic moment of the dipole is
denoted as by m = uZ. The magnetic field at the equator is expressed by:

B=_—2 (1.95)

where r = \/x? + y? represents the radius in plane perpendicular to the dipole axis. As
well as, two key indices of refraction, n; and n;, are introduced to describe light
traveling in directions perpendicular and parallel to the dipole axis, respectively. These
indices depend on distance and magnetic moment, which indicates a change in the
properties of the medium under the influence of a magnetic field.

[[acis . [[air+ o =2m200) (196

D a=19p,

In this analysis, the region D is characterized by a Gaussian curvature K, which
is mapped through a curved surface S capable of free orientation and possessing an
infinitesimal area element dS. The boundaries of this area are designated as dD,, and
their number varies from 1 to N. When analyzing the path, denoted as dl, the geodesic
curvature k is taken into account, taking the positive direction. In addition, 8, denotes
the shock angle, and y(D) is the Euler characteristic for a given region. In this context
it is equal to 1, indicating that D is located in a region without singular points. The
study mentioned in the source [109] shows that in conditions of a static spherically
symmetric space-time with asymptotic flatness, the equation denoted as (8) can be
represented in a certain form.

A, = —ﬂDm ¥dS. (1.97)

According to the documentation in [83], the formula for the Gaussian optical
curvature K is articulated using the coordinates and the index of refraction in the
following manner:
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B n(r)n" (r)r — (n’(r))zr + n(r)n'(r)

*= n*(r)r

(1.98)

By introducing some substitutions, they determined the deflection angle of light
for a dipole magnetic field. In the framework of generalized Born-Infeld
electrodynamics, the equation delineating the angle of deflection, denoted as A8, is
formulated as

157 u?
16 B2bS ’

NG, = (1.99)

as presented in expression (1.99). Here, b represents the impact parameter, with the
negative sign signifying that the deflection is directed towards the magnetic dipole.
This specific formula quantifies the deflection angle of light within the context of GBI
NED, predicated on the B2 parameter scale. This parameter itself integrates two
additional variables, as established in Equation (1.156). Notably, with 8, approaching
infinity, expression (1.99) condenses to the deflection angle found in EH NED, which
1s expressed as

pg, =T (1.100)
7 3m4ps’ '
here, with the mode parallel to it being
7
AG, = ZAQL. (1.101)

Such outcomes are in exact concurrence with the deflection angles calculated from the
Euler-Heisenberg Lagrangian, as referenced in [61, 97].

This study examines how light is deflected around neutron stars when their
magnetic fields are below a critical level B, < B, utilizing the Gauss-Bonnet Theorem
and generalized Born-Infeld Lagrangian within a weak-field framework. It investigates
the effect of the magnetic field, oriented along the z-axis, on the trajectory of light,
particularly across the equator. The research introduces refraction indices for light
paths that are perpendicular and parallel to the direction of the magnetic field,
highlighting the influence of the magnetic dipole moment. Through comprehensive
analysis, the paper derives an equation for calculating the angle of light deflection,
consistent with findings from the Euler-Heisenberg Lagrangian, thereby enhancing
theoretical insights into the interaction between light and potent magnetic fields.

Nonlinear  post-Maxwell  electrodynamics, emerging from quantum
electrodynamics, offers profound insights into electromagnetic phenomena within
gravitational fields. Through a methodical approach, the subsequent study delves into
its Lagrangian formulation and field equations, coupled with Einstein's gravitational
equations, to unravel the complex dynamics around pulsars, particularly focusing on
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polarization splitting within their magnetic fields [68]. The authors consider the
pulsar's gravitational influence to be perfectly spherical, expanding the metric in
harmonic Fock coordinates by a series in the small parameter a/r, where a equates to
yM /c? (with y denoting the gravitational constant and M the pulsar's mass), ensuring
the precision meets their analytical needs.

2a 2a ) .
Joo =1 — T G = -1 — 900 =T"Grrs Gpp = Joe SIN 0. (1.102)

They propose that at ¢ = 0, a potent radiation burst is emitted from a point r = r;
within the pulsar's magnetosphere. This burst, upon interaction with the pulsar's
magnetic field, undergoes birefringence, resulting in its division into two distinct
impulses characterized by orthogonal polarizations and disparate velocities. For
analytical convenience, the authors adopt a spherical coordinate system. By tracing a
tangent to the initially emitted beam at r = r, they orient the coordinate system's axis
such that this tangent and the pulsar's center reside within a singular plane, with 0 set
at w/2, and the azimuthal coordinate ¢ of the radiation's origin at ¢p = 0. Without
restricting the generality of their approach, they position the pulsar's magnetic dipole
moment vector m towards a point specified by spherical coordinates 8, and ¢. This
leads to the derivation of the Cartesian components of m in the specified coordinate
system.

m, = |m|sin 8, cos ¢, m, = [m|sinb,sin¢,, m, = |m|cosf,. (1.103)

Following established celestial mechanics conventions, they substitute the radial
coordinate r with u = 1/r. This allows for a detailed representation of the non-zero
components of the pulsar's dipole electromagnetic field tensor in the u, 8, ¢, coordinate
system, tailored to the scope of their research.

F,p = —Fg, = |m|sin 6, sin(¢p — ¢,), (1.104)
Fyg = —Fgyp = 2|m|usin [sin 8, sin 6 cos(¢p — ) + cosB cosp].  (1.105)

The authors highlight that within electrodynamics, the eikonal method is
prevalently employed for solving a wide array of problems. This method is particularly
valued for its utility in analyzing the movement of electromagnetic impulses via their
beams. Through its application to nonlinear electrodynamics, findings [33,37] have
underscored that electromagnetic wave propagation through external electromagnetic
and gravitational fields in this domain can be equated to the movement of normal
modes along isotropic geodesics within an effective space-time. In this context, the

effective space-time is characterized by a metric tensor denoted as G, Z:f (1’2), structured
as per the field equations (2.1) - (2.3).
f (1,
Gop ™ = Guy = M8 Fup g Foy. (1.106)
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They argue that to effectively examine how electromagnetic pulses propagate through
the magnetic (2.5) and gravitational (2.4) fields surrounding a pulsar, it's more efficient
to forego the direct application of equations (2.1) - (2.2). Instead, they suggest
leveraging an analysis of isotropic geodesics within a spacetime defined by the metric
tensor (6). Proceeding with this methodology, they incorporate the expressions from
(2.4) and (2.5) into equation (2.6), enabling them to delineate the components of the

. . . 1,2) . . .
effective spacetime metric tensor, Gﬁ{f (1.2) a5 Géu ), in a clear and explicit manner.

GvH =1 - 2au, (1.107)
1+ 2au
G = I 4m*$n pu’ X

x {sin? 8, sin?(¢ — ¢,) + [sin O, cos O cos(¢p — ¢py) — sin O cos H,]%}, (1.108)
61519‘2) = 8m?¢n, ,u® [sin B, sin 6 cos(p — ¢y) + cos O cos By] X

X [sin 6, cos B cos(¢p — ¢y) — sin O cos 6], (1.109)
G&;Z) = —8m?¢&n, ,u[sin 6, sin 6 cos(¢p — ¢py) + cos 6 cos H,y] X

sin 8 sin 8, sin(¢ — ¢,), (1.110)

_(1 + 2au) B

(1,2) _
Gog ~ = u2

4m%én, ;ut x

X {sin? O, sin®(¢p — ¢y) + 4[sin O, sin @ cos(¢p — ¢,) + cos O cos H,]%}, (1.111)

Gé<1152) = —4m?én, ,u* [sin O cos O cos(¢p — ¢pg) —

—sin @ cos B, |sin O sin 6, sin(¢ — ¢p,), (1.112)

D) _ (1+ 2au)
dd

ot 4m?ény ;u*{[sin Hycos Ocos (¢ — ¢o) —

— sin @ cos 0y]? + 4[sin 6, sin O cos(p — P,) + cos O cos Hy]%}} sin? 0.  (1.113)
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The authors have formulated equations that describe isotropic geodesics within
an effective space-time, characterized by the metric tensor detailed in equation (2.7).
In their approach, differentiation is executed not in relation to the affine parameter o
but with respect to the azimuthal angle ¢. This modification in the method of
differentiation is a key aspect of their analytical framework.

d?x° 0 de dxP dxt
U T i3, 5 a5 =" (1.114)
d?u , du dxF dxt
dT)ﬁ{rﬁﬂ dqb 5.} 55" (1.115)

The authors note that the Christoffel symbols, denoted as F[}’ > are defined within

the context of the effective space-time governed by the metric tensor outlined in
equation (2.7). This definition is crucial for understanding the behavior of isotropic
geodesics in their model, where differentiation is uniquely carried out with respect to
the azimuthal angle ¢, rather than the conventional affine parameter o. As well as, the
authors introduce a first integral to the system of equations detailed as (2.8), presented
in the form of equation (2.9):

(1,2) dx B dx*
5u d¢ d¢ (1.116)

They note that although equations (2.8) and (2.9) are inherently non-linear, the
presence of small parameters au and m#¢&n, ,u® in their specific scenario allows for a
solution through the method of successive approximations, leveraging these small
parameters. The authors highlight the significance of accounting for different bending
angles in the beams of the first and second normal modes due to nonlinear-
electrodynamic effects, even when considering meridian and equatorial planes, as
referenced in [27-29]. This discrepancy necessitates distinct boundary conditions for
each mode to ensure that both impulses can be detected by the same apparatus on a
spacecraft near Earth [38]. For the initial conditions, they specify that the beam of the
first normal mode should emanate from u =uy, = 1/1y,0 =m/2,¢ = 0, with the
coordinate u at the pericenter set to a predetermined value u, = 1/1, > u,. Here,
1y represents the distance from the center of the pulsar to the high-energy radiation
source, and 7, denotes the distance from the pulsar to the beam's pericenter.

Additionally, they impose 7, > R,, with R, being the neutron star's radius.

Furthermore, they establish an additional condition based on the problem's setup: for a
beam initiated from the point ¢ = 0,u = uy, 6 = /2, and making contact with the
plane 8 = m/2, it must hold that d8/d¢ = 0 for the beam of the first normal mode at
¢ = 0. This requirement is crucial for ensuring the correct trajectory and behavior of
the beam under the specified conditions.
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In their analysis, the authors proceed by considering the initial approximation
where small parameters are ignored. Under the specified boundary conditions, the
trajectory of the beam in this approximation would manifest as a straight line within
the plane 6 = 7/2, initiating from the point u = u,, ¢ = 0 and reaching u = u,, at its
pericenter. Consequently, this leads to the realization that, in this approximation, the
derivative df /d¢ = 0 maintains a value of zero across all points on the chosen beam,
simplifying the system of equations (2.8, 2.9) to the following form:

dzxo_ 2 rduy (dx°
777~ (7 )

d*u
agr= v
dx®\’ du’
ut (w) —u? - (%> = 0. (1117)

Solving this set of equations with the given boundary conditions yields:
u(¢) = u, sin(g +¢),
cosyp  cos(¢p + )

x0(@) = ct = Uy, sin O u(p)
T
0(¢p) = > (1.118)

here i is determined by the relation sin ¥ = uy/u,. Given the context of the
magnetosphere where ry < 100R,,, the angle vy satisfies 0 < Y < m. Further refining
their solution, the authors incorporate the small parameters into their analysis for the

beam of the first normal mode, presenting the equation in a form typical for such
problems:

u(§) = Uy Sin(@ + ) + QuEP () + MmNl D5(9), (1.119)
0(@) =5+ au®3($) + m2EN,usb, (), (1.120)

here, ®,(¢),a = 1 — 6 represent unknown functions of the azimuthal angle ¢, each
assumed to be of zeroth order in smallness. By substituting these expressions into the
left-hand side of equations (2.8) and expanding them with respect to the small
parameters up to the first order, the authors derive the subsequent equation for u,
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showcasing their methodical approach to solving these equations within the confines
of their specified approximations and conditions.

m*én u {5 + &, — 6sin* (¢ + ) x
X 2sin (¢ +¢Y) + [14sin (¢ + ¢P) —

—sin2(¢ — ¢o) cos(p + ) [7sin®(¢ + ) — 3] +
+2 sin?(¢p — ¢) sin(¢p + P) X
X [8sin?(¢p + ) — 9] — 12sin(¢p + )] sin? Gy}} +
+au{®] + &; — 2} = 0. (1.121)

The authors describe the formulation for calculating the angle 6 as an equation
that assumes a specific structure:

m*én,ud{®y + @, + 6sin* (¢ + ) x
X [3cos (¢ — Po)cos? (¢ + ) —
— sin(g — py) sin 2(¢ + )] sin 26,} +
+au,{P + 3} = 0. (1.122)

In the approximation considered, the authors express the first integral (1.122)
accordingly.

m?én, up{—dg — 2sin*(¢p + ) x
X [sin2(¢ + ) sin2(¢ — @) +
+4sin? (¢ + ) + [1 — 5sin? (¢ + P)] X
x sin? (¢ — ¢g)]sin? 6, —
—2sin*(¢ + ¥) cos? ,} — 2a{®< sin(¢ + ) + 2} = 0. (1.123)
They choose not to detail the equation for determining x° explicitly, citing it as a

derivative outcome from equations (1.121)-(1.123). For the homogeneous equation
system defined in (1.121)-( 1.122), the authors opt to present the fundamental system
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of solutions in an easily interpretable format: y; = sin (¢ + ¥) and y, = cos (¢ +
). They calculate the Wronskian (W) of this system, a measure of the solutions'
independence, which is found to be W = y;y, — y,y; = 1. This result confirms the
linear independence of the solutions, leading to the conclusion that the general solution
of these equations can indeed be represented in the stated form, thus providing a solid
foundation for further analysis and interpretation within their study framework.

®,(p) =24+ S;sin¢p + C;cos ¢,

1
D,(¢) = a{fz (¢) + Sz sin¢ + C; cos ¢},

d;(¢pp) = S3sing + C3cos ¢,

sin 26,
64

D,(p) = {f4(¢) + Sy sinp + C4 cos ¢},

(1.124)

(1.125)

(1.126)

(1.127)

The authors introduce Sy, S5, S3, 54, C;, C,, C3 and C, as integration constants and,
for ease of subsequent calculations, they adopt specific notations for these constants.

f2(¢) = sin? 8 {cos 2(¢o + P) X
X [195¢) cos(¢p + ) + 65sin3(¢p + Y) +
+26sin®(¢ + ) + 152sin°(¢p + ) —
—1445sin°(¢ + P)]2sin2(¢py + P) X
X [[72sin®(¢ + 1) — 40sin®(¢p + ) —26sin*(¢p + ) —
—39sin?(¢ + ¥)]cos(¢p + ) +39¢ sin(¢ + P)] +
+32sin’ (¢ + ) —
—24sin®(¢p + ) — 60 sin®(¢p + 1) — 180¢ cos(¢p + )} —
—16[2sin®(¢p + ) + 5sin3(¢ + ¢) + 15¢ cos(¢p + ¥)],
fa($) = [75¢ cos(¢ + ) + 25sin°(p +¥) +
+10sin®(¢ + ) — 40 sin” (¢ + YP)] X

X sin (¢o + P)[3¢ sin(¢p + ) —
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—[3 sin?(¢p + Y) + 2sin*(¢p + ) +
+405sin®(¢ + )] cos(p + ) cos(pg + P)] (1.129)

here, they define As and Ag as integration constants, employing them as shorthand in
their further mathematical expressions.

fo(¢) = {16sin 2(¢o + P)sin® (¢ + ) X
X [4 — 9sin? (¢ + )] — cos 2(¢o + P) X
X [{144sin” (¢ + ) + 8sin®(¢p + P) + 26 sin3(¢p + YP)+
+39sin(¢p + P)}cos(¢p + ) — 39¢]+
+4[8sin>(¢p + ¥) + 6 sin®(¢p + ) + 9sin(¢ + P)]
+cos (¢ + ) — 36¢}sin? 8, + 8[3 + 2sin?(¢p + P)] x
X sin 2(¢ + ¢) — 48¢. (1.130)

The authors stipulate that, due to boundary conditions, the functions @, (¢) and
®, (¢) associated with beams in the first normal mode must vanish at ¢ = 0 and ¢ =
/2 — 1. Consequently, the constants within the expressions labeled (3.6) are
determined to adopt specific values.

C,=-25 = 2cosy C, = 0
1= 78 5 = T singy’ 2 = —12(0),
S, = f,(0) tgyp — cos X ([99 cos 2(¢py + ) +
+39(m — 2y)sin? 8, — —52] sin? 8, — 112}. (1.131)

As well as, it 1s noted that the selection of the orientation for the axes in the
spherical coordinate system dictates the boundary conditions for the functions @5 and
®,, shaping them as follows:

dd dd
2 == =) (1.132)

®,(0) = ¢,(0) = 0, - -
(=0, =075 =T

Here the authors conclude that, due to specific considerations S; , C3 must equal
zero, which in turn implies that @5 also equals zero. They further specify that the
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constants C, and S,, in accordance with equation (1.132), are to assume particular
forms.

Cy, = —f4(0), S, = 5sin (¢ + YP)cos PY[56sin® Y — 10sin* Y —
—15sin? 1y — 15] + cos(¢y + ) X
X siny[3 — 280sin®y + 230 sin* i — sin? Y ]. (1.133)
The form of the result from the expressions (1.122) will be taken as:
u(¢) = upsin(¢p + ) —

sing cosyp 1] N m*én ) y

— 2 _r = r
2oy [COS Pt Arsiny) 64

1
X {f2(¢p) + [f2(0)tg Y — m{[‘)%os 2(¢po + ) +

+39(m — 2y)sin 2(¢y + YP) — 52] sin? 6§, — 112}] X
X sin¢ — f,(0) cos ¢, (1.134)

m  m*én,up sin 26,

0(¢) = 5 + 64 {fa(¢) — f2(0) cos p + S, sin ¢}, (1.135)
_cosyp cos(¢p+) 1—-cosy
x°(¢p) = u, s TTu@) + Za{ln ‘—sinlp —
1 - cos(p +W)|] | m*Enuus
- Sin(p + ) }"‘ ) {f6(¢) — f6(0)}. (1.136)

The authors detail that for the beam of the first normal mode to be observable
after it leaves the pulsar's vicinity, it must be detected by an apparatus stationed in
Earth's orbit. By citing the research of [40], they acknowledge the vast distances
separating the nearest pulsars (approximately 10kpc, significantly greater than R,,)
from Earth. This spatial consideration allows for the simplification within the chosen
coordinate system, where the measuring device coordinate, u; = 1/ry, is considerably
less than u,,, enabling a straightforward determination of the device's required angular
coordinates, ¢p; and 8, for capturing the first normal mode beam. They propose setting
¢, tom — P + [, with S, being significantly smaller than 27, to facilitate this process.
The authors explain that by inserting the specified value of ¢; into the equation
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u(¢,) = u, and differentiating it with respect to ; up to the first order, they obtain a
certain result as:

coS m?&n,ul
l/) ]+ 2771 pN2,

S
i = +2aup[1+(1+sim,b) 4

(1.137)
Up
N, =S,sinyy —Crcosp + fo(p=m—Y) =

sin? 6,
cos P

{sin 2(¢py + Y) X

X [{144sin® ¢ — 80sin® 1 — 52sin* ¥ — 78sin? P} X
X cos Y + 39(2¢y — m)sin Y] +
+cos 2(¢pg + Y)[152sin” 3 — 144 sin° P +
+265sin® 1 + 65sin3yP — 99 siny +
+195(y — m)cos Y] + 4[8sin” P — 6sin® P — 15sin3 P X

X [+13siny + 45(r — ) cos P} +

+ [15(m — ) cosyp + 7 siny — 5sin3 1 — 2 sin® ]. (1.138)

16
cosyY
Further analysis of the second equation (1.122) enables them to deduce the value
of 91 .

m?&n;ul
0, = 0(¢,) = %M} sin 26,, (1.139)

Ny=Ssinp+fi(p=n—-9)+fo(p=0)=
= [48sin™ 1 — 8sin® 1 — 10sin® ¢ — 15sin Y] =
= 5sin (¢ + )[48sin™ 1 — 8sin® Y — 10sin® Y — 15sin P] X
x cosy + 15(p — ) + 48 cos(¢py + )[4 sin® P — 5sin® Y]. (1.140)
This finding suggests that the gravitational field only causes the beams to bend

within a single plane. According to expression (1.122), the beams, which serve as
conduits for the electromagnetic pulses, are subject to bending effects from two
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sources: gravitational bending, which is proportional to @ = yM/c?, and nonlinear
electrodynamic bending, which depends on m?¢&. To determine the total bending angle,
one can refer to equation (1.122), setting u; to 0 (which implies r = o) and
acknowledging that

sing =2 _ 2 (1.141)
u, 719 '

where 1, represents the beam's periapsis and 7, the radial coordinate at the point of

emission of the electromagnetic pulse. The gravitational component of the bending
angle, under these conditions, is then expressed in a specific form as:

[ 2_ 2
2yM| N0 TP

o) =—11 1.142
Pcr Czrp{ + ( )

o+ 1

The authors elaborate that under the condition where 1y approaches infinity, their
expression aligns with the well-documented Einstein relation for gravitational bending,
denoted as

4yM

—. (1.143)
C T'p

Apgr =

This scenario describes a beam originating from spatial infinity, navigating past
the pulsar, and then proceeding back to spatial infinity. For a beam that begins its
trajectory at the periapsis, specified as ry = 7, the derived expression yields a value

that is intuitively half of the initial calculation:

Apgr = (1.144)

-
1y

Furthermore, the authors discuss how the nonlinear polarization of vacuum by the
magnetic field, given 8, # 0 and 8, # /2, induces additional bending of the beam
within the plane 8 = /2. The extent of this bending, as well as its deviation allowing
the beam to exit the given plane, is quantified by expression (1.122) and further
considerations in expression (1.123). Optimistically, the magnitude of these angles
does not exceed a few arcseconds. However, due to the substantial distances
(approximately 10kpc, much greater than 7;,) separating pulsars from Earth, the authors
note the limitations of current technological capabilities. Specifically, the angular
resolution of modern detection equipment is insufficient to accurately observe or
measure the beam's bending phenomenon.
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The authors present the equations for a beam operating under the second normal
mode, with the expressions taking the specific form:

U(®) = Uy Sin(e + 1) + @3 ®,1 (9) + MUl Do(9), (1.145)
0() = 5+ Qup®s (@) + M2En,usd,(9), (1.146)

cosyp  cos(p + )
Uy, siny - u(¢p)

x°(¢p) = + ads(¢) + mzfnzug%(@, (1.147)

where the functions @, (¢), identical to those utilized for the first normal mode, span
from (1.146) to (1.147). The integration constants for the beam in the second normal
mode are determined based on boundary conditions: at ¢ = 0 and t = 0, the beam
originates at u = uy, 0 = m/2, and is projected to asymptotically approach spatial
infinity (r — oo,u — 0). To ascertain the values of the integration constants Sy, S,, S5
and S,, the authors aim to identify the angle ¢p = ¢, at which u = u,, facilitating the
determination of these constants under the given conditions. The authors illustrate that
by substituting ¢ = ¢, = m — P + [, into the first equation of section (4.1) and setting
it equal to uy, they derive an expression for f, as a function of several parameters
including u,, u,, @, and the constants Sy, S, C, along with a term N, that incorporates
complex interactions within the magnetic field, represented as:

U . m*¢nyup
By = - + au,[2 + 2cosy + Sy siny) | + TNZZ,
p

(1.148)
Nyy = Sy singp — Cycosy + fHL(p =m—¢) =
= S,sin Y + sin? 0,{2sin 2(¢py + ) X
X [112sin® ¢ — 72sin1% ) — 14 sin® ¢ + 13 sin* 1y —
—39sin? ] + cos 2(¢g + P) X
X [{152sin” ¢ — 144 sin° Y + 26 sin® ¢ +
+65sin® P}cos Y + 195 — )] +
+2[16sin” ¥ — 12sin® 3 — 30sin® Y] X
X cos Y —180(y —m)} —

—165sin3 Y[5 + 2 sin? ] cos P — 240(yp — ), (1.149)
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where N,, is detailed with its dependence on ¢, Y, 6y, and other factors.
Subsequently, applying ¢ = ¢, in the second equation of (1.145) simplifies to show
that:

T i mzfnzuS .
0, =0(¢,) = > + au,S;siny + TN44 sin 26, (1.150)

Nyy = Sesin p + fo(p = =) + fu(¢p = 0) =
= S,sin 1 — 5sin (¢g + ) X
X {[8sin” 1 — 2sin® ¥ — 5sin® YP]cos Y — 15 —m)} +
+ cos(¢y + )[40 sin® P — 385sin® P + sin* P — 3sin? Y], (1.151)

where N,, similarly incorporates various parameters including S, and additional
effects denoted by f,.

Given that both beams must reach the measuring device at spatial infinity, the
conditions that must be met are §; = [5,, 6; = 0,. By integrating these conditions with
equations, the authors derive specific values for the integration constants S;,S,, S3,
among others, facilitating a comprehensive understanding of the beams' behavior and
characteristics as influenced by the pulsar's gravitational and electromagnetic fields.
This rigorous approach enables precise predictions of the beams' trajectories and their
eventual detection by equipment located in Earth's orbit.

S = 2cosy S3=0 (1.152)
7 (@ 4siny) 2T '
.2
U,n u, sin” 6, _
S, =—L2—=N, — {25in2(¢y + P) X
2 Yol 2 U bo + ¢

X [112sin® 3 — 72sin'® 1 — 14sin® ¢ +
+13sin* 1 — 39sin? Y] + cos 2(¢, + P) X
X [{152sin” 1 — 144sin® ¢ + 26sin® P +

+65sin3 l}cos Y + 195(p — )] +

+2[16sin” ¥ — 12sin® 1 — 30sin3 ]cos P —

16up
—180(y —m)} + X
Uy
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x {[5 + 2 sin? ] cosy sin3 P — 240(y — )}, (1.153)

X {5sin (¢o + ¢)[[8sin” ¥ — 2sin® P — 5sin® P]cos P —
—15() —m)] — cos (o + ) X
X [40sin® 1y — 38sin® ¢ + sin* 1y — 3 sin? Y} (1.154)

The authors conclude that, through the process outlined, they have successfully
determined all the integration constants for the beam of the second normal mode. This
achievement allows for a comprehensive understanding of the beam's behavior as it
propagates through space, influenced by the pulsar's gravitational and electromagnetic
fields.

In the following intriguing work, he analytically explored the angles of light
deviation using geodesic equations [78]. This work employs the form of the
generalized Born-Infeld Lagrangian in the one-loop coupling of nonlinear vacuum
electrodynamics from the aforementioned previous works. Additionally, it is assumed
that the plane of action of the electromagnetic (EM) ray lies in the equatorial plane.
The direction of the magnetic field of the dipole is along the Oz axis, and it is assumed
that the direction of the ray approaching the neutron star is perpendicular to the z-axis,
1.e., coincides with the direction of the Ox axis. The intensity of the dipole magnetic
field ranges from B=10° T to B=10"' T, with all values being approximated in the weak
field regime. Therefore, the effective expression for the generalized Born-Infeld
electrodynamics is presented as [52].

2S P2
L=p*1- [1+- , (1.155)
p?  B2y?

here  and y are characterized as

1 28a?
ﬂ—g-l‘Em—g. (1.156)

B2 a5 mE i

1 1 16a% 1
v2

By considering only the nonzero dipole magnetic field, the study wrote the main
field equations in the form of:

1
Ruv =5 GurR = 81Ty, (1.157)
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E
v —LE— | =0, (1.158)

1+

here is the Ty, defines the energy momentum tensor

| |

11, 2S FioF% |
= — 1—- |[1+— —_— . 1.159
T = 2|8 + 2 | g+ (1.159)
1+F

Given the axial symmetry, the author finds it convenient to utilize cylindrical
coordinates, denoted as x* = (t,r,z,¢). The metric and the electromagnetic four-
potential are then expressed according to the following assumption.

ds* = g,dxtdx’ =
= f(r,z)dt? — g(r,z)(dr? + dz?) — r?h(r, z)dP?, (1.160)
A, = (0,0,0,—). (1.161)
Martin and Pritchett [110] derived power series solutions in terms of the

gravitational constant. At the first order in the gravitational constant, the solutions are
provided as:

(roy=1- 21, G (1.162)
f(r,z) = e Y6 :
2GM  Gu*(r* —6r?z% + 2z%)
grz)=1+——- C , (1.163)
hrz) =1+ 224 Grz® (1.164)
r z) = ¥ Yo .
o) =P (1 + GM) (1.165)
Y(r,z e :

here, X represents the spherical distance, defined as X = Vr? + z2, M stands for the
mass, and we reintroduce G to illustrate the order of powers of the gravitational
constant. The first-order quantum electrodynamic correction for the magnetic potential,
within a flat spacetime background, has been calculated using spherical polar
coordinates [111]. Similarly, higher-order corrections for the magnetic four-potential,
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denoted as y(r, z), in a curved spacetime background, can also be explored using
cylindrical coordinates. In the framework of linear Maxwell electrodynamics coupled
to gravity, both photons and gravitons traverse identical null geodesics shaped by mass
and magnetic dipole. However, within nonlinear electrodynamics coupled to gravity,
the null geodesic of the electromagnetic wave differs from that of the gravitational
wave due to the nonlinear interaction of the electromagnetic wave with the background
electromagnetic field.
The effective metric that renders &, a null vector is given by:

v = ghv 4 4755 puapy (1.166)
g g £S ar -

Figure 1.2 — This illustrates the bending angle A¢ of a light ray on the equatorial
plane of a magnetic dipole. The closest approach distance r;, is defined as the minimum
of the radial coordinate r, b represents the impact parameter, and denotes the radius of
the compact object possessing the magnetic dipole.

The path of minor deflection in the equatorial plane (z = 0) can be calculated using
the subsequent effective metric, approximating up to the first order in G and second
order in u:

dsz; = B(r)dt? — A(r)dr?® — C(r)d¢?, (1.167)
here,
2GM
B =1-=—, (1.168)
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2GM  Gu* u?

A(r) =1+ 3t e (1.169)
oy =14 25M ¥ (1.170)
Tr)= - ﬁ2T6. .

Using the notation and methodology outlined in [112], one can derive the
deflection angle of light originating from infinity, as depicted in (Fig. 1.2).

Ap = 2|o(r)) — ¢oo| — T, (1.171)
where 1, represents the distance of closest approach, and

A _4AGM  3mGu* 15m p?
T 32 16 g

(1.172)

The initial two expressions incorporating the gravitational constant are attributed
to the effects of general relativity, while the third term represents the influence of
nonlinear electrodynamic effects. Notably, the relative sign of the second term
contrasts with that of the first and third terms. This implies that the magnetic dipole's
impact on the total bending angle via nontrivial geodesics is repulsive, whereas the
contribution from nonlinear electrodynamic effects is attractive. In the scenario where
polarization aligns parallel to the magnetic field (z-mode), B within Eq. (1.172) is
replaced with y. In the scenario of slight deflection, approximately when 1y, is equal to
b, the third term in Equation (1.172) precisely aligns with the primary order derived
from geometric optics Eq. (1.10):

157 u?
16 BZbS’

Ap, = (1.173)

The examination proceeds to investigate light bending around a massive object
with a magnetic dipole moment, utilizing computations within general relativity. The
bending angle is determined through the geodesic equation derived from a static axially
symmetric solution for the metric and the four-potential. This yields the bending angle
as a function of the impact parameter. In the limit where the mass tends towards zero,
it is confirmed that the obtained result concurs with that derived from trajectory
equations. In the context of astrophysics, an estimation is made regarding the potential
maximum bending angle for magnetars. When the impact parameter is large, the
dominant bending arises from the mass term. However, for magnetars exhibiting
surface magnetic fields on the order of 10'"' T, the bending due to nonlinear
electromagnetic effects may rival that of the mass term, particularly in proximity to the
magnetar. Additionally, there exist other nonlinear electrodynamic implications
stemming from such intensely strong fields, which may be comparable to those induced
by mass.
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1.4Deflection of rays in a quadrupole magnetic field in a NLED vacuum.

Another study focuses on determining the impact of the nonlinear effects arising from
the magnetic dipole and quadrupole fields on the propagation of electromagnetic waves
[113]. This is done by employing the eikonal approximation within the parameterized
post-Maxwell electrodynamics framework applied to a vacuum. The research also
involves developing equations of motion for electromagnetic pulses transmitted
through a pulsar's strong magnetic field, considering two normal modes with
perpendicular polarizations. The goal is to calculate the difference in propagation times
(denoted as At) between the two normal waves originating from the same source of
electromagnetic radiation and reaching the receiver. In this work, the Cartesian
coordinate system is centered at the location of the pulsar or magnetar. Consequently,
the magnetic induction vector B is represented as B = B, + B,. In this scenario, the
magnetic induction vector B at the origin can be decomposed into two components: By,
representing the dipole magnetic induction vector, and Ba, representing the quadrupole
magnetic induction vector.

As detailed in Pétri [114], the components of the quadrupole magnetic induction vector
B: in a spherical coordinate system denoted by 7, 8, and ¢ are given by a specific
mathematical expression.

BREY[1 |5 5 .
B, = |z §(1+3c0529) cosy: — |3 Esm29c05<p sin y, cos y, +,

5
+ 3\/;sin2 0 cos 2¢ | sin y; sin y, ¢, (1.174)

BR? 5 1 .
By = e Esm 20| cosy,; +110 %cos 260 cos @ |sin y;cos y, —

5
— \/;SHIZQCOSZQD sin y; siny, ¢, (1.175)
BRy 2 o 0 . . .
B, = - 5 Ecos@smgosm)(lcosxz— ?smest(pszlsmxz .(1.176)
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In the given equation, R, represents the radius of the neutron star. B is a constant
parameter with the dimension of magnetic induction. The angles y; and y», both ranging
between 0 and © and 0 and 2m respectively, determine the specific geometry of the
quadrupole magnetic field.

Reciever Neutron Star

Source

Figure 1.3 — The location of the source and receiver of intense radiation, along with the
alignment of the coordinate axes.

To streamline the subsequent calculations, a rectangular Cartesian coordinate system
is employed for convenience. As a result, the constants B, y;, and y» will be redefined
and modified to align with the associated relationships.

By = ByJ1+ 2cos? y;, (1.177)
V3 cos sin
cosé = s , siné = 28! : (1.178)
V14 2cos? y, V14 2cos? y,

By substituting the values from the expressions (8) into the calculation, we can derive
the following results:
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5ByR?
B,, = \/; 275 {x[r? — 5z%]f; + 2z[5x? — r?]f, +

+x[5z% — 3r? + 10y2?]f3}, (1.179)

5B0R3y 2 2 2 2 2
B,y = £ 7 {[r° —5z%]f; + 10xzf, + [3r* — 10x* — 5z°]f3}, (1.180)

B,, = \/EB:IF {z[3r? — 5z%]f; + 2x[5z% — r?]f, — 5z[x* — y?]f;}. (1.181)

They begin by defining the variables in the equations: f; =cos &, f, =
sin &cos x,, f3 = sin &sin x,, and f? + f7 + f# = 1. Additionally, the individual
derived the value of Bo, which represents the magnetic induction at a certain point on
a neutron star's surface, indicated by the magnetic induction of a quadrupole, Bn. This
point on the neutron star is specifically located at the coordinates 6 = /2 and ¢=n/4.
They presented the formula for B, as:

6
Bo= BN\/[S(l + (1 + 25sin? y;) sin? &)]’ (1182)

Here, the scenario is presented where an electromagnetic pulse originates from a
specific location r = ry = {x,, Vs, Z. } at a given time t = t,, with a detector positioned
atr =1y = {x4,V4, 24} To simplify the analysis, the Cartesian coordinate system is
adjusted so that both the source and the detector lie within the XOZ plane, satisfying
the conditions x; = xzand y, = y; = 0. Consequently, the source is located at rg =
{x,,0,z,}, and the detector is at ry = {x,,0,2,}, as illustrated in the manuscript's
figure. Following the methodology outlined by Denisov [66], the study focuses on
analyzing the transmission of X-ray and gamma-frequency pulses, which exhibit
minimal interaction with the magnetospheric environments of pulsars and magnetars.
This allows for the simplification of the pulse propagation dynamics between r; and
r;. The primary objective is to determine the trajectory of the electromagnetic pulses
from rg to r; and understand the underlying principles governing their motion. Based
on the specified conditions, it is deduced that the pulse paths are linear within the XOZ
plane due to the high-frequency nature of the pulses and the negligible influence of
external fields on their trajectory. This analysis assumes a quasi-vacuum or vacuum-
like state in the space through which the pulses propagate.

8
X(z) =

307258 (z(1274f,f; — 15962 — 245f2—2597f2) —
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z\ 125R8x}
)+ e X

—64x,(fy + 13f)f)atan (=) +

S

X {4z(fs — ff: — x(ff —2fifs —4f5 + )} +

R8x?

727,.13 {162(13f1 - 7f3)f2 + xs(83f12 — 118f,f5 — 284f22+35f32)} n

+

8

+W{x5(145f32 + 52417 + 46f,f; — 287f7) —

8

—192z(f; + 2f) o} + = {x;(35f3 + 228f7 — 182f,f5 +

1152x2r

8

+371f7) — 64z(f; + 13f3)f,} + 7 {xs (24517 —

4608xir
—1274f,f5 + 1596f7 + 2597f%) — 320z(f; + 13f3)f>} +

25R8

+W{x5(245f12 — 1274f,f; + 15967 + 2597f%) —

—192z(f, + 13£)f,}, Y(2) = 0. (1.183)

Equation (1.183) enables the determination of ray trajectories within the context of
vacuum post-Maxwellian electrodynamics, where electromagnetic waves move
through a magnetic quadrupole field. This equation also helps in understanding how
electromagnetic pulses navigate these trajectories. The discussion shifts towards
examining how the nonlinear electrodynamic effects of the magnetic quadrupole field
influence the path of an electromagnetic wave. The initial step involves calculating the
ray curvature angle due to the vacuum electrodynamics' nonlinearity, expressed as:

sin B = [[N(z)N(za)]| = 11,26 B3 |F (z5) — F(za)|. (1.184)

This equation simplifies significantly when the magnetic quadrupole is positioned
midway between the wave emitter and receiver, where (z; = —z;). Under these
circumstances, the sine of the curvature angle for a ray within the X0Z plane becomes:

17SZSB§R8 17SB§R8 Zg
atan (—) +

. — BZ +
sin B =1,,¢B; {[ 1536x71:2 1536x2 Xs
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| 1752,B3R" 352,B3R®  52,B3R"
2304x2r*  576x3r®  96x,r8

X [182f,fs — 35f2 — 228f2 — 371f2] +

5z,x;BERE ) , )
W(Zwﬁ —46f1f; — 524f; — 145f5) +
S
25z,B2R8x3
Ter L60x (1= 2fifs = 5f7) 47 x
x (118f,f; ++284f2 — 83f2 — 35£2)]}. (1.185)

Estimations indicate that when B, is approximately 103G, the angle B could extend
to several angular seconds. Nevertheless, due to the significant distance between
pulsars and Earth relative to the pulsar radii, it is currently unfeasible to measure the
angles of nonlinear electrodynamic curvature of rays within the solar system.
Moreover, with n; # 71, resulting from nonlinear-electrodynamic birefringence, each
electromagnetic pulse emitted at point ry, = {q, 0, z,}, bifurcates into two pulses. One
pulse is conveyed by the first normal wave, while the other travels via the second
normal wave with orthogonal polarization. These pulses traverse distinct paths to the
receiver, thus experiencing different durations of route. Let us compute the delay time
of the electromagnetic pulse conveyed by the first normal wave in comparison to the
propagation of the momentum carried by the second normal wave.

5(n, — 772)530 R®

50x2
At=t1(Zd)_t2(Zd): { fZ(f3 fl)x

6¢
1 1 8f,
X PéZ_P}ZI - [_—_ +4xs3f2(5f1_3f3)! ]"‘
1 1 25xd
+xsf2(2f3_4f1)[_8_ ] (1_5f2 _2f1f3)[ 12]
Pq s pS

2
_ X5 (a1 a8f2 —157fF —34f,f) =& — Z | 4
12 3 2 1/3 ,0(110 ,0;0

+ > t (Zd) t (Z + Il
51247 arctg (= arctg xs Py

2xs [ Zg 8x5 [



_l_

16x7 [z, =z
2122 — 20| [35 - 182f,f; + 193f2 + 336f2]}. (1.186)
35 |pa  ps

In a scenario where py = /22 + x2and pg = +/z5 + x3, and with z; tending towards
negative infinity and z,; towards positive infinity, the formula for the curvature angle's

sine, initially stated as sinf = 0, ,éB§|F(z5) — F(z4)|. must now factor in these
radial distances. This adjustment is crucial for capturing the magnetic quadrupole
field's impact on the propagation of electromagnetic waves over extensive ranges. As
the source point z; moves to an infinitely negative position and the detection point z,4
to an infinitely positive one, it's anticipated that the formula will modify to better
represent the limitless journey of the electromagnetic wave through the quadrupole
field. Absent a concrete definition of F(zg), it's conjectured that the sin f formula
would evolve in response to these boundary conditions by assessing F at the infinite
values of z; and z,4, thereby potentially refining to a version that more accurately
mirrors the magnetic quadrupole field's effect on the electromagnetic wave over
boundless distances. This reflects on how the non-linear electrodynamic characteristics
of the magnetic quadrupole influence the path's bend of the electromagnetic wave as it
moves from the source to the detector across infinite expanses.

The existence of a non-zero At introduces unique polarization characteristics to
an electromagnetic pulse, stemming from the differential propagation velocities of two
modes within an external magnetic field. Consider a finite-duration pulse of arbitrarily
polarized hard radiation, which divides into two modes, each polarized orthogonally to
the other. Initially aligned, their leading edges differ due to vacuum birefringence. The
faster mode's leading edge precedes the slower mode's by At. Consequently, only the
faster normal pulse mode traverses the detector during this time, resulting in the
detection of linear polarization for this portion of the momentum.

Following At, another normal mode carries momentum, with its phase differing
from the faster mode by wAt, where w denotes the wave frequency. Consequently, the
combined action of these orthogonally polarized normal modes over subsequent time
intervals produces radiation with elliptical polarization detectable by the receiver for
T — At duration. Likewise, the slower mode's trailing edge lags behind the faster
mode's, causing linear polarization orthogonal to that observed at the momentum's
leading edge during the At period. Detecting such polarization properties in hard pulses
emitted by pulsars confirms not only the presence of vacuum's nonlinear
electrodynamics but also facilitates estimating the surface magnetic field induction on
pulsars based on At.

Similarly, the slower mode's trailing edge will exit the detector prior to the faster
mode's, resulting in linear polarization at the back of the hard radiation momentum
during the At duration, but orthogonal to the linear polarization observed at the
momentum's leading edge. Therefore, detecting these polarization properties in hard
pulses emitted by pulsars allows us to not only confirm the presence of vacuum's
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nonlinear electrodynamics but also estimate the magnitude of magnetic field induction
on the pulsar surface based on the At value.

Based on the equations of nonlinear electrodynamics of vacuum, the outcome of
the calculation revealed that the magnetic quadrupole field is capable of bending
electromagnetic waves' rays. Furthermore, the curvature angle's magnitude is
determined by the quadrupole moment's orientation with respect to the electromagnetic
wave propagation direction. This scientific finding conveys the significance of
magnetic quadrupole fields in the alteration of the path of electromagnetic waves,
which could have a substantial impact on various applications such as in the field of
optics. The propagation velocities of electromagnetic pulses at different refractive
indices depend on the polarization of the electromagnetic wave. In the case of a short
pulse emitted from the electromagnetic radiation source, it will generally propagate in
the magnetic quadrupole field as two normal waves with perpendicular polarizations.
This means that when electromagnetic radiation reaches the receiver, the pulses will
arrive at different angles and at different times. As a result, the total recorded pulse will
have an unusual polarization. The front and back parts of each pulse will be linearly
polarized in perpendicular planes, while the middle part will be elliptically polarized.
An analysis shows that at a distance of about 10,000 kilometers (R) and a magnetic
field strength of about 10'* Gauss (By), the value of At (the time difference) can be
several tens of nanoseconds. This assumes a favorable orientation of the quadrupole (a
type of electromagnetic field) relative to the z-axis of the chosen Cartesian coordinate
system.
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2. LENSING OF RAYS BY MAGNETARS
2.1 Numerical calculations of the system of effective geodesic equations.

In this study, we employ the with(tensor) and with(plot) packages from the
Maple 6 computing platform to perform numerical calculations, which are integral to
our research. Concurrently, we utilize the Numpy, Matplotlib, and Scipy libraries from
the Python programming language to process and visualize the graphs of the results
obtained from these calculations. This multidisciplinary approach allows us to leverage
the strengths of both computing environments. We refer to the geodesic equation from
previous scholarly works for our analytical calculations. This equation is used as the
basis for our numerical solutions. Notably, since the direction of the beam corresponds
to the Oz axis in our setup, the variable z is taken as an affine parameter in the geodesic
equation and is transformed accordingly to accommodate this configuration. For our
computational setup, we adopt a Cartesian coordinate system. Initially, we activate the
required packages in Maple 6 — namely with(tensor), with(LinearAlgebra), and
with(plot) — and then define our spatial coordinates in the form of [t, X, y, z]. It is
important to note that in this context, z not only serves as a spatial coordinate but also
plays the role of an affine parameter, crucial for the computations related to the
geodesic paths. The absolute value of the radius vector is written as follows in our
scripts:

r= \/x2 + y? + z2. (2.1)

A dipole magnetic field is considered as a magnetic field. The dependence of the
dipole moment on the strength of the magnetic field is determined by the formula (14).
Projections of the strength of the dipole magnetic field are determined by this equation.
For this, we assume that the dipole magnetic moment is directed along the Ox axis,
which is perpendicular to the direction of propagation of the beam front (Oz), that is,
taking into account that m = m(m,, 0,0) we get the following components:

m, (222 = y* = %)
x = 5

(x? +y?+z2)2

3m,xy
B, = 5
(x? + y? + z?)2
3m,xz
B, = (2.2)

=
(x? +y2+2z2)2
Of course, along with the effect of nonlinear electrodynamics of vacuum, there is also

the effect of gravity. In the calculation we are considering, we use the characteristics
of the magnetar closest to the Earth as a compact object. However, our work also has
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the following limitations. That is, the magnitude of the magnetic field on the surface
of the magnetar is taken to be from 10" T to 10! G, and a stationary compact object
is considered. As an object metric, we write the components of the Schwarzschild
metric in isotropic coordinates as follows:

goo=1—%; 911 =_(1+%),

a a
922=_(1+;)} 933=_(1+;)- (2.3)
where a is the gravitational radius of the magnetar. The inverse metric of it is
determined in the form of the following components:

a a
’ gll,gzz,g33 ——1— .
Jx2 +y? + 22 Jx2 +y? + 22

g0 =1-— (2.4)

Next, we will need to obtain the combined metric of nonlinear electrodynamics
and gravity. To accomplish this, it is crucial to determine the form of the field tensor.
In our case, considering only the influence of the magnetic field in the vacuum, we will
assume that the components of the electric field are equal to zero. Specifically, this
means that the components related to the electric field in the field tensor
Ey, E,, E;, E5 = 0 are all set to zero. With the electric field components nullified, our
focus shifts to the magnetic components of the tensor. We will calculate these
remaining components, taking into account the symmetry properties and the specific
conditions of our setup, to ensure that they accurately represent the magnetic field in
the context of curved spacetime. We then write the contravariant form of the field
tensor, taking care to align it with the alterations induced by the gravitational field.
This formulation allows us to integrate the effects of the magnetic field with those of
gravity in our theoretical framework. So, we calculate the remaining components of
the field tensor and write the contravariant form as follows:

0 O 0 0
0 0 B3 _BZ
Mv —_—
F 0 =B, 0 B (2.5)
0 BZ _B1 0

In our mathematical formulation, we denote B, = By, B, = B),, B3 = B, as the
components of the magnetic field along the x, y, and z axes, respectively,
corresponding to By, By, and B,. To facilitate the calculations, we enter the Equations
(2.1) and (2.2) into the computational platform. These equations are represented in the
form of a matrix to streamline the process of solving the system. The matrix notation
helps in efficiently handling the vector components of the magnetic field and
integrating them into our overall simulation framework. Specifically, we structure the
matrix as follows to capture the interactions and dependencies among the magnetic
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field components within our theoretical model. We type the Equations (2.1) and (2.1)
to the platform in the form of the following matrix.

Fi2 — 3mxz
- — =,
(x? +y? +2z2)2
F21 _ 3mxz
- =,
(x? +y2+2z2)2
F13 _ 3mxy
- =,
(x? +y?+2z2)2
F31 3mxy
- — =,
(x?2 +y? +2z2)2
F23 3mxy
— =,
(x? +y2+2z2)2
3mx
F32 — 4 (2.6)

.
(x?2 +y2+2z2)2
We define the covariant form of the electromagnetic tensor as follows.

0 O 0 0

0 0 B3 _BZ
Fuv = gulFﬂpgpv = Fuv 1o —B, 0 B, |’ (2.7)

0 B2 _Bl 0

Its components are defined as follows:

3(Vx2+y2+2z2+ af)zmxz

Fip = — 7 ’

(x?2 +y2+2z2)2
2

3(Jx2+y2+z2+a) mxz

Fp1 = 7 ’
(x? +y2+2z2)2

2

3(Vx2+y2+2z2+a) mxy

Fiz = ’

7
(x?+y?+2z2%)2
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3(Jx2+y2+ 22+ a)zmxy

F3; = — 7 )
(x? +y2+2z2)2
2
3(Vx2+y2+z2+a) mxy
Fp3 = — 7 ’
(x%2 +y2+2z2)2
2
3(Jx2+y2+2z2+a) mxy

7
(x? +y2+2z2)2

Further, it is essential to obtain the combined form of the electromagnetic (EM)
tensor in order to utilize the fundamental equation of the Penrose and Newman
formalism. This step is crucial for deriving the covariance form of the effective
combined metric, as demonstrated in previous research works. To achieve this, we start
by determining the type of mixed tensor. This involves specifying the tensor's structure,
which combines both covariant and contravariant components, thereby allowing us to
fully express the electromagnetic interactions in a geometric framework suitable for
general relativity. The process of identifying the tensor's type is guided by its
transformation properties under Lorentz transformations, ensuring that the tensor
accurately reflects the properties of the physical system in different reference frames.
The specified mixed tensor is thus structured to represent the interactions in the form
required by the Penrose and Newman formalism. For this, we can determine the type
of mixed tensor as follows:

F,uv = gvaFau- (2.9)

Considering this, Maple also defined its components as follows:

B 3(x2+y2 + 22 + a)mxz

F; 2 ¥ vZ 1 ,2)3 ’
(x? + y2 + z2?)

Fl _3(\/x2 + y% + 2% + a)mxy

3 (x%2 +y2 4+ z2)3 ’

F2 _3(\/x2+y2+22+a)mxz

1 (x2 +y? 4+ 22)3 ’

F2 = 3(Vx2 + y2 + 22 + a)mxy

(x? + y?2 + z?)3
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3 3(x2 +y% + 22 + a)mxy
B (x2 +y%+2z2)3

)

3(JVx2+y2 422+ a)mxy
(x%2 +y2 4+ z2)3

F} = (2.10)

Further, to advance our analysis, we perform the product of the electromagnetic
tensor in both covariant and mixed forms, denoted as F. F,, . This operation is critical
for exploring the interaction properties of the EM field within our theoretical
framework. To carry out this calculation, we utilize the prod() operator provided by the
with(tensor) package in Maple, which is specifically designed for tensor operations.
We meticulously define the following nonzero components to ensure the correctness
of our tensor calculations. Each component is carefully chosen based on physical
considerations and symmetry properties inherent in the problem. This approach allows
us to effectively construct a comprehensive tensorial representation that can be used
for further calculations in our study.

3

@ 9(\/x2 +y2+2z24+ a) m2x?(y? + z?)

Ey = 13 )
(x?2+y%2+2z2)2

E® _ 9(\/x2 +y2+2z2+ a)3m2x2y2
12 —

)

13
(x?2+y2+2z2)2

3

E® _ I(Vx2 +y2 + 22+ a) m2x2zy

13 13 )
(x?2+y?+2z2)2

e 9(\/x2 +y2+2z2+ a)3m2x2y2

)

13
(x?+y2+2z2)2

3
5@ _ 9(\/x2 +y2+2z2 + a) m?x?(y? + z?)

13
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32 13 )
(x?2+y?+2z2)2

3
18(/x2 + y2 + z2 + a) m?x?y?

F® = Wt +y )13 y (2.11)

(x?+y%2+2z2)2

Next, according to equation (2.05), we proceed to determine the combination of
two distinct tensors, each representing different polarizations. This step involves
multiplying the convolution of the last tensor found by the coefficients 47,
respectively, allowing for an examination of their individual effects on the
electromagnetic field. Subsequently, we add the results to the metric tensor to derive
two separate effective metrics, each corresponding to a different polarizing ray n; and
1,. However, it's important to note that in our study, we do not consider the effects of
birefringence; instead, we assume that n; = 1, and conduct all calculations under this
simplified condition. This assumption streamlines our analysis and helps maintain
focus on the primary interactions. In the Maple software, we execute the tensor
combination process by multiplying and adding as specified, then equate the result to

the effective metric tensor G:{ T We carefully determine the non-zero components of

this tensor, which are crucial for describing the geometric properties of the spacetime
being analyzed. These components are identified through meticulous calculation and
consideration of the symmetry properties of the tensors involved, ensuring that the
derived effective metric accurately represents the interaction dynamics under the
specified conditions [109,112].

eff_\/x2+y2+zz—a
Goo” = \/ > - — (2.12)
X +ys+z

1
Gf{f =— 3 (\/x2 +y2+2z2 + a) (60x*y®z?% +
(x?+y2+2z2)2

+15x*y8 + 60x6y*z% + 90x*y*z* + 60x°y2z* + 60x*y?2° +
+30x2y8z% + 60x%y®z* + 60x%y*z% + 30x%y22z8 +

+36a’nm?x?&y? + 36a’nm?x2&z% + 72nm?x2Ey?z? +
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+36nm2x*&y? + 36nm2x*&z? + 36nm2x2Ey*t +
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+36nm?*x*éz? + 36nm*x2éy* + 36nm2x2éz* +
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+15x%28 + 6x2y10 + 6x2210 + 6y1022 + 15y82% +

+20y°z° + 15y*28 + 6y2210), (2.17)
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e = ¢ y ) ynf (2.18)
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(x?+y? + Zz) 2
36(x2+y2+z2+a mxzynf
Gl = Sl )13 (2.21)

(x?+y?+2z2)2

Next, we derive the inverse form of this effective metric tensor, which is a crucial
step for further calculations. Utilizing this inverse metric, we then calculate the
Christoffel symbols, which are essential for defining the curvature and connection
properties of the spacetime under consideration. Our calculations revealed that there
are 20 non-zero components of the Christoffel symbols. Using these calculated
Christoffel symbols, we proceed to formulate the geodesic equation, incorporating a
normalization condition that ensures the physical plausibility of our model. This step
is fundamental in understanding the paths that particles or light rays would follow in
the curved spacetime described by our effective metric. In total, we derived three main
geodesic equations. Due to their extensive and complex nature, we present only their
general forms in the main text of our work, reserving the detailed expressions and
derivations for an extended discussion section or supplementary material.

dzct_ { det _, }dxp dx™

= — 0 [ — —_
dz? mP dz "™P) dz dz’

d?x dx dxP dx™
_=_{l"1 __l"3 }__,
dz? mpPdz ™P) dz dz
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-
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n P
A (2.23)

z dz
After that, we clarified the numerical values of the following quantities: magnetic
moment, gravitational radius, and parameters 17; and 77,. Each quantity was subjected
to repeated measurements and analysis to ensure the accuracy of the data for our
calculations. Once the accuracy of these data was confirmed, we entered them into our
computational model as follows: the values of the magnetic moment were updated
based on the latest experimental results, the gravitational radius values were adjusted
for better alignment with theoretical assumptions, and the parameters 1, and 1, were
set according to new scientific data. This ensured increased accuracy and relevance of
our numerical simulations.

& =5.141890467 - 10720,
c = 2.99792458 - 108,
My =1Mg,, 1, =2953.85,
n,=51-10"5  n,=9-1075,
py =10%Y,  p, =10%2, p, =107, (2.24)

In this study, three different numerical values of the magnetic moment, u,, u,,
Uz were obtained corresponding to magnetic fields with intensities of B, = 10° T,
B, =10 T, B, = 101! T respectively. These magnetic moment values are used as
initial conditions for numerical calculations. We vary the values of the magnetic
moment, gravitational radius, and parameters 77; and 77, to study their impact on the
modeling results. A detailed analysis of the obtained results will be presented later. For
further analysis, we will substitute these numerical values into the model equations,
designated as (2.1), and perform the recording of these equations with their numerical
values. This will allow for a thorough analysis of how outcomes depend on the
variation of initial parameters. After preparing the initial conditions, the program
begins the numerical solution of the equations. Based on the condition that the guiding
ray approaching the magnetar is parallel to the Oz axis and has an impact parameter
b = 2 - 10*, we analyze the entry into the magnetosphere at z = —10® m and conduct
calculations until reaching z = 10® m. Thus, we numerically solve the problem of
motion in the effective geodesic potential to understand how the influence of the
magnetic moment and other parameters changes the trajectory of the ray. The boundary
conditions are formulated as follows:

Zo=—10°m, x(zy) = —2-10*m,(D(x))(z,) = 0,
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1 1
t(z9) = 0,(D(1))(20) = ¢ 299792458 108’

¥(20) = 0,(D())(z) = 0. (2.25)

Here the c is the speed of light in a vacuum, and D(t), D(x), D(y) are the first-order
derivatives with respect to the parameter z for time and spatial coordinates,
respectively. These initial conditions are input into the program, which then proceeds
to numerical calculations. During the calculations, the parameter z varies within a range
of —10® m < z < 10°. An important aspect is the orientation of the magnetic field,
which is directed perpendicular to the direction of the light front hitting the magnetar.
This direction coincides with the Ox axis, along which the magnetic field is calculated.
In this context, the components of the magnetic dipole moment are defined as m =
{0, m,, 0,0}, where m,, is the magnitude of the magnetic moment in the direction of the
Ox axis. We place a neutron star at the beginning of the coordinate. This configuration
allows for precise modeling of the interaction between the magnetic field and the
electromagnetic wave and studying the physical phenomena occurring during this
interaction.

To conduct a deeper analysis of the impact of post-Maxwellian parameters on the
geodesic lines in the strong magnetic fields of magnetars, we employ a detailed
approach to modeling for case of n; = 5.1 - 107>, Based on the assumptions regarding
magnetic field strengths at two different scales B, = 10° T and B; = 101 T, our study
is divided into two main groups. Each group includes analyses for three different values
of the magnetar mass: My = 1.4 My,,,, and My = 1.8 My,,,,. This allows us to cover a
broad range of scenarios regarding the impact of mass on geodesic trajectories. For
each combination of magnetic field and magnetar mass, we conduct calculations to
obtain solutions for the equations describing the geodesic lines. These data form the
basis for creating graphs that visually demonstrate how the trajectory of the EM beam
changes under various initial conditions. Particular attention is given to the analysis of
EM beam refraction near the surface of the magnetar, especially within distances up to
50 km, where significant curvature of the trajectories is observed.

We also examine different initial conditions in the equatorial plane of the
magnetar (y = 0, Ox, 0z), including variations in the impact parameter. This allows
us to study how changes in distance from the surface of the magnetar affect the
characteristics of beam refraction. While in areas located more than 50 km from the
surface, the curvature of the EM beam becomes less noticeable, emphasizing the
importance of focusing research on areas closer to the magnetar. This approach not
only provides a more thorough understanding of the dynamics of geodesic lines under
extreme magnetic field conditions but also contributes to the development of more
accurate models for predicting the behavior of EM radiation near neutron stars, which
may have significant astrophysical implications. Here we take the impact parameter up
to 50 km from the surface of the magnetar, because the refraction of the EM beam is
clearly visible up to 50 km. We did not show it in the graph because the bending of the
beam in the area above is insignificant.
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1. Considering that the strength of the magnetic field on the surface of the
magnetar is B, = 10° T, the results according to the determined numerical solutions of
the equations were considered individually based on the following three conditions:

a) We obtain a numerical solution for the effective geodesic equation with
B; =10°T, n; = 5.1-107°, My = My, 1, = 2953.85m. The program is set
with initial conditions for solving the equation according to Figure 2.1. This means that
the impact parameter of the light front covers a distance from 12 km to 50 km. This is
due to the fact that in the region from 11 km to the surface of the magnetar, the solution
of the equation tends towards infinity. This phenomenon is explained by the fact that
the angle of the beam's turn is sharp, meaning it turns at an angle of 90 degrees or more.
We have taken the solutions of the equation and displayed a graph of the effective
geodesic lines in Figure 2.2.

b) We obtain a numerical solution for the effective geodesic equation with
B; =10°T, n; = 5.1-107°, My = 1.4 M,,,, 1, = 4135.38 m. Initial conditions
for solving the equation are set according to Figure 2.3. Here, the aiming parameter of
the light front spans a distance from 15 km to 50 km. This is because in the region from
14 km to the surface of the magnetar, the solution of the equation tends towards infinity.
This phenomenon is explained by the fact that the angle of the beam's turn is sharp,
meaning it turns at an angle of 90 degrees or more. The graph of effective geodesic
lines is shown in Figure 2.4, derived from the solutions of the equation. In the area near
the surface of the magnetar, the EM beam is significantly more curved than in the area
further away. This, in turn, is explained by the effect of the strong combined field.

c) We obtain a numerical solution for the effective geodesic equation with
B; =10°T, n; = 5.1-107°, My = 1.8 M,,,, 1, = 5316.92 m. Initial conditions
for solving the equation are set according to Figure 2.5. Here, the aiming parameter of
the light front spans a distance from 18 km to 50 km. This is because in the region from
18 km to the surface of the magnetar, the solution of the equation tends towards infinity.
This phenomenon is explained by the fact that the angle of the beam's turn is sharp,
meaning it turns at an angle of 90 degrees or more. The graph of effective geodesic
lines is shown in Figure 2.6, derived from the solutions of the equation. The narrowing
of the graph in the image is a consequence of their sharp turn due to the strong
refraction of the EM beam near the magnetar. This is explained by the fact that the
deviation sharply increases with the increase of the gravitational radius. In the area near
the surface of the magnetar, the EM beam is significantly more curved than in the area
further away. This, in turn, is explained by the effect of the strong combined field.

2. Given the strength of the magnetic field on the surface of a magnetar as
B, = 101, the following numerical solutions to the equation were calculated
accordingly for the three conditions:

a) With B, =10 T, n; = 5.1-107°, the numerical solution of the
effective geodesic equation for My = Mgy, 7, = 2953.85 m, was computed under
the initial conditions depicted in Fig. 2.3. Specifically, the impact parameter of the light
front spans distances from 15 km to 50 km. This range is critical because, from 15 km
to the surface of the magnetar, the solution to the equation tends toward infinity. This
phenomenon is attributed to the abrupt bending of the light ray, namely, turning at an
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angle of 90 degrees or more. The solutions of the equation are illustrated in Fig. 2.7,
showing the plots of the effective geodesic lines.

b) We obtain a numerical solution for the effective geodesic equation with
B, =10"T, ny = 51-107°, My = 1.4 M,,,, r, = 413538 m. The initial
conditions for solving the equation are set according to Fig. 2.8. Here, the impact
parameter of the light front ranges from 17 km to 50 km. This range is significant
because, from 17 km to the surface of the magnetar, the solution of the equation tends
towards infinity. This behavior is explained by the sharp turning angle of the ray, which
turns at an angle of 90 degrees or more. The plot of the effective geodesic lines, derived
from the solutions of the equation, is shown in Fig. 2.9. Near the surface of the
magnetar, the EM ray curves significantly more than in regions farther away.

c) For the numerical solution of the effective geodesic equation with By =
10T, ny = 51-107°, My = 1.8+ Mgy, 1, = 5316.92m, the initial conditions
are provided according to Fig. 2.10. Here, the impact parameter of the light front covers
a distance from 19.5 km to 50 km. In the region from 19.4 km to the surface of the
magnetar, the solution of the equation tends towards infinity. This outcome is explained
by the sharp turning angle of the ray, which turns at an angle of 90 degrees or more.
The plot of the effective geodesic lines, derived from the solutions of the equation, is
shown in Fig. 2.11. Near the surface of the magnetar, the EM ray curves significantly
more than in areas further away.
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In this thesis we also studied geodesic lines of EM radiation outside the equatorial
plane. We fixed the values of the post-Maxwellian parameter ; = 5.1+ 107> and the
gravitational radius of the magnetar r, = 4135.38 m, and then numerically solved the
system of equations. It was assumed that the dipole moment of the magnetic field of
the magnet is directed along the Ox axis, that is, u(u,, 0, 0). According to figures (2.12)
and (2.13), we obtained two different geodetic lines for the magnetic field values B, =
10° T and B, = 101! T. Geodesic lines of an EM beam approaching a magnetar from
a distance of 100 km through a 50x50 km grid show little difference for a magnetar
with a diameter of 10 km. As well as, we accomplished the task of constructing a plot
of geodesic lines that illustrates the behavior of electromagnetic rays traveling towards
a magnetar. These rays had an impact parameter of 30 km and were analyzed on the
Oy — Oz plane at a fixed x-value of 30 km. The magnetic field and post-Maxwellian
parameter were set at B, = 10° Tandn; = 5.1 - 107° respectively, which correspond
to conditions of extreme magnetic intensity. According to Figure 2.14, the rays passed
parallel to the magnetar from the distance of 10° km, spaced at intervals of 10% m along
the Oy axis. This plot is key to our investigation as it enables the visualization of the
curvature of electromagnetic rays, particularly those passing close to the surface of the
magnetar.
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Figure 2.7 — The trajectory of photons for a magnetic field strength of B, = 10° T and
a value of n; = 5.1-107>, a square wavefront with sides (50 x 50) x 10’ m as a grid
with the 10° m dynamic step.
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value of n; = 5.1-1075, an impact parametre of 30 km and on the Oy — Oz plane at
a fixed x-value of 30 km.
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For a value of B, = 10° Tand n; = 5.1 107>, we considered three different cases to
demonstrate the initial and final coordinates of photons. When an electromagnetic
beam enters the magnetosphere of a magnetar from a distance of 100 km, we adopted
three different impact parameter values: b; = 3-10* m,b, = 5-10* m,b; = 10° m.
According to Figures 2.15, 2.16, and 2.17 respectively, we demonstrated the initial and
final coordinate points in the plane of Ox — Oy. As can be seen, the changes in the
positions of points lying along the geodesic line are significant closer to the surface of
the magnetar, indicating high curvature of light in this region.

Critical values of the impact parameter for EM rays passing through the region
near the surface of a magnetar were determined. We identified these by locating the
point at which the solution of the equation exhibits a singularity when testing the
impact parameter in the initial state. Figure 2.18 illustrates the graph showing the
dependence of the obtained critical impact parameter values on the mass of the
magnetar. The graph indicates that as the mass of the magnetar increases, the critical
values of the beam's impact parameters also increase proportionally to the strength of
the external dipole magnetic field. Using the method of least squares (linear regression)
to determine the slope m and intercept c¢ in the linear model b., = m - Mg,, + c, the
equations describing the dependence of b, on Mg,, for each line are as follows, for
B, = 1.10°T

be, = 9348.75 - Mg, + 959.42. (2.26)

This equation demonstrates that as the mass of the magnetar increases by one solar
mass unit, the critical impact parameter of the rays increases by 9348.75 units. For
B, = 1.101 T:

b., = 5803.75 - Mg, + 8709.75. (2.27)
In this case, the slope is smaller, but the intercept is significantly higher, indicating a

higher initial value of b, for the same mass of the magnetar, which may be associated
with a stronger magnetic field.
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Figure 2.11 — Initial and final coordinate of the photons entering to the magnetosphere
of the magnetar at the distance of z =100 km with impact parameter of
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2.2 Analysis of ray distribution

One of the key applications of the effective metric concept is to analyze the deflection
of light under the influence of an external electromagnetic field. In this context, the
study of the general deflection of light within the framework of general relativity is
especially important. Within the framework of the general theory of relativity, for
spherically symmetric masses, an element of length of the following form is
considered:

ds? = B(r)dt? — A(r)dr? —r2C(r)(d6? + sin 8d¢?). (2.28)

A similar form of the line element is applied in the case of electromagnetic fields,
particularly when a static radial field is generated by a spherically symmetric electric
charge. However, in our case, we consider only the presence of a strong dipolar
magnetic field, thereby disregarding any external electric fields. Typically, previous
works focusing on analytical calculations of the effective geodesic equation
concentrate on analyzing the angular displacement of a light ray, which is determined
by the effective metric of the form ds?. Due to the symmetry of the system, the angle
0 can be fixed at m/2, restricting all motion to this plane. Utilizing the methodology
and notation described in [66, 72,112,115], it 1s possible to calculate the bending angle
of light that originates from an infinite distance. This approach allows for the precise
determination of how light curves when it passes near massive celestial objects,
adhering to the principles outlined in the referenced study.

B dr A(r) B(ry)C(1) _%
¢(0) — ¢p(0) = o) [rﬂ B(r)C(rO) 1] : (2.29)

The equation provided in (2.1) calculates the bending angle of light originating from
infinity. The distance at which the light ray comes closest to the charged object is
denoted as 1. Depending on the direction of motion (anticlockwise or clockwise), the
choice of the plus or minus sign determines the appropriate bending angle.

To simplify the analysis, it is usually considered only the positive sign in the equations.
Equation (2.1) was used the primary equation used in the previous researches [66]. The
total angle deflection of a light ray starting from infinity, approaching a charged body
to the minimum distance 7, and then traveling back to infinity can be calculated using
equation:

Agp = 2|¢p(0) — ¢(0)| — . (2.30)
In the following subsections, we will utilize formulas (7.30) and (7.31) to examine the

overall angle shift caused by the electric field of a spherically symmetric electric charge
and the magnetic field of a dipole.
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In another work, the angle of deviation of the beam is analytically determined by
the refractive index coefficient. In them, the deflection angle of the beam is analytically
calculated using the Gauss-Bonnet theorem (GBT) and the refractive index coefficient
[78]. The GBT establishes a relationship between geometry in terms of optical
curvature and topology in terms of the Euler characteristic number. It is expressed in
the following equation:

_n(p)n" (p)p - (n'(p))°p +n(p)n’ (p)

= n*(p)p

(2.31)

j f KdS + SﬁaDdet + z 0; = 2wy (Dg). (2.32)
DR :

In equation (2.31), k refers to the geodesic curvature, and K represents the Gaussian
optical curvature. By citing to the reference [gibbons2008applications], they estimated
a nonsingular domain with an Euler characteristic number:

x(Dg) = 1. (2.33)

After several further transformations and approximations, the deflection angle of the
light is determined analytically as follows.

R T r® 2M 18aMb —
a= —j fb (— 2 + . )ﬁdr do, (2.34)
0 sin ¢
where
= b (2.35)
= sing’ '

The results obtained in these works are compared and discussed with previous studies.
And, in this research work, we determine the deflection angle of the EM beam by
numerically solving the system of effective geodesic equations. For this, we use the
numerical solutions of the system of effective geodesic equations obtained in the
previous chapter to calculate the deflection angle. After establishing the initial
conditions, we observe bending of light for three distinct magnitudes of the dipole
magnetic field: By = 10° T, B, = 101° T, and B, = 10! T. Consequently, we
randomly select three values for the post-Maxwellian parameters as follows: 1, =
5.1:107>%, n, = 7-107% and n; = 9-107°. For each scenario, we solve the
geodesic equation independently and calculate the deflection angles of the light using
the expression defined by the ratio of velocities as:
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/192 + 2
180 - arcsin <#>

Q= . (2.36)
Vs

In this study, we used the speed of light, denoted as ¢ = 2.9979 - 108 m/s. Based on
the calculated deflection angles, we plotted their relationship with the initial photon
coordinates under three different conditions of the dipole magnetic field in conjunction
with the gravitational field, as shown in figures (2.17), (2.18) and (2.19). Additionally,
we assessed the values of the dipole magnetic field relating to the gravitational field,
leading us to construct a similar graph illustrating this relationship. However, the
influence of the magnetic field was notably minimal in the relation with a magnetic
field strength of B, = 10° T, prompting us to depict only the two cases with B, = 101°
T, and B, = 101! T in figures (2.20) and (2.21). The research conducted confirmed the
influence of vacuum nonlinear electrodynamics on the lensing of EM waves by a
magnetar. Utilizing an effective metric in harmonic coordinates, our study explored the
movement of flat EM wave fronts along the orthogonal Oz-axis, with the dipole
magnetic moment oriented perpendicularly along the Ox-axis. We numerically
resolved the effective geodesic equation under specific initial conditions to map the
distribution of wave front deflection angles in the magnetosphere according to the
initial coordinates. This analysis yielded a distribution that illustrates how the
deflection angles depend on a dimensionless measure the ratio of the initial coordinates
to the magnetar's diameter.
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Figure 2.14 — Distribution of photon deflection angles in the gravitational and dipole
magnetic field of B, = 10° T, as impacted by post-maxwellian parameters n; = 5.1 -
107°, 1, = 7-107°, and 73 = 9- 107>, analyzed along the Ox-axis with stationary
points on the Oy-axis.
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Figure 2.15 — Distribution of photon deflection in the gravitational and dipole magnetic
field of B, = 10° T, as influenced by post-maxwellian parameters n; = 5.1-107°,
n, = 7-107> andns; = 91075, along the Ox-axis with fixed points on the Oy-axis.
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Figure 2.16 Distribution of photon deflection angles in the gravitational and dipole
magnetic field of B, = 101! T, as influenced by post-maxwellian parameters 1, =
5.1:107%, 7, = 7-107% andn3 = 9- 107>, along the Ox-axis with fixed points on
the Oy-axis.
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Figure 2.17 — Distribution of photon deflection angles solely by a dipole magnetic field
of B; = 10'° T, modulated by post-maxwellian parametersn; = 5.1-107%, 1, = 7
107>, and n3 = 9-107°, measured along the Ox-axis with fixed points on the Oy-
axis.
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Figure 2.18 — Distribution of photon deflection angles solely by a dipole magnetic field
of B, = 10! T, modulated by post-maxwellian parametersn; = 5.1:1075,n, = 7
107>, and n3 = 9-107°, measured along the Ox-axis with fixed points on the Oy-
axis.
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Given the axial symmetry of the magnetar's magnetic field, the lensing effect is
likewise axially symmetrical. This means the deflection angles for EM beams along
the Ox-axis differ from those along the Oy-axis. Our findings also highlighted that EM
wave deflections along the 0z-axis maintain this axial symmetry, as depicted in figures
(2.21) and (2.22). To demonstrate the axial symmetry at z = 0, we plotted the variation
of photon coordinates from a polar angle in the xy plane, as shown in figures (2.23)
and (2.24). Here, the sinusoidal pattern confirms the axial symmetry of lensing near
the magnetar.

o, degree -
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Figure 2.22 — Distribution of deflection angles relative to initial coordinates in the
presence of a dipole magnetic field of B, = 10° T with the post-maxwellian parameter
ofn; = 5.1-107° and impact parameter of b > 50 - 103 m.

o, degree

Figure 2.19 — Distribution of deflection angles relative to initial coordinates in the
presence of a dipole magnetic field of By = 101! T with the post-maxwellian parameter
ofn; = 5.1-107° and impact parameter of b > 50+ 103 m.
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Figure 2.21 — Deformation of EM wave fronts relative to the deflection angles at z =
—45 - 103 m, in the case of n; = 5.1+ 107° and a surface magnetic field of B, = 10°

T.
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Regarding specific calculations, the deflection angle of a photon entering y =
10°> m,x = 0 m is approximately 3.356036834°, while at y = 0 m,x = 10° m is, it
is 3.356036837°, with a negligible difference of about 107°. Additionally, we
evaluated the deflection angles at y = 15- 103 m,x = 15- 103 and z = 0. It was
observed that closer to the Ox-axis, the angle of light trajectory deviation from the Oz-
axis increases. In a binary system involving a magnetar, this axial distortion in lensing
could potentially be observed through photometric methods, marking a novel
detectable effect of NLED.

Further, we determined the focal lengths of these rays. To do this, we determined
the focal length by the following expression, using the laws relevant to geometric
optics:

b
F= )
tana

(2.37)

where b 1s the impact parameter of the beam, and « is the turning angle of the beam.
Focal lengths were calculated separately for EM beams propagating in the Ox — Oz
and Ox — Oy planes. For these two planes, we constructed a graph of the dependence
of the individually determined focal distances on the impact parameter of each beam
for the case where By = 10° T, n; = 5.1-107> and My = M, 1, = 2953.85.

According to the figure (2.25), it was determined that the focal distance increases as
the impact parameter increases. However, the fact that the focal lengths on the two
planes are not the same, and the graph of their difference and dependence on the impact
parameter was built. The difference in focal lengths can be explained by the presence
of axial symmetry.

A numerical calculation of the passage of electromagnetic radiation from
gamma-ray bursts through the dipole and quadrupole magnetic field of a magnetar was
performed in figure (2.27). For this purpose, a mathematical model was developed that
takes into account the interaction of gamma rays with various components of the
complex magnetic structure of the magnetar magnetosphere. The modeling was carried
out in order to study how exactly the magnetic field changes the trajectory and energy
distribution of gamma radiation. In addition, during the calculations, the distribution
of the energy of gamma rays passing through the magnetic field by scattering angles
was obtained. This distribution showed how the energy of the front changes depending
on their scattering angle relative to the magnetic field, which is important for
understanding the processes of interaction of gamma radiation with the magnetic field
of a magnetar.
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Figure 2.22 — Focal length (F) dependence from the impact parameter (b), influenced
by a post-maxwellian parameter of n; = 5.1-107° and a surface magnetic field of
By = 10° T with My = 1 Mg, 15, = 2953.85 m.

Figure 2.23 — Focal length (AF) deviation dependence from the impact parameter (b),

influenced by a post-maxwellian parameter of n; = 5.1+ 10~> and a surface magnetic
field of B = 10° T with My = 1 Mg, 1, = 2953.85m
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Figure 2.24 — Distribution of the intensity of rays passing through a magnetar along the
front at the boundary of the magnetosphere with the boundary conditions of z = —10°
m, in the case of n; = 5.1+ 107> and a surface magnetic field of B; = 10° T.
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CONCLUSION

This dissertation focuses on the study of vacuum nonlinear electrodynamics and
the influence of gravity on the propagation of electromagnetic radiation through a
magnetar. It examines the processes of beam deflection both in the plane of the dipole
axis and in the plane perpendicular to it, under the combined effects of gravitational
and magnetic fields. The research also determines the dependence of the deflection
angle on the impact parameter and magnetic field strength at various distances (ranging
from 15 to 100 km) and magnetic field intensities characteristic of a strong magnetar
(B = 10"* G). The study found that the deflection of the beams due to the gravitational
and dipole magnetic fields is 86 degrees and 3.36 degrees, respectively, for impact
parameters within the range of 15-100 km, with a field strength of B = 10" G.

At the same time, the deformation of the radiation front passing through the
dipole magnetic field of the magnetar was investigated to identify the patterns of its
shape transformation. The study assessed the degree of deviation from an ideal circular
shape and the approach toward an elliptical form, as well as identified the key
parameters influencing this deformation. As a result, it was found that the deformation
of the electromagnetic wavefront, measured by the dimensionless quantity A=

—Tm“rx_rmin, caused by the combined gravitational and dipole magnetic fields of the
max

magnetar, is 0.07, indicating an approximately elliptical shape.

As well as, this study investigated changes in the energy flux distribution of the
radiation front from the source GRB091006360 as it passes through the magnetic field
of the magnetar Swift J1822.3-1606. The relationship between the energy at the input
and output of the front was established, and the factors influencing the minimum and
maximum energy flows were identified. Consequently, it was determined that the
significant influence of the combined gravitational and dipole magnetic fields on the
gamma radiation flux density, as it traverses the magnetar’s magnetosphere, leads to a
redistribution of this flux.

The practical significance of the research lies in the enhanced understanding of
the interaction between electromagnetic radiation and strong gravitational and
magnetic fields of magnetars. The results obtained are crucial for interpreting
astrophysical observations, such as beam deflection and radiation front deformation.
They also contribute to the development of theoretical models that describe nonlinear
vacuum effects and the redistribution of radiation energy under extreme conditions.
This research can be applied in high-energy astrophysics for analyzing gamma
radiation from magnetars. These findings expand the possibilities for studying exotic
objects and phenomena in the universe.
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