Mogynb 5. Cangbik anddepeHunangay xxeHe uHTerpangay.
5.1 CaHablk anddepeHuynangay

f(x) pyHKUMSACHIH eckepe OTbIpbIM, BepinreH x kesiHae d™f /dx™ ecenTeH;s.

Kipicne

Cangblk anddepeHumangay keneci ecenneH awvHanbicagbl: bisre y = f(x)
PYHKUMACHI BepinreH XeHe OHbIH x = Xj, HYKTeCiHO4E TyblHAbINapbIHbIH, BipiH anfbiMbI3
keneai. «bepinreH» TepMuHi Gizge yHKUMSIHBI ecenTey anroputMmi 6ap ekeHiH Hemece
Gizge ANCKpeTTi AepekTep HykTtenepiHiv (x;, y;),i = 0,1,...,n 6ap ekeHiH 6ingipeai. Kea
KenreH >xafganaa, 6i3 TyblHObIHBI ecenTeyre GonatbiH (x,y) OepekTep XyNnTapblHbIH
aKkblpfibl  caHblHa KON >XeTKide anambld. Erep cangblk anddepeHumangay
UHTepnonsaumMsiMeH 6GannaHbICTbl [en ounnacaHbi3, AypbiC anWTacbl3a — TYbIHAbIHbI
TabyabiH Oip Xonbl YHKUMSHBbI MOMMHOM apKblfibl >KybIKTamn, CcOA4aH KeWiH OHbI
anddepeHumangay 6onbin Tabbinagel. bipaen Tnimai Kypan x; HyKTeciHe kaTbICTbl f(x)
Tennop katapblHa xikTey Oonbin Tabbinagbl, OHbIH apPTbIKWbLINbIFEI 6i3re XybiKTay
KesiHaeri kaTtenik Typanbl aknapat 6epegi.

Cangblk audbdbepeHunangay epekwe gan ypaic emec. On geHrenekrey karenepi
(MalMHaHbIH, LWeKTeyni OanairiHeH TyblHOAFaH) XXKeHe MHTepnonauusiFa ToH KaTtenep
apacblHOafbl KanwbinbikTaH 3apgan weredi. Ocbl cebenTi YHKUMAHBIH TYbIHOBICHI

elKalaH PYHKUNSAHbIH ©3i CUAKTbI AaN4iKNeH ecentenmenai.

AKbIpribl anbipbiMAAp XyblKTaynapbl
f(x) TyblHObINAPbLI YLWiH akbipnbl avbipbiMZap XyblKkTayrapbl x KaTbICTbl f(x)

GoMibiHLIA OH XXeHe con Xak Tennop KaTapblHbIH, XiKTenyiHe HerisgenreH, Mbicanbi:

h? h3 h*
fGet+h)=Ff)+hf'C)+of7(0) + 57 () +Ef(4)(x) + (@)

h? h3 h*
fGe—h)=f0) = hf' )+ f7(0) =57 () + Zf(‘”(x) + (b)

(2h)? (2h)® 2t .,
f+2h) = () +2hf' () + == () + == () + = [P @) + - (©)

3!
2h)? 2h)3 2h)*
FOx = 2) = £G) = 2hf() + o 1) — o ) + () 4 (d)

Bi3 COHbIMEH KaTap KaTapablH KOCbIHAbIAPbl MEH ablpMachIH Xa3aMbl3:



4
FG+R) + fx—h) = 2f () + h2f" () + f—zf@(x) to (@)

h3
fGeth) = flx—h) =2Zhf'() + o f7 () + - ()

4h*
fOc+2h) + f(x = 2h) = 2f (x) + 4h*f" (%) +Tf(4)(X) + 0 (9)

3
f(x+2h) — f(x —2h) =4hf’(x)+%f’”(x)+--- (h)

KocbliHabInapaa Tek xyn TyblHAbINap, an anbipbiMaapaa Tek Tak TybliHAbINnapabl 6ap
eKeHiHe Ha3ap aygapyfa 6onagbl. (a)—(h) TeHaeynepiH f(x) ap Typni TyblHObINAPbI YLUiH
wewyre ©OonaTblH TeHOeynep >Xyweci peTiHge kapacTblpyFa 6onagbl. KaTtbickaH
TeHaeyrnep caHbl xaHe apbip TeHaeyae cakranaTblH MyLlenep caHbl TybIHAbIHbIH, peTiHE

XXoHe KaXeTTi ganaik gspexeciHe bannaHbliCTel 6onagpl.

BipiHWi opTanbIK anbipbiMAap XyblKTaynapbl
f' () ywin (f) TeHaeyaiH wewlimi

oy flx+h)—flx—h) h*
f'(x) = h —Zf (x) —

Hemece

h) — —h
prao=TEERTED gy

Byn f'(x) ywiH GipiHWi opTanblK aiblpbiMaap XyblkTaybl Aen atanagpl. O(h?)
MYLLECI KaTernik h? peTiHae apeKeT eTeTiHiH ecke canagpi.

Con cugktbl, f"(x) ywiH GipiHWI opTanblK avblipbiMaap XyblKTayblH (€) TeHaeyi
Gepegai:

f”(x):f(x+h)—Zj;l(zx)+f(x—h)_il_2f(4)(x)+_“

Hemece

f”(x):f(x+h)—2/;1(2x)+f(x—h)+0(h2) @

Backa TyblHAbINAp YWIiH opTanblk amblipbiMAaap XyblkTaybl gan ocbinan (a)—(h)
TeHaeynepaeH anyra 6onaael. Meicansl, (f ) xaHe (h) TeHaeynepaeH f'(x) »or apKbinbl
" (x) ywiH wewim

£7100) = flx+2h) —2f(x + h)2:32f(x —h) — f(x—2h) Lo 3)

(e) xxaHe (g) TeHaeyaeH f" (x) »onbinFaHHaH KeNiH MblHa XybIKTayAabl



f(x+2h) —4f(x+h)+6f(x) —4f(x —h) + f(x — 2h)

fPe) = i +0(h?) (4)
anyra 6onagpl. 1-kecte HaTUXKenepAai KopbITbIHAbINANAbI.
fx—2h) f&x—=h) f&x) fx+h) f(x +2h)
2hf'(x) -1 0 1
R () 1 2 1
2R3 (x) -1 2 0 -2 1
R ™ (x) 1 -4 6 -4 1

1-kecTe. O(h?) opTanblK akblpnbl aiblpbiMaap XyblKTayblHbIH KO3(PULNEHTTEPI

BipiHWi opTanbiKk eMec akbIpsibl aubipbiMAap XyblKTaynapbl

OpTanblk akblpnbl aMbipbiMAap >KyblkTaybl 9pkallaH KorngaHbiina 6epmeng,.
Mbicanbl, YHKUMA X, Xy, ..., X,, T OUCKPETTI HyKTenepiHae 6epinreH >kargangpbl
kapacTblpanblk. OpTanblk ambipbiMaap x-TiH ©p >XafblHAafbl (PYHKUMA MoHOEepiH
nanganaHaTbiHObIKTaH, 6i3 x, XoHe x,-4e TyblHAbIIapabl ecenten anManmbl3.
PyHKUMAHBI Tek X-TiH 6ip xafblHaa Garanaygbl Tanan eTeTiH akblpnbl anbipbiMaap
OPHEKTEPIHIH KaXeTTiniri aHblk. byn epHeKTep COM XaHe OH Xak aKblpibl anbipbiMaap
XyblKTaynapbl gen atanagsl.

OpTanblk emec akblpnbl avblpbimgapabl (a) — (h) TeHaeynepaeH ge anyra bonagbl.
f'(x) ywiH (a) TeHaey wewimi

ooy Sfx+h)—f(x) h _, h* h3 @
fx) = A S0 = f70) + - P
Tek BipiHWi MyLweHi kanablpy GipiHLLI OH, XaK arblpbIM XYyblKTayblHa aKkenepgi:

fx+h) - fx)
h

+o0(y  (5)

flx) =
Con cuskTbl, (b) Tenaeyi BipiHLWIi con Xak anbIpbiM XyblKTayblH 6epea;:

—Flx—h
pr =LOTEZN oy o

XKybiktay kateci kasip O(h) €eKkeHiH ecKepiHi3, On opTanblK anbipbiMaap
XyblkTaynapbiHaa O (h?) cuaKTbl XXaKcbl eMec.

bi3 gan ockinan Xofapbl TyblHAbIIAP VYLWIH XyblKTaynapgbl LbliFapa anambi3.
Meblicanbl, (a) xaHe (c) TeHaeynepiHeH

_fx+2h) = 2f(x+h) + f(x)

£ = 2 RJONNG
prig LQYED G o

YWiHWi >kaHe TepTiHWI TyblHAbINApAbl YKCac XONMEH LWbiFapyFa 6onagbl.
HaTmxenep 2a xaHe 2b kecTtenepiHge KepceTinreH.

f(x) f(x+h) f(x+2h) f(x+ 3h) f(x+4h)
hf'(x) -1 1
h2f" (x) 1 -2 1
h3f" (x) -1 3 -3 1
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2a -kecte. 0(h) OH XaK akblpnbl avblipbiMAAp XybIKTayblHbIH KO3 MUMEHTTEPI

f(x —4h) f(x—3h) f(x—2h) f(x—=h) f(x)
hf'(x) -1 1
R () 1 > 1
R3F (x) 1 3 3 1
R @ () 1 4 6 4 1

2b -kecte. O(h) con xak akplpsbl avblpbiMAap XyblKTayblHbIH KO3 ULMEHTTEPI

ExkiHWi opTanblk emec aKblpibl anbipbiMAAP XyblKTaynapbl

Kbickawa anTtkaHga, O(h) akblpnbl anblpbiMaap KyblkTaynapbl TaHbiMan eMec.
Xannbl ecen weirapyaa O(h?) epHekTepiH konaaHy Gonbin Tabbinagbl. Ockl peTTeri
opTanblk emec aumblpbiMaap ¢opmynanapblH any yuwidH Tennop katapblHaa Kebipek
MyLlenepai caktay kepek. Mbican peTiHae f'(x) epHeriH wbirapambi3. bi3 (a) xaHe (C)
TeHaeynepai kongaHambl3

h? h3 h*
fa+) = O+ @+ @+ "D+ D@+ (@

4p3 2h*
fx+2h) = f(x) + 2hf'(x) + 2R*f"" (%) + Tf”’(x) + Tf(‘”(x) + -+ ()

BipiHwi Tenaeyai 4-ke keGenTin, ekiHwi TenaeyaeH asanTy apkbibl ' (x) XKOAMbI3.
HaTtumxecinoe

2h3 h*
Fx+2h) = 4F (x + 1) = =3 (¥) = 2hf" () + = 1" () + = FO () + -

OcblaaH,
— _ 2 3
1) = f(x+2h) + 42fh(x +h) —3f(x) N Zgl 100 + h?f(‘*)(x) e
Hemece

—f(x+2h)+4f(x+h) —3f(x
fop= TEXIIYCEN W o)

(8) TeHaey ekiHLWi OH, XaK akblpSibl anMblpbiMAap XyblkTaybl Aen atanagpl.

XKofapbl TyblHAbINAP YLWiH akblpsfbl anblpbiMAap XyblKTayblH LWbIFApy KoCbiMLUA
Tennop katapbliH kamTuabl. Ocbinanwa, ' (x) yLWiH OH Xak anblipbiMAaap XyblkTaybl f(x +
h), f(x + 2h) xaHe f(x + 3h) kaTapnapabl Nangananagpl; f'''(x) ywiH xybikTaybl f(x +
h), f(x + 2h), f(x + 3h), f(x + 4h) xoHe T.6. ywiH Tennop xikreynepiH kamtuabl. Kepin
OTbIpFaHbIMbI3[an, XXofFapbl PeTTi TyblHAbINAP YLWiH ecenTteynepi y3ak 6onybl MyMKiH. OH
XOHe COn >aK akblpfibl avblipbiMaap YLWiH HaTwxkenep 3a xoHe 3b kecTtenepiHae
XWHaKTarnfaH.

f(x) fx+h) | f(x+2h) | f(x+3h) | f(x+4h) | f(x+5h)
2hf'(x) -3 4 -1
h2f" (x) 2 -5 4 -1
2R3 " (x) -5 18 -24 14 -3
R*F @ (x) 3 -14 26 -24 11 -2
3a -kecTe. O(h?) OH XakK akblpnbl aiblpbiMaap XybIKTayblHbIH KO3 MULNEHTTEPI
fGx—=5h) | f(x—=4h) | f(x=3h) | f(x=2h) | flx—h) | f(x)
2hf'(x) 1 -4 3
h2f" (x) -1 4 -5 2




2R3 1" (%) 3 -14 24 -18 5
R @ (%) -2 11 -24 26 -14 3
3b -kecTe. O(h?) con xaK akblprbl anblipbIMAap XyblKTayblHbIH KO3MMPULMEHTTEPI

AKprﬂbl aﬁblpblM,ﬂap XyblKTayblHAOAFbl KaTe.ﬂiKTep

Bapnblk akblprbl anbipbiMaap ©pHeKTepiHae KoahUUMeHTTEPAIH KOChbIHOLICHI
Henre TeH GonaTbiHbiH Gavikayra 6onagbl. [JeHrenekTey kaTeniriHe acepi MaHbI3abl
G6onybl MymkiH. Erep h eTe a3 6onca, f(x),f(x th),f(x £ 2h) xoHe T.6. MaHaepi
lwamameH TeH 6onaabl. Onapabl koadpduumeHTTepre kebenTin, kockaHaa bipHelwe maHai
caHgap ofanybl MyMKiH. [lereHmeH, 6i3 h M8HiIH TbiM YIfKEH eTin xacah anvanmbi3,
enTKeHi Byn xafganga xyblktay kaTeniri wamagaH Teic 6onaabl. byn keneHcis xargangbl
Ty3ey MyMKiH emec, Bipak 6i3 Keneci cakTblk LLapanapblH KonaaHy apkbinbl 6ipas xeHingik
ana anambi3:

o Eceni panpikreri(double-precision) apudmeTrkaHbl KOnAaHbIHbI3.

e Kem pereHge O(h%?) penairi Gap akbipnbl aiblpbiMaap dopmynanapbiH

KONAaHbIHbI3.

KaTenikrepai kepceTy yLWiH, x = 1 HykTeciHaeri f (x) = e~ ekiHWi peTTi TybIHAbICbIH
opTanblk anbipbiMaap (2) TeHgey dopmynacbiMeH ecenTenik. EcenTtepai antbl xaHe
ceria TaHbanbl gangikneH h-TbiH 8p Typni MBHAEPIH NanganaHa oTbIpbIn Xyprizemis. 4-
KecTene kepceTinreH HaTwxenepdi f(x) = e™! = 0.367 879 44 MaHIMeH canbICTbipaMbI3.

h AnTtbl TaHbanbl ganaik | Ceri3 TaHOanbl Aanaik
0.64 0.380 160 0.380 609 11
0.32 0.371 035 0.371 029 39
0.16 0.371 711 0.368 664 84
0.08 0.368 281 0.368 076 56
0.04 0.368 75 0.367 831 25
0.02 0.37 0.3679
0.01 0.38 0.3679
0.005 0.40 0.3676

0.0025 0.48 0.3680
0.00125 1.28 0.3712

4-kecte. (e™)"-Tbl x = 1 Ke3iHOe opTanbIK akblpribl anblipbiMaap XyblKTaybl

AnTbl TaHbanbl gangikneH ecenteynepae h-TblH, oHTannbl MaHi 0.08 6onbin, yu
MaHAI caHFa gewniH gan Hatwke Oepepi. Ocbinaniwia, XyblKkTay XoHe [OeHrenekrey
KaTenikTepiHiH TipkecimiHe BannaHbICTbl YL MaHbI3abl undp xofanagbl. OHTannbl h-TaH
Xofapbl MaHaepae, 6acbiM KaTenik XyblKkTaygaH TyblHOAWAbI; OHbIH, Kili MaHAepiHae
AeHrenekTey kateniriieH 6onagpl. Ceria TaHb6anbl ecenTey apKbifibl anblHFAH €H >XaKCbl
HOTMXe TepT MaHbI3abl caHfa non kenepfi. KocbiMwa fangik geHrenekrey kaTeniriH
asanTaTblHObIKTAH, OHTaWnbl h anTbl durypanblk ecenteyrnepre kaparaHga Kiwipek
(wamameH 0,02).

PrnyapacoH akcTpanonsymscbl

PuyapacoH akcTpanonsumsacbl — 6enrini 6ip caHgblk ecenteynepaiH AenairiH
apTTbIpyAblH KapananbiM a4icCi, COHbIH, iLLIHAE aKbIpribl anbipbiMaap XyblKTaybl.

KaHgan ga 6ip G wamachbliHbIH, XyblkTan ecentey kypanbl 6ap agenik. CoHbIMeH
katap, HoTWXe h napameTpiHe Tayenai genik. Xybiktayabl g(h) apkbinbl 6enrinen
oTblpbIn, 6isge G = g(h) + E(h) 6ap, myHaarel E(h) katenikti 6ingipeai. PuyapacoH



SKCTpanonsaumMsaChl KaTenikTi oA anagbl, erep oHbIH E(h) = chP niwini 6onca, ¢ xoHe p
TypakTbl 6onagbl. bi3 h-TbiH kenbip maHi 6ap g(h) ecenteyaeH 6acTarimbl3, anTanblk h =
h, 6oncbiH. byn xarfoanga 6i3ge 6ap
G=gh)+chy (@
CopaH keliH h = h, apkblfibl ecenTeyai kanTananmbl3, ocblaaH
G=g(h)+ ch) ()
C-Hbl XXOMbIN XoHe (i) xxaHe (j) TeHaeynepai G-Abl Tancak
_ (hy/h3)P g(h;) — g(hy) )

(hi/h2)? — 1
6yn PuyapacoH akcTpanonauusa cdoopmynackl. ©aette h, = hy /2 nanganaHbinagpl, oyn
Xarganga (8) TeHaey MbiHa Typae 6onagpl

2Pg(h,/2) — g(h
g2 ZoM/D—gth) g,
PuyapacoH akcTpanonsaumscbiH oHbl x = 1 kesiHae (e ™)"'-Tbl akblpnbl arblpbiMaap
XyblKTayblHa KoOngaHy apkbifbl kKepceTenik. bid antbl TaHOanbl O8N4iKNEH >XYMbIC
iCTENMI3 XXeHe 4-kecTeferi HaTWXenepai KongaHambl3. OKCTpanonsumsa TeK XyblKTay
KaTteniringe >XyMbIC iCTenTIHAIKTeH, 6i3 h MoHiH wamanbl AeHrenekreyai TyablpaTbiH
MaHAEPMEH LLeKTeYiMi3 Kepek. 4-kecTefe bi3ge
g(0.64) = 0.380 610 g(0.32) = 0.371 035
OpTanblk anblpbiMaap XyblkTaybliHaoarbl katenik E(h) = 0(h?) = c;h? + c,h* +
c3h%+....uamacbiHa TeH. CoHapblkTaH, erep (9) TeHaeyre p = 2 xaHe h; = 0.64 OpHbIHA
Koncak, OipiHLwi (bacbiM) KaTenik MyLLECiH X051 anambl3. HaTuxeciHae:
229(0.32) — g(0.64) 4(0.371035) — 0.380 610
G = 9 22)_ 1‘9( ) = ( )3 = 0.367 843
6yn O(h*) kateniriveH (e ™)"-Tbl XyblkTaybl. OHbIH 4-kecTeperi ceria TaHGarnbl
AONAIKNEH ecenTeynep apkbinbl anblHFAH €H XXaKCbl HOTUXKE CUSIKTbl 4811 EKEHIH Kepyre
donagpbi.

MbICAIl 1
Bipkenki opHanackaH gepeKkTep HYKTenepiH eckepe oTbIpbIn,
X 0 0.1 0.2 0.3 0.4
f(x) | 0.0000 | 0.0819 | 0.1341 | 0.1646 | 0.1797
x = 0 xoHe 0.2 kesiHae f'(x) xeHe f''(x)meHaepiH O(h?) akblpnbl albipbiMaap
XybIKTaybl apKblSibl €CENTEH;3.
Wewyi. Bi3 O(h?) akblpnbl anbipbiMaap XyblKTayblH KongaHaMbl3. 3a-kecteaeri oH
Xak arblpblMaap KecTtenepiHeH anambi3

—3£(0) + 4£(0.1) — £(0.2)

f1(0) = 200D = 0.967
£7(0) = 2f(0) = 5f (0-1()0+1 )42f (0.2) - £(03) _ 377
1-kecTeperi opTanblk anblpbiMaap XyblkTaybl 6i3re MbiHaHbI 6epeai
, _ —f(0.1)+f(0.3)
f'(0.2) = 200D = 0.4135
., _fO0.D)-2f(0.2) +f(0.3)
f0.2) = 0.0 =-2.17

MbICAIl 2

f'(0) maHiH OapblHWa p[an ecenTey YWwiH 1-mblicangafbl  gepekTepai
nanganaHblHbI3.

Wewyi. EcenTi wewwy >»xonaapbiHblH, Gipi — Pu4apacoH akcTpanonaumacbiH akbipbl
ablpbiMaap XyblkTayblHa kongaHy 6onbin Tabbinagbl. Bi3 f/(0)ywiH O(h?) oH Xak



anblpbiMOapablH €Ki XyblkTayblHaH ©actanmbl3: Gipeyi h = 0.2, ekiHwici h = 0.1. 3a-
kectegeri O(h?) dpopmynanapblHa cinTeme xacai oTbIpbIn, KeNeciHi anambI3

—3£(0) + 4£(0.2) — £(0.4)

g(0.2) = 2002) = 0.8918
_ =3£(0) +4f(0.1) — £(0.2) _
g(0.1) = 200D = 0.9675

Ecke canaiibik, eki XyblkTayoafbl kate E(h) = c h? + c,h* + c;h®+. . .TypiHge
6onaabl. bi3 eHai PryapacoH akcTpanonsuuacbiH navganaHa anambi3, (9)teHaoeygeri
6acTbl KaTenik MyLUECiH O YLUiH p = 2 KOSIMbI3

, 229(0.1) — g(0.2) 4(0.9675) — 0.8918
6yn O(h*) wamacbiMeH akblpnbl anbipbiIMAApP XybIKTaybl.

= 0.9927

WHTepnonaums 6omblHWa TybIHObINAP

Erep f (X) [OucKpeTTi [OepekTep HYKTENeEpiHiH >KublHbI peTiHae Oepince,
WHTEPNONsUMSA OHbIH TYbIHAbINAPbLIH ecenTeyaiH eTe TuiMAi Kypanbl ©ona anagbl.
Npoescobl f (X) TybIHABICBIH MHTEPMNONAHTTLIH, TYbIHABICHI APKbINbl XyblkTay. byn agic,
acipece, erep gepekrep Hyktenepi 5.2-6enimae TisiMaenreH CoHfFbl anblipMaLUblSbIKTbIH
XyblKTaynapbl KongaHbinmManTblH 6onca, Xx-TiH Oipkenki emec apanbliKkTapbiHAa
OpHanacca navgansbl.
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